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Preface 



About ten years ago the Mathematics Department at which I am employed was forced to 
get involved in teaching a first year course in Computer Science. One half of the course 
was based on the book Introduction to Functional Programming 1 by Richard Bird and 
Philip Wadler and used David Turner's Miranda 2 as programming language. I taught 
this course several times, the first time at least with an appalling lack of knowledge of 
what Computer Science is all about. The present study has grown out of what I have 
learnt from this undertaking. Its intention is to give a mathematical account of how I 
believe students could be taught to think about functional programming languages and 
to explain how such languages work. 

For those who understand something of the terminology used to describe the semantics 
of programming languages, this intention can be stated more precisely as follows: I 
present a certain denotational semantics for a rudimentary functional programming 
language and show that this is equivalent to the operational semantics defined in terms 
of an explicit algorithm. 

This account is certainly not meant as a text for the kind of course from which it arose, 
and in fact it has nothing to say about the art of functional programming. It endeavours 
rather to provide a mathematical basis for such a course, and is aimed at those who 
would regard such a basis as being important, i.e, at an audience of mathematicians. 

The kind of functional programming languages to be dealt with are those like Miranda, 
Haskell and ML, in which objects, usually functions, are defined by equations. The 
meaning of such equations will be given directly without resorting to the lambda calculus 
(and so the study is not really suitable for dealing with a language such as Lisp). In fact, 
this avoidance of the lambda calculus should not pass without comment. It seems that 
almost all the accounts offering a mathematical explanation of functional programming 
are written either by computer scientists or logicians. They are therefore written in a 
language foreign to the very large majority of 'ordinary' mathematicians. (Just as most 
arts graduates are proud of never having understood any mathematics, so it seems that 
most mathematicians are just as proud of the fact that they do not really know what 
logic is all about.) I hope that the present study is at least written in a language with 
which this group of logically challenged people is familiar. 

The mathematical framework which will be employed is to some extent determined by 
the languages the study seeks to explain. For example, data types in Miranda, Haskell 
and ML are defined by specifying a signature, and the equations in these languages 
are built up out of terms taken from corresponding term algebras. This means that 
some elementary concepts from universal algebra can hardly be avoided. Moreover, one 
is then more-or-less forced to use the fact that term algebras are initial as a basis for 
giving equations a meaning. This can be seen as an instance of the 'initial algebra 
semantics' philosophy propagated by the AD J group 3 . 

1 Prentice Hall, Hemel Hempstead (1988) 

2 Miranda is a trademark of Research Software Limited. 

3 consisting of J. A. Goguen, J.W. Thatcher, E.G. Wagner and J.B. Wright, for example 
in Initial algebra semantics and continuous algebras, Journal ACM, 24, 68-95, 1977 
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There are two topics which are not treated here, and whose omission should at least be 
commented upon. The first concerns local definitions. These have not been considered 
in order to keep the presentation as simple as possible, but in principle their inclusion 
would not cause any difficulty and requires no additional mathematical concepts. The 
second topic is that of polymorphism. It could be claimed that this has also been 
omitted to simplify the presentation. However, its inclusion would require a new, and 
much less elementary, mathematical framework. 

As already indicated, the main result presented here is a statement about the equivalence 
of operational and denotational semantics. The proof of the hard part of this result (the 
completeness of the operational semantics) has been strongly influenced by the proofs 
of similar statements in Glynn WinskePs book The Formal Semantics of Programming 
Languages 4 . I highly recommend Winskel's book. 

I have tried to keep the account self-contained, and have thus included all the standard 
results - together with their proofs - which are needed from universal algebra, category 
theory (which is only used in a very rudimentary and superficial way) and domain theory. 
However, although the formal mathematical prerequisites are minimal and regardless of 
what my original intention was, it is probably realistic to suppose that the presentation 
has ended up at the graduate level. It is not assumed that the reader knows anything 
about functional programming, but some experience of this topic would, of course, not 
be amiss. 

The usual thanks to secretaries and the suchlike for typing the manuscript are in the 
present case redundant: I typed it all myself. This means that all errors occurring here, 
regardless of what kind, are entirely due to me. 

Chris Preston 
Bielefeld 
May 2001 



4 The MIT Press, Cambridge, Massachusetts (1993) 



Chapter 1 Introduction 



1.1 Computing with equations: Some examples 



Our intention is to explain how and why functional programming languages work and in 
particular what it means for functions to be defined by equations. In the introduction 
we present and analyse some simple examples with the hope of giving the reader a 
rough idea of what this is all about. This chapter can be omitted or skimmed through 
by anyone having a solid knowledge of functional programming. The reader should be 
warned that it contains some statements which are vague and others which are only a 
first approximation to the truth. Moreover, the examples have been chosen to illustrate 
points which will be important later, and not as gems from the Art of Programming. 

The examples involve lists, and the following notation will be employed for such objects: 
If X is a non-empty set then the set Un>o X n wm ^ e denoted by X* , this being 
considered as the set of all finite lists of elements from X . If m > 1 then the element 
(xi, . . . , Xm) of X m C X* will always be denoted simply by x± ■ ■ ■ x m . The single 
element in X° is denoted by e and represents the empty list. If m = then an 
expression such as xi ■ ■ ■ x m is to be interpreted as e . Lists can be constructed using 
either of the mappings < : X x X* ^ X* and [> : X* x X ^ X* defined by 



x < s = 



S > X = 



x x\ • • ■ x m if s = x\ • • • x m with m > 1 , 

x if s = e . 

x\ • • • x m x if s = x\ • • • x m with m > 1 , 

x if s = e . 



Each element of X* \ {e} has a unique representation of the form x < s with x G X 
and s G X* , as well as a unique representation of the form s > x with x G X and 
s G X* . 

Now let N denote the set {0, 1,2,...} of natural numbers (and note that we regard 
as being a natural number) , and consider the function sqs : N — > W defined by 

f e if n = , 

sqs n = 1 1 A 2 - t 

[ 1 4 • • • r if n > 1 . 

Clearly this function satisfies the relationship (or equation) 

[ e if n = , 

sqs (n = < „ 

v ' \ sqs (n - 1) > n 2 if n > 1 . 

Moreover, using induction on n , it is easy to see that sqs is the unique function having 
this property. This gives a simple characterisation of sqs as the unique solution of an 
equation involving e and > . In order to make things a little less simple, the problem 
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will now be posed of finding a similar equation for sqs , but using < instead of > . This 
new characterisation will be arrived at by first looking at some auxiliary functions: Let 
shunt : N* x N* ->■ N* be the function defined by 

shunt (mi ••• m p ,ni ■■■ n q ) = m p ■■■ mi n\ • • • n q ; 

in particular shunt (a, e) = rev (a) for all a G N* , with rev : N* — > N* defined by 

rev (mi • • • m p ) = m p • • • mi . 

Furthermore, let sqrs : N — > W be the function defined by 

sqrs(n) = n 2 (n — l) 2 ••• 1 

(with of course sqrs(O) = e). Then sqs can clearly be obtained as the composition 
of the functions sqrs and rev . The reason for this indirect and somewhat roundabout 
approach is that the functions shunt and sqrs have simple characterisations in terms 
of e and < . On the one hand, the following relationships are valid: 

/ \ _ J e if n = , 

SqrS ^ = \n 2 < sqrs(n-l) if n E N \ {0} , 



/ , s f b if a = e , 

shunt (a, 6) = {,,., ,\ - c 

v ' y shunt (c, m < b) if a = m<\c. 

On the other hand, it is easily seen that shunt and sqrs are the unique functions 
having these properties. (In the case of the function shunt this follows by induction 
on the length of the list a .) Putting things together, and adding an auxiliary function 
sq : N — > N which just squares its argument, now gives us the four equations: 

r \ { £ if n = , 

sqrs (n) = j sq ( n ) < sqrs ( n _i) if n eN\{0}, 

sq {n) = n x n , 

i 7 \ f b if a = e , 

shunt (a, 6) = ,\ - c 

v ' y shunt (c, m < b) it a = m<c, 

sqs (n) = shunt (sqrs (n), e) . 



The functions sqrs : N ->■ N* , sq : N ->■ N , shunt : N* x N* ->■ N* and sqs : N ->■ N* 
can be considered to be defined by these equations in as much as they are their unique 
solution, i.e., they are the unique set of functions satisfying these equations. (Saying 
that the functions satisfy the equations of course means that they satisfy them for all 
tieN and all a, b e N* .) 

But there is another, more practical, sense in which sqrs , sq , shunt and sqs are defined 
by the equations: The equations can be seen as replacement (or substitution) rules for 
actually computing the values of the functions. If an expression or a sub-expression 
'matches' the left-hand side of an equation then this expression or sub-expression can 
be replaced with the corresponding right-hand side of the equation. Such substitutions 
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are performed until the names of the functions have all disappeared. For example, 
sqs (3) can be computed via the steps 

sqs (3) = shunt (sqrs (3), e) = shunt (sq(3) < sqrs (2), e) 

= shunt (sqrs (2), sq(3) < e) = shunt (sq(2) < sqrs (1), sq(3) < e) 
= shunt (sqrs (1), sq(2) < (sq(3) < e)) 

= shunt (sq(l) < sqrs (0), sq(2) < (sq(3) < e)) 

= shunt (sqrs (0), sq(l) < (sq(2) < (sq(3) < e))) 
= shunt (e, sq(l) < (sq(2) < (sq(3) < e))) 
= sq(l) < (sq(2) < (sq(3) < e)) = (1 x 1) < ((2 x 2) < ((3 x 3) < e)) = 14 9 

In the first step, the expression sqs (3) matches the left-hand side of the equation for sqs 
with n = 3 , and so it can be replaced with shunt (sqrs (3), e) , which is the right-hand 
side of this equation with n = 3 . Similarly, in the next step the sub-expression sqrs (3) 
of the expression shunt (sqrs (3), e) matches the left-hand side of the equation of sqrs 
with n = 3 , and so it can be replaced with sq(3) < sqrs (2) , which is the corresponding 
right-hand side. This results in the new expression shunt (sq(3) < sqrs (2), e) . 

It is easy to see that the value of sqs (n) can be computed in the above manner for any 
n E N. 

In most modern functional programming languages the equations for the functions sqrs , 
sq , shunt and sqs can be written more-or-less exactly as they appear above. For 
example, in the programming language Haskell they can be written as 

sqrs n = case n == of 
True -> [] 

False -> sq n : sqrs (n-1) 

sq n = n*n 
shunt a b = case a of 
[] -> b 

m : c -> shunt c (m : b) 
sqs n = shunt (sqrs n, [] ) 

(although most programmers would probably prefer to write the equations for sqrs and 
shunt somewhat differently using guards and pattern matching). 

Evidently the construction operator < is represented in Haskell by : and the empty 
list £ by [] . Note that the arguments of functions are not enclosed in brackets (except 
to avoid ambiguities) and they are not separated by commas; this is typical of modern 
functional programming languages. 

The evaluation mechanism in Haskell would use these equations as replacement rules 
in essentially the same way as above to compute values. For example, it would reduce 
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the term sqs 3 to the constant term 1:4:9: [] (which would then be presented in 
the more legible form [1,4,9] ) via the same steps which were used to deduce that 



Based on the above discussion, let us make the following points: 

1. The Haskell equations for the names sqrs , sq , shunt and sqs are a particular 
representation of the corresponding 'mathematical' equations for the functions sqrs, 
sq , shunt and sqs . (The form of the Haskell equations is in part, of course, dictated 
by the restrictive ASCII-code alphabet in which they are written.) 

2. The Haskell equations can be seen as defining the functions sqrs, sq , shunt and 
sqs , in that these functions are the unique solutions of the corresponding 'mathematical' 
equations. This is the way that mathematically inclined humans usually look at the 
equations, and it is referred to as their denotational seman^cssemanticsdenotational. 

3. The Haskell equations can also be seen as replacement rules for computing the values 
obtained by applying the functions to specific values of their arguments. This is the way 
that a machine (or perhaps a computer scientist) can be made to obtain information from 
the equations, and it is referred to as their operational semanticssemanticsoperational. 

4. When the equations are used as replacement rules then the values that they compute 
are correct: They are the corresponding values of the functions which are the unique 
solutions of the 'mathematical' equations. Conversely, any such value can be computed 
using an appropriate sequence of replacements. In this sense, the denotational and the 
operational semantics are equivalent. 

This is all rather vague. Moreover, the situation considered above is not at all typical in 
that the equations have a unique solution. Nevertheless, the fourth point gives the first 
inkling of the main theme of our study, which is to describe a framework for dealing 
with equations in which the denotational and the operational semantics are equivalent. 

To lead into the next topic we want to discuss, let us note that the Haskell equations for 
sqrs, sq , shunt and sqs encode only a part of the information contained in the original 
equations. To be more specific, if only the Haskell equations are given then it is not 
possible, without additional information, to reconstruct the set-up started with above. 
For example, if Z rather than N is chosen as the basic set of data objects for numbers 
then they could just as well be describing functions sqrs : Z — > Z* , sq : Z — > Z , 
shunt : Z* x Z* — > Z* and sqs : Z — > Z* satisfying the equations 



sqs (3) = 1 4 9 . 



sqrs (n) 




sq(n) < sqrs (n — 1) 



if n = , 

if n G Z \ {0} , 



sq (n) = n x n , 
shunt (a, b) = <\ 




= e 



x ' I shun 
sqs (n) = shunt (: 



= m < c , 



for all n G Z and all a, b G Z* . If this is the case then there is a problem, since these 
new equations no longer have a solution. More precisely, there is no way of defining 
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sqrs(n) for n < so that the equation for sqrs holds: The list sqrs(— m) would have 
to have one more component than the list sqrs(— m — 1) for each m > 1 , hence the 
list sqrs(— 1) would have to have p more components than the list sqrs(— 1 — p) for 
each p > 1 . In particular, sqrs(— 1) would have to have at least p components for 
each p > 1 , which is impossible. 

This situation is not very satisfactory. The requirement that sqrs(n) be defined for 
all n G Z , and the impossibility of meeting this requirement when n < , means that 
the values sqrs (n) for n G N are also lost, although in some sense they are obviously 
just as much defined as they were before. Of course, in the particular example being 
considered the problem could be solved by simply changing the condition n = in the 
definition of sqrs to n < . In general, however, the problem cannot be solved in such 
an ad hoc manner. For instance, even if a set of equations has a solution, this can be 
'spoilt' by adding an new equation for a function which does not have a solution (for 
example, a function imp : Z — )> Z which should satisfy the equation 

imp (n) = 1 + imp (n) 

for all n G Z). The enlarged set of equations then has no solution, even though the 
additional equation is really completely irrelevant. 

The first step in solving the above problem is to explicitly allow functions to be undefined 
for certain values of their arguments. To make this more precise for the equations we are 
looking at, let _l_z be some element not in Z (to be thought of as an 'undefined' element 
of Z ) and put Z 1 = ZU {-L^} • Moreover, put L = Z* , let be some element not 
in L (to be thought of as an 'undefined' element of L) and let L 1 - = L U {J-l} . 
Extend the mapping < : Z x L — > h to a mapping from Z 1 - x L to L 1 - by putting 
n < a = _L L for all (n, a) G (Z ± x Lr 1 ) \ (Z x JL) . Note that if a G L 1 - \ {_L L } then 
either a = e or a has a unique representation of the form m < c with (m, c) G Z x L . 

The Haskell equations will now be regarded as describing functions sqrs : Z -1 — > L , 
sq : Z 1 - ->■ Z 1 - , shunt : L 1 x L 1 -)• L 1 - and sqs : Z 1 - ->• L 1 - satisfying 

{-L L if n = ±z , 

e if n = , 

sq(n) < sqrs (n — 1) if n G Z \ {0} , 

sq (n) = n x n , 



-l if a = 



shunt (a, 6) = \ b if a = £ , 

shunt (c, m < b) if a = m < c with (m, c) G Z x L , 

sqs(n) = shunt (sqrs (n), e) 



for all n G Z- 1 , a, 6 G LA (where mxn is defined to be L z if (m, n) ^ Z x Z). 
It is easily checked that these equations have a unique solution: For n G N the values 
sqrs(n) and sqs (n) are the same as before and sqrs(n) = sqs (n) = for all 
n < . Moreover, shunt is also defined in essentially the same way as before but with 
shunt(a, b) = J_l whenever (a, b) ^ L x L . 
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This second interpretation of the Haskell equations can be seen as introducing a new 
denotational semantics. However, although the operational semantics of the equations 
remains unchanged, the denotational and operational semantics are still equivalent. 
More precisely, if the value of one of the functions (occurring as the unique solution 
of the equations) is defined for a particular value of its argument, then this value can 
be computed using the equations as replacement rules. Conversely, if the value is not 
defined then no value can be computed. For example, the value of the function sqs is 
defined with its argument equal to 3 , and just as before this value can be computed 
to be 14 9. On the other hand, the value of sqs is undefined when its argument is 
— 1 , and an attempt to use the equations as replacement rules to compute a 'value' will 
result in something similar to the following non-terminating process: 

sqs(— 1) = shunt (sqrs (— 1), e) = shunt (sq(— 1) < sqrs (— 2), e) 

= shunt (sqrs (—2), sq(— 1) < e) = shunt (sq(— 2) < sqrs (— 3), sq(— 1) < e) 
= shunt (sqrs (—3), sq(— 2) < (sq(— 1) <e)) 

= shunt (sq(— 3) < sqrs (-4), sq(— 2) < (sq(-l) < e)) 
= shunt (sqrs (-4), sq(-3) < (sq(-2) < (sq(-l) < e))) 

Allowing undefined values, the same holds true for the equation for imp . This is now 
an equation for a function imp : Z — > Z 1 - which should satisfy 



for all n G Z . Here 1 + has to be given a meaning, and the only reasonable 
choice is to define it to be . In this case the equation has a unique solution with 
imp(n) = J_z for all n G Z -1- . For each n G Z the value imp(n) is thus undefined, 
which agrees with the fact that no value can be computed using the equation as a 
replacement rule. 

By introducing undefined values, our equations again had a unique solution in the case 
where the basic set of data objects for numbers was Z rather than N . The next point 
which has to be discussed deals with the opposite extreme, and is the problem of having 
more than one solution. Let us look at the Haskell equation 



imp in) 



1 + imp (n) 



fone n = case n == of 



True -> 1 



False -> fone (n-1) 



considered as corresponding to the 'mathematical' equation 




if n = _L 



fone (n) 



1 if n = , 

fone (n-1) if n G Z \ {0} , 



for a function fone : Z 1 - — > Z 1 - . For each p G Z 1 - let fone p : Z 1 - — > Z^ be given by 
fone p (± z ) = J-z , fone p (n) = 1 if n G N and fone p (n) = p for all n < . Then it is 
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easily checked that { fone p : p G Z } is exactly the set of solutions of the equation, 
and in what follows it is convenient to just write fone^ instead of fonex z • 

What should be regarded here as the denotational semantics, since it does not make 
sense to speak of the solution of the equation? One possibility is to declare fonej^ to 
be the solution: It is the least defined solution in that fonej_ (n) is only defined (i.e., 
fone_i_ (n) G Z ) for n G N , whereas fone p (n) is defined for all n G Z for each p G Z . 
It can thus be argued that fone^ is the most natural solution, since if n ^ N then 
nothing can be deduced from the equation about the value of fone (n) ; this value should 
therefore be left undefined. 

Taking fone^ to be the solution also fits in with the operational semantics, since the 
value fone (n) can clearly be computed using the equation as a replacement rule if and 
only if n G N , i.e., if and only if fone_i_ (n) is defined. 

An alternative point of view is to regard all the solutions as having equal weight, but 
to consider that fone (n) is defined for the argument n G Z 1 - if and only if there exists 
m G Z such that fone p (n) = m for all p G Z 1 - , i.e., if and only if fone (n) does not 
depend on which solution is being used. 

In the example being considered these two points of view coincide. Our study will tend 
to take the alternative point of view, because it allows things to be formulated without 
having to worry about the existence of a least defined solution. However, the existence 
of a least defined solution will play an important role in Chapter 8. 

The final topic to be looked at in this section starts with the Haskell equations 

hd a = case a of 

Nil -> und 

Cons m c -> m 
sone = hd (Cons 1 (Cons und Nil)) 
und = und 

These can be regarded as describing a function hd : L 1 - — > Z 1 - together with elements 
sone and und of Z- 1 satisfying the equations 

{_L Z if a = ±l , 
und if a = e , 
m if a = m < c with (m, c) G Z x L , 

sone = hd (1 < (und < e)) 

und = und 

for all a G L- 1 . For each pGZ 1 let hd p : h 1 - — > Z 1 - be given by 

{_L Z if a = ± L , 
p if a = e , 
m if a = m < c with (m, c) G Z x L , 

let undp = p , let sone p = 1 for all p G Z and sone_i_ z = J_z • Then it is easily checked 
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that { (hd p ,sone p , und p ) : p G Z 1 - } is exactly the set of solutions of these equations. 
In particular, the value of sone is not defined by these equations, since sone^ z = _l_z 
(or, alternatively, sone p is not independent of p G Z ). 

Now it could be claimed that sone should have the value 1 , since the function hd 
extracts the first element from a list, and the first element of the list 1 < (und < e) is 
1 . But if und = then this is not true, since the list 1 < (und <e) is then equal 
to J_l ; this is a consequence of how the mapping < : Z x L — > L was extended to a 
mapping from Z 1 - x L 1 - to L 1 - . Thus it must either be accepted that the value of sone 
is undefined, or the set-up must be changed so that 1 < (und <e) is always a list having 
1 as its first element. 

This leads to a third interpretation of lists occurring in Haskell equations. Again let 
Z 1 = Z U {l z } be as before, but now replace the set L 1 - with 

L° = (Z^)* U bot ((Z^)*) 

where bot ((Z- 1 )*) is a disjoint copy of (Z- 1 )* , and where for each z G (Z- 1 )* the 
corresponding element in bot ((Z- 1 )*) denoted by z 1 - . 

Note that an element of L° has either the form x\ • • • x n or the form (x± ■ ■ ■ in) 1 , 
where n > and Xj G Z 1 - for each j = 1, . . . , n . The element x\ • • • x n describes 
a 'real' list with n components (although some or all of these components may be 
'undefined'). The element {x\ ■ ■ ■ ^j 1 , on the other hand, should be thought of as 
a 'partial' list containing at least n components, of which the first n components are 
'known' to be In particular, this means that the element e 1 - gives no 

information about a list, and it will thus be thought of as the 'undefined' list. 

Since Z C Z -1 , the set of real lists is a subset of L° , i.e., L = Z* C L* . The mapping 
< : Z x L — > L will be extended to a mapping from Z ± x L° to L° by letting 



x < z = 



x<\s if z = s for some s G (Z- 1 )* , 
(x < s) 1 - if z = s 1 - for some s G (Z- 1 )* . 



Note that if a G L° \ {e -1 } then either a = e or a has a unique representation of the 
form x < z with x G Z" 1 and z G L° . 

The Haskell equations for hd , sone and und can now be regarded as describing a 
function hd : L° — > Z 1 - together with elements sone and und of Z 1 - satisfying 

{_Lz if a = e 1 - , 
und if a = e , 
x if a = x < z with (x, z) G Z 1 - x L° , 

sone = hd (1 < (und < e)) 

und = und 



for all a G h 1 - . As in the previous interpretation the set of solutions has the form 
{ (hd p , sone p , und p ) : p G Z 1 } , however, the function hd p : L° — > Z 1 - and the elements 
sone p , und p G Z 1 - are here given by sone p = 1 , und p = p and 
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hdp (a) 



_L Z if a = e 1 - , 
p if a = £ , 

x if a = x < z with (x, z) G Z x x L° , 



In this interpretation sone does have the value 1 , since sone^ z = 1 (or, alternatively, 
since sone p = 1 for all p G Z 1 ), and 1 < (und <e) is always a list having 1 as its first 
element, even though und is undefined. 

Note that the second and third interpretations of the above equations give different 
values to sone . This would seem to pose a problem when the equations are used as 
replacement rules. In fact, at first sight the replacement 



would appear to show that sone has the value 1 . However, although the replacement 
of hd (1 < (und <s)) by 1 is valid in the third interpretation, it is not in the second. In 
the second interpretation the only valid replacement is to use the equation for sone to 
replace sone in an expression by itself, which of course leaves the expression unchanged. 
Thus a valid attempt to use the equations as replacement rules in this case would result 
in the following non-terminating process: 

sone = hd (1 < (und <e)) = hd (1 < (und < s)) 



which can be seen as confirming the fact that the value of sone is undefined in the 
second interpretation. Two lessons can be learnt from this. The first is that the validity 
of the replacement rules will depend on which interpretation is being used. The second 
is that the 'correct' choice of valid replacements must be made in order to arrive at the 
value: For instance, replacing sone by itself is still valid in the third interpretation, but 
this alone will not give the answer 1 . 

What happens now if the third interpretation is used in the equations for sqrs , shunt , 
sq and sqs ? They will then be regarded as describing functions sqrs : Z x — > L° , 
sq : Z x ->■ Z x , shunt : L° x L° ->• L° and sqs : Z x ->• L° satisfying 



sone = hd (1 < (und < s)) 



= 1 



hd (1 < (und <e)) 



hd (1 < (und <e)) 




£ if n = ±z , 

e if n = , 

sq(n) < sqrs (to — 1) if n e Z \ {0} , 



sq (n) = n x n, 




e if a = £ , 

b if a = e , 

shunt (c, m < b) if a = m < c with (m, c) G Z x x L° , 



sqs (to) 



shunt (sqrs (to), e) 



for all to G Z x , a, b G L° . Unfortunately, however, these equations do not have a 
solution. The problem here is essentially the same as that which occurred when N was 
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replaced by Z: There is no way of defining sqrs(n) for n < so that the equation 
for sqrs holds; as before the list sqrs(— 1) would have to have at least p components 
for each p > 1 , which is still impossible. (Note that in the second interpretation this 
problem does not arise because n < J_l = J_l for all n G Z , whereas here a list of the 
form x<\z is never equal to the undefined list e 1 - .) Of course, as mentioned before, the 
problem could be solved in this particular case simply by changing the condition n = 
in the definition of sqrs to n < ; but this is again only an ad hoc solution. 

A better way to solve the above problem is suggested by the 'fact' that the list sqrs (—1) 
should have at least p components for each p > 1 , which becomes possible if infinite 
lists are allowed. This leads to a fourth (and for the present section final) interpretation 
of lists occurring in Haskell equations. Extend the set L° to the set 

L°° = L° U (Z^)** 

where (Z -1 )** denotes the set of all infinite lists of elements from Z 1 - . The mapping 
< : Z 1 - x L° — )• L° is then extended to a mapping from Z 1 - x L°° to L°° in the obvious 
way: If xeZ 1 and z G (Z- 1 )** then x<\z is the infinite list whose first component is 
x and whose remaining components are the components of z , each being shifted one 
place to the right. Note that if a G L°° \ {£"*"} then either a = e or a has a unique 
representation of the form x < z with x G Z 1 - and z G L°° . 

The fourth interpretation of the Haskell equations describes functions sqrs : Z 1 - — > L°° , 
sq : Z 1 - -> Z 1 - , shunt : L°° x L°° ->■ L°° and sqs : Z 1 - -> L°° satisfying the same 
equations as above, but with L°° replacing L° . It is easily checked that these equations 
now have a unique solution, and that sqrs (— n) is the infinite list 

-n -(n+1) -(ra + 2) - (n + 3) ••• 

for each n > 1 . For all practical purposes (for example, computing sqrs(n) for some 
n > ) there is no real difference between the second and the fourth interpretation of 
these equations. 

Note that if the fourth interpretation is applied to the equations for hd , sone and 
und then the situation is essentially the same as in the third interpretation. The set of 
solutions still has the form { (hd p ,sone p , und p ) : p G Z 1 - } with sone p = 1 , und p = p 
and the function hd p : L°° — > Z 1 - given by 

if a = s 1 - , 
if a = e , 

if a = x < z with (x, z) G Z 1 - x L°° . 
In particular, in this interpretation sone again has the value 1 . 

The second and fourth interpretations introduced above seem to have the advantage 
over the third that the equations are more likely to have a solution. This somewhat 
vague suspicion will later be confirmed. Whether the fourth interpretation is to be 
preferred to the second is, to some extent, just a matter of taste. However, it is a fact 
that, whereas the 'older' functional programming languages (such as the original 'eager' 
version of ML) use the second interpretation, the 'newer' languages (such as Haskell) 
tend to use the fourth. 



hdp (a) = 




1.2 A procedure for interpreting equations 

In this section we outline a procedure which, in particular, can be used to obtain the 
second, third and fourth interpretations of the Haskell equations for sqrs, shunt , sqr 
and sqs introduced in the previous section. In its general form the procedure will then 
constitute the basis of our study. 

First, however, it is convenient to rewrite the Haskell equations using a uniform prefix 
notation. More precisely, the infix operator names - , * and == will be replaced by 
corresponding prefix operator names sub , mul and eq , and the built-in constructor 
name : for list-building by a prefix constructor name Cons ; moreover, Nil will be 
used instead of [] to denotes the empty list. This results in the equations taking on 
the following guise: 

sqrs n = case eq n of 
True -> Nil 

False -> Cons (sq n) (sqrs (sub n 1)) 
sq n = mul n n 
shunt a b = case a of 

Nil -> b 

Cons m c -> shunt c (Cons m b) 
sqs n = shunt (sqrs n) Nil 

The above equations are essentially built up out of names, which can be classified into 
the following four groups: 

- The names sqrs , sq , shunt and sqs , which are those of the functions which 
the equations are supposed to define. 

- The names n , m , a , b and c , which play the role of 'local variables'. 

- The names sub , mul and eq , which are those of 'primitive' operators. 

- The names True , False , Nil , Cons , and 1 of 'data constructors'. 

In order to understand how these names are allowed to fit together each name must be 
first assigned to a type. There are three basic data types involved here which will be 
denoted by int (for integer), list (for integer list), and bool (for boolean). Each 
name which refers to a data object is assigned the corresponding type: The names n , 
m, and 1 are assigned the type int, Nil, a, b and c the type list and True 
and False are assigned the type bool . The remaining names are names of functions, 
and each of these is assigned a functional type of the form (3i ■ ■ ■ (3 n — > (3 , where 
Pi, f3 n , (3 are basic data types, i.e., elements of the set {int, list, bool} . For 
example, shunt is assigned the type list list — > list , since it is the name of a 
function having two arguments, both taking values of type list , and which produces 
values also of type list . Similarly, the name sqrs is assigned the type int — > list , 
sq the type int — > int , sqs the type int — > list , sub and mul are assigned the 
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type int int — y int , eq the type int int — > bool and, finally, Cons is assigned the 
type int list — > list . 

With these assignments it is easily checked that each of the individual components of 
an equation is a 'syntactically correct' term: The 'syntactically correct' terms of type 
list occurring in the equations are the ten terms 

sqrs n, Nil, Cons (sq n) (sqrs (sub n 1)) , shunt a b, a, 

b, Cons m c, shunt c (Cons m b) , sqs n, shunt (sqrs n) Nil, 

those of type bool are eq n , True and False , while those of type int are 
sq n and mul n n . 

Note that both sides of the equation for sq are terms of type int . Moreover, the left- 
hand sides of the remaining equations are all terms of type list , as is the right-hand 
side of the equation for sqs . The same is also true of the two possible right-hand sides 
Nil and Cons n (sqrs (sub n 1)) in the equation for sqrs , as well as of the two 
possible right-hand sides b and shunt c (Cons m b) in the equation for shunt . 

Associated with the set B = {int, list, bool} of basic data types needed in the Haskell 
equations is a corresponding set 

K = {Nil, Cons, True, False} U Int 

of 'data constructor' names, where here Int is the set containing for each integer n G Z 
its standard representation string of characters. (Of course, the names Nil , 

Cons , True , False , and 1 from K already occurred in the equations.) Moreover, 
extending what was done above, each element of K is assigned a type: True and 
False are of type bool , n is of type int for each n G Z , Nil is of type list and 
Cons is of type int list — > list . 

The pair A = (B,K) , together with the assignment of the appropriate type to each 
element of K , is a particular instance of what is known as a signature. 

The general procedure as it would be applied to interpreting the Haskell equations for 
sqrs , sq , shunt and sqs will now be described. It involves taking the following steps: 

1. The first step is to choose what is called a A-algebra. This is any pair (X B ,p K ) 
consisting of a family of sets Xb = { Xp : f3 G B} , elements prrue , PFaise of Abool , 
for each n G Z an element pn of Ai nt , an element pnh of Aii St , and a mapping 

PCons : Ai n t X An s t — > Xlist • 

In all the interpretations of the Haskell equations the 'natural' choice of the A-algebra 
(Xb,Pk) was made. This is with: 

A int = Z , X list = L = Z* and A bool = B = {T, F} , 

— PTrue = T and fFalse = F , £> Ni l = £ , 

- the mapping p C ons : A int x Ai ist ->■ Ai ist given by £>cons(n, a) = n<\ a , 

— Pn = n for each n G Z . 

In fact, this particular A-algebra (Xb,Pk) has a certain universal property, that of 
being initial, which essentially characterises it in the class of all A-algebras. 
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2. The next step is to fix for each (3 G B an element -Lp not in the set Xp (to 
be thought of as an 'undefined' object of type /3 ) and then to extend the A-algebra 
{XbiPk) to a new A-algebra (Db^k) with Lp G -D^ for each (3 E B . By 'extend' 
is meant that Xp C -D^ for each (3 E B , f K =p K for each k E K \ {Cons} and that 
PCons is the restriction of /cons to A int x Ai is t . 

In all three of the interpretations we took -Di nt = Z 1 - with J_i n t = J-z , and implicitly 
also -Dbooi = B 1 - with _l_booi = J-b • In the second interpretation the choice was 
-Diist = L" 1 with J-iist = J-L , in the third -Diist = L° with J_ii S t = £ , and 
in the fourth -Dn s t = L°° , again with J_ii S t = £ ■ In all three cases the mapping 
/cons : -Dint x Di± st ->■ -Diist was given by fcons(x,z) = x < z for all x G -Dint , 
z G -Diist , but with the definition of < depending on the interpretation. 

3. The third step is to decide which kinds of functions are going to be allowed to 
occur as the solutions of equations. This is done by choosing for each functional type 

a = Pi ■■■ (3 n — >■ (3 an appropriate subset D a of the set D^' 3lX xDl3n of all functions 
from Dp 1 x • • • x Dp n to Dp . The only functions of type a which will be allowed 
as solutions are then those lying in the set D a . In this way the family of sets D B is 
extended to a family Ds = { D a : a G S} , where S = BU F and where F is the set 
of functional types. 

There were no restrictions made on the functions in our interpretations of the Haskell 
equations. In other words, the implicit choice was to take D a = D^ 1 x xDfln for each 
functional type a = (3i ■ ■ ■ (3 n — > f3 . However, more typical is the situation to be 
considered later in which the functions are restricted to being, in a certain sense, either 
'monotone' or 'continuous'. 

4. The next step is to interpret the names sub , mul and eq of the 'primitive' operators 
occurring in the equations. This means that mappings add and sub must be chosen 
from -Di n t x D± nt to D± nt as well as a mapping eq : D± nt x D± nt — > -Dbooi • But 
in practice there is really no choice here: It will always be the case that X± nt = Z 
and Abooi = B and then sub , mul and eq more-or-less have to be chosen to be the 
strict extensions of the operators — , x and = : The strict extension of a mapping 
V '■ Aint x Ai n t — > Xp is the mapping p : D± nt x D± nt — > Dp defined by 



(Of course, in general the rest of the usual arithmetical and relational operators are 
allowed to occur, and then these must also be interpreted in the same way.) 

Suppose appropriate choices for the A-algebras (Xb,Pk) and (Db,/k) and for the 
family Ds have been made. In particular, we assume that Ai nt = Z with p n = n for 
each n G Z , Abooi = B with pj r ue = T and pFaise = F , and that D± nt = ZU{_l_i n t} 
and -Dbooi = BU{J_booi} • Then the interpretation of the Haskell equations is that they 
describe elements sqrs G -D int ^ii S t , sq G D± nt — >int ? shunt G -Dn s t list— >iist and 
sqs G -Dint^nst (and so in particular they describe functions sqrs : D± nt — > Dn st , 
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sq : D int -> -Dint , shunt : Di ist x Di ist ->■ D>ii S t and sqs : D int ->■ Di ist ) satisfying 
the equations 

{J-iist if eq(n, 0) = J_ b ooi , 

/Nil if eq(n,0) = T, 

/cons(sq(n), sqrs (sub(n, 1)) if eq(n, 0) = F , 

sq (n) = mul (n, n) , 

{J-iist if a = J-ii S t , 

b if a = /Nil , 

shunt (c, /cons(^, 6)) if a 7^ J-iist and 
a = /cons(m,c) , 

sqs (n) = shunt (sqrs (n), /mi) 

for all n G -Dint , a, 6 G -Dust • Note that in general certain conditions must be 
imposed on the A-algebra (Dbj/k) for the above formulation to make sense: The 
equation for shunt requires that /cons(w, c) 7^ /nh for all (m, c) G -Di nt x -Dii st 
and that for each a G -Dii St \ {J-iist, /nh} there exist unique elements m G D± nt , 
c G -Dust such that a = /cons(«^ c) . This requirement will later lead to the concept 
of what will be called a regular extension of the A-algebra (Xb,Pk) ■ 

The reader is left to check that the second, third and fourth interpretations of the 
Haskell equations introduced in the previous section can all be obtained as special cases 
of the procedure outlined above. 

In general equations will be defined, as in the particular example above, by starting with 
a suitable signature A = (B, K) , which provides the data types that can occur in the 
equations and also the names and the types of the corresponding 'data constructors'. 
An equation then consists of a left- and a right-hand side, each of which has to be a 
'syntactically correct' term of the same type. The terms which occur as left-hand sides 
have to have a particularly simple form and there are various other conditions which 
have to be satisfied, for example that the only 'local variables' which can occur on the 
right-hand side of an equation are those occurring on the left-hand side. 

The procedure for interpreting the equations is in principle the same as that described 
above: First choose an initial A-algebra (Jg, px) , the elements in the set Xp being the 
basic data objects of type (3 for each /3 G B , then choose a suitable regular extension 
(Db, fx) of (Xb,Pk) to take account of 'undefined' and possibly also 'partially defined' 
data objects, and finally choose a family Ds to determine which kinds of functions can 
occur as solutions. The interpretation of a system of equations is then that they describe 
functions, each of which is a member of the appropriate set in the family Ds , and which 
satisfy the equations obtained in the same way as in the particular example above. (Note 
that in general it will be possible for a system of equations not to have a solution.) 

The fact that (Xb,Pk) is taken to be an initial A-algebra implies it is essentially 
uniquely determined by the signature A . The only real choice in the interpretation 
thus lies in that of the extension (D B , fx) and that of the family Ds ■ 
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Equations and their solutions will be treated in Chapter 7. In the preceding chapters the 
necessary mathematical machinery is developed: Chapter 2 deals with some standard 
topics from universal algebra, Chapter 3 looks at a framework for specifying data objects, 
Chapter 4 with a selection of elementary results from domain theory, Chapter 5 with 
the construction of function hierarchies (which involves some very elementary category 
theory) and Chapter 6 with properties of term algebras. 

In Chapter 7 an algorithm will be introduced for computing values. This means that the 
equations are considered as replacement rules and an efficient procedure for choosing the 
appropriate rule is specified. Chapter 8 then shows that there is a reasonable framework 
in which the denotational and operational semantics are equivalent for each system of 
equations. 

The theory will be applied to a primitive language which essentially looks like the part 
of Haskell employed in the examples. In this language the equations for sqrs , sq , shunt 
and sqs appear in the form: 

sqrs n = case (eq n 0) of {True -> Nil, 

False -> Cons (sq n) (sqrs (sub n 1))} 

sq n = mul n n 

shunt a b = case a of {Nil -> b, Cons -> shunx b} 
shunx a n b = shunt b (Cons n a) 
sqs n = shunt (sqrs n) Nil 

The additional equation is for an auxiliary function shunx which is needed because, 
unlike in Haskell, in the framework to be employed here anonymous functions cannot 
be defined using abstraction (which is essentially what 

Cons m c -> shunt c (Cons m b) 

denotes). The names occurring to the left of the arrows -> are just 'data constructor' 
names, and need not be thought of as terms. Note that the term shunx b appearing 
in the equation for shunt is an example of a partial application: shunx is the name of 
a function with three arguments and here it occurs with only one; shunx b is thus a 
term of type int list — > list , where int list (left of the arrow — > ) give the types 
of the missing second and third arguments. Partial applications play an essential role 
in situations such as this. 

The final point we want to discuss corrects the impression which has been made so far 
about the kinds of functions which will occur in the equations. We have stated that each 
functional type is of the form a = fi\ ■ • • (3 n — > (3 with (5\ ■ ■ ■ (3 n , f3 basic data types, 
and that the corresponding set of functions D a is chosen to be an appropriate subset of 
the set of all functions from Dp 1 x • • • x Dp n to Dp . This is sufficient for the examples 
considered above, but in general it is more than useful to allow so-called higher order 
types, i.e., functions whose arguments can also be functions. The functional types to 
be introduced in Chapter 5 will certainly include higher-order types. Example 1.2.1 on 
the following page gives a typical instance of a function having a higher-order type. 
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Example 1.2.1 The equations for sqrs, sq , shunt and sqs can be replaced 
by the following more-or-less equivalent equations: 

revs p n = case (eq n 0) of {True -> Nil, 



sq n = mul n n 

shunt a b = case a of {Nil -> b, Cons -> shunx b} 
shunx a n b = shunt b (Cons n a) 
sqs n = shunt (revs sq n) Nil 

The equation for revs describes a function of type (int — > int) int — > int , 
i.e., a function from -Dint^int x -Dint to Dint . 

In fact these equations describe elements 

revs G -D(int^int) int->list ■> sc \ ^ -Dint -> int , 

shunt G -Dii St iist-aist 7 

shunx G D list int ust^iist and sqs G £>int->list , 

and so in particular they describe functions 

revs : D in t^int x Dint ->■ D int , sq : D illt ->■ D int , 
shunt : D list x D list ->■ D list , 

shunx : D list x D int x D list ->■ D list and sqs : D int ->■ Di is t 
satisfying the equations 



False -> Cons (p n) (revs p (sub n 1)) } 




sq (n) 



mul (n, n) , 




shunx (a, n, b) 



shunt (6, /cons (n, a)), 



sqs (n) 



shunt (revs (sq, n), /Nil) 



for all n G Dint , a, 6 G £>ii S t , P G D in t^int • 



1.3 Notes 



The reader with no previous experience of functional programming is recommended to 
look at Bird and Wadler (1988) before proceeding any further. Other books offering 
good introductions to functional programming from various viewpoints are Field and 
Harrison (1988), Glaser, Henkin and Till (1984), Henderson (1980), Holyer (1993), 
MacLennan (1990), Paulson (1991), Reade (1989) and Wikstrom (1987). 

The approach described in this chapter has similarities with that taken in Rosen (1973). 
The equivalence of the denotational and operational semantics corresponds to Rosen's 
Validity Theorem (Theorem 8.4), a result which was conjectured in Morris (1968). Rosen 
points out, moreover, the connections with Kleene's first recursion theorem (Kleene 
(1952), §66), which can be seen as the fore-runner of the material to be presented in 
Chapter 7. 
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Chapter 2 Some universal algebra 



In this chapter those basic facts from universal algebra are presented which will be 
needed in the subsequent chapters. The emphasis here is on initial algebras in their 
various forms. 

In order to give a foretaste of the kind of universal algebra which will occur, it is perhaps 
instructive to start with a very familiar situation and serve it up in a somewhat unusual 
guise. (What follows is, however, certainly not new: It appears in essentially this form 
in Dedekind's book Was sind und was sollen die Zahlen? first published in 1888.) 

Consider the set N = {0, 1,2,.. .} of natural numbers together with its first element 
and the successor function s : N — > N (defined by s(n) = n + 1 for each n G N). It 
can then be asked what is special about the triple (N, 0, s) . To make things a bit more 
precise, define a triple (X,e,p) consisting of a non-empty set X , an element e G X 
and a mapping p : X — > X to be a natural number triple, and then ask how (N, 0, s) 
can be characterised in the class of all such triples. 

To answer this question the appropriate structure-preserving mappings must first be 
introduced: If (X,e,p) and (X',e',p') are natural number triples then a mapping 
7r : X — > X' is called a homomorphism from (X,e,p) to (X',e',p') if 7r(e) = e' and 
p' 7r = Tip (i.e., p'(tt(x)) = tt(p(x)) for all x G X). If n is such a homomorphism 
and the mapping n is a bijection then it is easy to see that the inverse mapping 
7T _1 : X' — >■ X is a homomorphism from (X',e',p') to (X, e,p) . In this case it is 
called an isomorphism, and (X,e,p) are (X',e',p') said to be isomorphic. 

The identity mapping is a homomorphism and the composition of two homomorphisms 
is again a homomorphism; being isomorphic thus defines an equivalence relation on the 
class of all natural number triples. Now if the equivalence class containing (N, 0, s) can 
be identified in some reasonable way then the question asked above can be considered 
to have been answered satisfactorily. Two simple characterisations of this equivalence 
class are given below. 

A natural number triple (X, e, p) is said to be initial if for each such triple (X', e', p') 
there is a unique homomorphism from (X,e,p) to (X',e',p'). Then (N, 0,s) is initial, 
since given (X' , e', p') , a homomorphism from (N, 0, s) to (X',e',p') can be defined 
by induction, and its uniqueness also follows by induction. It follows that a triple is 
isomorphic to (N, 0, s) if and only if it is initial. In other words, the equivalence class 
containing (N, 0, s) consists of exactly all the initial natural number triples. This was 
the first characterisation. 

Here is the second characterisation: A natural number triple (X,e,p) will be called a 
Peano triple if the following three conditions are satisfied: 

(1) The mapping p is injective. 

(2) p{x) ^ e for all xeX . 

(3) The only subset X' of X containing e with p(x) G X' for all x G X' is the set 
X itself. 
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Then (N, 0, s) is a Peano triple. (This can be seen as one of the possible formulations 
of the Peano axioms. In particular, the statement that (N, 0, s) satisfies (3) is nothing 
but the principle of mathematical induction.) The reader is left to show that a triple 
is isomorphic to (N, 0, s) if and only if it is itself a Peano triple. In other words, the 
equivalence class containing (N, 0, s) also consists of exactly all the Peano triples. 

Of course, a corollary of these two characterisations is that a natural number triple 
is initial if and only if it is a Peano triple. This is a special case of an important 
result presented in Section 2.3 which states that an algebra is initial if and only if 
(in the terminology employed there) it is unambiguous and minimal. For a general 
algebra unambiguity corresponds to conditions (1) and (2) in the definition of a Peano 
triple, while minimality corresponds to condition (3). This characterisation is sometimes 
expressed by saying that initial algebras are exactly those for which there is no confusion 
(unambiguity) and no junk (minimality). 

Section 2.1, as well as fixing some general notation, introduces the simple notion of a 
typed set. This takes into account the situation met with in most modern programming 
languages in which each name occurring in a program is assigned, either explicitly or 
implicitly, a type. The kind of object a name can refer to is then determined by its 
type. 

In Section 2.2 signatures, algebras and homomorphisms are introduced, and invariant 
families (i.e., subalgebras) are also looked at. Section 2.3 then deals with initial and free 
algebras, and in Section 2.4 term algebras are introduced in order to give simple explicit 
examples of initial algebras. Finally, in Section 2.5 something is said about extensions 
of signatures and algebras, and Section 2.6 presents a somewhat idiosyncratic approach 
to tree algebras. 

Except for Section 2.6 (which can be omitted) the choice of material in this chapter 
is determined entirely by what will be needed later. The reader interested in a more 
balanced account of modern universal algebra should consult the books referenced at 
the end of the chapter. 



2.1 Typed sets 



Before beginning in the next section with universal algebra proper the simple notion of 
a typed set will be introduced. This takes into account the situation met with in most 
modern programming languages in which each name occurring in a program is assigned, 
either explicitly or implicitly, a type. The kind of object a name can refer to is then 
determined by its type. 

The first task, however, is to fix some notation. The empty set will be denoted by 
and the set {0} by I; thus I is the 'standard' set containing exactly one element. 
However, to avoid confusion the single element in I will be denoted by e (rather than 
by 0). 

The words function and mapping are considered to be synonyms. Nevertheless, in this 
chapter almost exclusive use of the word mapping will be made. {Functions are what 
the equations are supposed to define.) If X and Y are sets then Y x will be used to 
denote the set of all mappings from X to Y . In particular, Y = I for each set Y . 

Let / : X — > Y be a mapping; then X is called the domain of / and will be denoted 
by dom(/) and Y is called the codomain. For each A C X put 

f(A) = {y eY : y = f(x) for some x E A} 

and for each B C Y put f~ x {B) = {x E X : f(x) E B} . The subset f(X) of the 
codomain Y is called the image of / and will be denoted by Im(/) . 

Let S be a set and suppose for each a E S some object a a is given (which will usually 
be a set or a mapping) . Then by the family {a a : a E S} is meant the mapping from 
S to the set consisting of the objects a a , a E S , which assigns the object a a to each 
a E S . Unless something to the contrary is explicitly stated this family will be denoted 
by as ■ If Xs and Yg are families of sets then Yg C Xs will mean that Y a C X a 
for each a E S . This will also be indicated by saying that Xs contains Ys or that 
Ys is contained in Xs ■ 

The topic announced in the title of this section will now be considered. A pair (I, (•)) 
consisting of a set I and a mapping (•) : / — >■ S is called an S -typed set with typing 
(■) . The set S should here be thought of as a set of 'types', I as a set of 'names' and 
(■) as specifying the type of objects to which the 'names' can be assigned. If r\ E I 
with (77) = a then 77 is said to be of type a . 

The S'-typed set (I, (■)) will usually just be denoted by / , it being assumed that the 
typing (■) can be inferred from the context. In fact, except where there is some danger 
of confusion, (■) will always be used to denote the typing on a typed set. The empty 
set will be regarded as an S'-typed set (with the corresponding unique typing). 

Note that an ordinary set can (and will) be considered as an I- typed set, since for any 
set / there is a unique typing ( • ) : i" — >■ I . 

If as = { ct a : a E S } is a family of objects and I is an 5-typed set then, in order to 
increase the legibility, it is convenient to omit the brackets and just use a v to denote 
the object a^ for each 77 E I . 
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Let Xs = { X a : a G S} be a family of sets and I be an S-typed set. Then X T o 
will denote the set of all typed mappings from / to {J v€ iX v , i.e., the set of mappings 

c : I — > U ve iX rj such that 0(77) G X v for each 77 G J . The elements of X^ are called 

assignments. An assignment c G X^ thus assigns to each 'name' 77 G / an element 
0(77) G X^ of the appropriate type. Note that Xf = I ; moreover, if Y5 C X5 then 
Yj can clearly be regarded as a subset of Xf . 

The symbol o in the expression Xf is a reminder that the X occurring here only has 
a meaning within the context of the family Xs ■ It also helps to distinguish Xf from 
the notation X 1 used for the set of all mappings from the set / to the set X . (Note 
that if J and Y are sets, and J is considered as an I-typed set then in fact Y J = Y/ , 
provided Y is identified with the family Y\ given by Y e = Y .) 

When dealing with explicit examples, in which case the set I is always finite, an 
assignment c G Xf will be specified by choosing an enumeration 771 , . . . , rj m of the 
elements of I and then writing it as {771 — > 0(771), 772 — > 0(772), • • • , r] m — > c(?7 m )} . 

Recall that N is the set {0, 1,2,...}, i.e., is a natural number. For each n G N let 
[n] = {1, 2, . . . , n} ; in particular [0] = . Let n G N and for each j = 1, . . . , n let 
X,- be a set; then the cartesian product Xi x • • • x X n is defined to be the set of all 
mappings g from [n] to Uj=i -^7 sucn that g(j) G Xj for each j . In particular, if 
n = then Xi x • • • x X n = I . For each j let Xj G Xj ; then as usual (x±, . . . , x n ) 
denotes the the element g of Xi x • • • x X n such that ^(j) = xj for each j ; clearly 
each element of X\ x • • • x X n has a unique representation of this form. 

Of course, the cartesian product is just a special case of a set of assignments: Here the 
family of sets is X[ n j = {Xj : j G [n] } and then X\ x • • • x X n = X] n l , where [n] is 
considered as an [n]-typed set with the identity typing. 

The simplest case of a cartesian product is when the sets Xi, . . . , X n are all the same: 
Let X be a set; then for each n G N the n-fold cartesian product of X with itself will 
be denoted by X n , thus X n is the set of all mappings from [n] to X . In particular, 
X° = I: moreover, it is convenient to identify X 1 with X in the obvious way. Note 
that each element of X n can be regarded as a finite X-typed set: More precisely, 
(x±, . . . , x n ) G X n is the typed set consisting of the set [n] with the typing which 
assigns to each j the type Xj . 

For each set X the set Un>o^ n wm ^ e denoted by X* , which should be thought of 
as the set of all finite lists of elements from X . Note that since X 1 is being identified 
with X , it follows that X is a subset of X* . (In other words, each element x of 
X is identified with the list whose single component is equal to x .) If m > 1 then 
the element (xi, . . . , x m ) of X m C X* will always be denoted simply by xi • • • x m . 
Following the remark in the previous paragraph each list of elements from X is a finite 
X-typed set: The list x\ • ■ ■ x n is the X-typed set consisting of the set [n] with the 
typing which assigns to each j the type Xj . 

Let Xs be a family of sets and 7 = o~\ ■ ■ ■ o~ n G S* ; then, considering 7 as an S'-typed 
set, XJ = Y\ x • • • x Y n with Yj = X a , for each j = 1, . . . , n , which leads to the 
usual notation I ff1 x • • • x X a for the set XJ . 

u 1 u n O 
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In order to avoid any foundational difficulties it is convenient to fix once and for all 
some large set M of names, and then only to consider S-typed sets whose underlying 
sets are subsets of M . This means that there is the set (and not just the class) of all 
S'-typed sets. It is assumed that NcM and (in order to give explicit examples) that 
A* \ {e} C M for some suitable alphabet A containing the usual ^SCTI-symbols. 

The set of all finite S'-typed sets will be denoted by Fs • Since N C M it follows in 
particular that S n C Fs for each n G N and also S* C Fs • (Beware though that the 
list e with no components is then the S-typed set .) 

Now let X$ and Yg be families of sets and <ps '■ Xs — >■ Y$ be a family of mappings, 
i.e., <p a : X a — > Y a for each a G S . Then for each S-typed set I there is a mapping 
(pi : Xl — > Yj defined for each c G , rj G I by 

(recalling that <p v = ). Note that if 7 = o~\ ■•• a n G S* then tpj is just the 
mapping from X^ = X ai x • • • x X an to Y? = Y ai x • • • x Y an defined by 

ip2(xi,...,x n ) = {(p ai {x 1 ),...,(p (Tn {x n )) 

for each (x\, . . . , x n ) G X^ ■ 

Lemma 2.1.1 (1) Let Xs be a family of sets and id 5 : Xs — > Xs be the family of 
identity mappings (i.e., with id<j : X a — > X a the identity mapping for each a G S ). 
Then id^ : X% — > Xl is also the identity mapping for each S-typed set I . 

(2) Let Xs , Ys and Zs be families of sets and let (fs ' Xs — > Ys and ips '■ Ys — > Zs 
be families of mappings. Then for each S-typed set I 

(il><p)l = 

where (ip(p)s : Xs — > Zs is the family given by (ip(f) a = Vv ¥V f° r each a G S . 

(3) Let Xs and Ys be families of sets and ips '■ Xs —> Ys be a family of mappings. 
If the mapping tp a : X a — > Y a is injective (resp. surjective) for each a G S then for 
each S-typed set I the mapping <p>l : X^ — > Yj is also injective (resp. surjective). 
In particular, if <p a : X a — > Y a is a bijection for each a G S then the mapping 
(pi : Xl — > Yj is a bijection, and in this case 

Proof (1) This is clear. 

(2) Let c G Xl and rj G I ; then 

= ^M(c))(v) = ^M(c))(v) = ^Wl){c){rj) 

and thus {$ip)[ = ^{ipl . 
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(3) If (f a is injective for each a then there exists a family of mappings ips '■ Y$ — > X$ 

such that ipa'Pa is the identity mapping on X a for each a G S . Then by (1) (iptp) 1 

is the identity mapping on and by (2) ip^ p>\ = (V"/ 7 )^ • Hence ip\ is injective. The 
other case is almost identical: If p a is surjective for each a then there exists a family 
of mappings Vs : Ys — > Xs such that <p a ip a is the identity mapping on Y a for each 
a G S , and as in the first part it then follows that p>\ ipl is the identity mapping on 
Yj . Finally, if <p a is a bijection for each a G S then (<£>~ 1 ) i Vf is the identity mapping 
on Xl and is the identity mapping on Yj , and thus (</?f) _1 = (tp^ 1 ) 1 . □ 

Some of the mappings which will occur involve the braces [ and J , usually ornamented 
with subscripts and often also superscripts. In this case the value of the mapping is 
denoted by placing the argument between the braces. Consider, for instance, a family 
of mappings [ • ] s , with [ • J a a mapping from X a to Y a for each a G S ; then the 
element of Y a which is obtained by applying [ • J a to x G X a is denoted here by 
\x\ fj . Now if / is an 5-typed set then the corresponding mapping from X^ to Yj 

will be denoted as above by [ • , and its argument will again be placed between the 

braces. Thus if c G X^ then [cj^ is the element of Yj given by [cj^(^) = [0(77)]^ 
for each rj G I . 

Let Xs be a family of sets and let be a corresponding family of partial orders, i.e., 
Co- is a partial order on X a for each a G S . Then for each S-typed set I there is a 
natural partial order on the set X^ defined by stipulating that eCf c' if and only 
if c{rj) c'{rj) for each 77 G I . 

Let n > 2 and for each j = 1, . . . , n let Qj be a partial order on the set Yj . Then 
the above construction produces the usual product partial order □ on Y"i x • ■ • x Y n in 
which (yi, . . . , y n ) E • • • , y„) if and only if yj Qj y'j for each j . 

The final topic in this section is a simple observation which will be applied throughout 
the study. Suppose that a number of objects from a given family of sets X$ are to 
be 'defined'. Then this can be organised by first choosing an appropriate S- typed 
/ consisting of the 'names' of these objects, and then 'constructing' an assignment 
c G Xl which gives a meaning to each 'name' (and thus 'defines' the objects c(rj) , 
rj G I). In particular, this device will be employed to formulate the equations which 
appear in Chapter 7 so that their solutions are assignments rather than sets of functions. 
A reformulation in this spirit of the equations considered in Chapter 1 is given in 
Example 2.1.1 below. 
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Example 2.1.1 Let {D B ,f K ) and the family D$ be as in Section 1.2 (for the 
case of the equations for revs, sq , shunt, shuntx). Let 



be the S-typed set with 

revs of type (int — > int) int — > list , 

sq of type int — > int , shunt of type list list — > list , 

shunx of type list int list — > list and sqs of type int — > list . 

If c G D\ and r] <E I then, since it increases the legibility, c(r]) will usually 
be written as c v ; this means that 

Crevs ^ -D(int— >int) int— s>list ? c sq G -Dint— > int ? 
Cshunt ist list— >l±st ? 

Cshunx ist int list— >list and C S q S G -Di n t— s^list • 

The equations for revs, sq , shunt, shunx and sqs in Example 1.2.1 can now 
be considered as the following equations for an assignment c G -Df : 



/ = 



{revs, sq, shunt, shunx, sqs} 




c sq in) 



mul(n,n) , 




Cshunx (a, n, 6) 
Csqs (n) 



Cshunt (b, /cons (n, a)) , 



Cshunt (Crevs ( c sq 5 n )i /Nil) 



for all a, 6 G -Diist , n G -Dint , P G -Dint^int • 



2.2 Algebras and homomorphisms 



The structure which plays a fundamental role in all of what follows is that of an algebra 
associated with a signature. A signature is a quadruple E = (S, N, A, 5) , where S and 
N are non-empty sets and A : N — > Ts and 5 : N — >■ S are mappings (recalling that 
J-s is the set of all finite S'-typed sets). The set S should here be thought of as a set 
of types; N can be regarded as a set of operator names. 

For each a G S put N a = {is G N : 5(u) = a} . Moreover, if is G N with 8 {is) = a 
and A{is) = L then is is said to be of type L — >■ a . This terminology will be used to 
help avoid mentioning A and 5 explicitly. 

If E = (5, A?", A, 8) is a signature then a IB-algebra is any pair (Ag,^) consisting of 
a family of sets Xs = { X a : a G S} and a family of mappings Pn = {Pv '■ v G iV } 
such that if is E N is of type L — >■ a then p„ is a mapping from to . For 
each a E S the set X a should be thought of as a set of elements of type a and for 
each v G N the mapping p v can be thought of as the operator corresponding to the 
operator name v . 

A signature E = (S, N, A, 6) is said to be enumerated if A(z/) G 5* for each is e N 
(recalling that S* C J-s)- If E is an enumerated signature then (Xs,Pn) being a 
E-algebra means that if is G N is of type o~\ • • • a n —t a then is a mapping from 
X CT1 x • • • x X an to . 

A simple enumerated signature A = {B, K, 0, •&) and a 'natural' A-algebra (A B ,px) 
are given in Example 2.2.1 on the following page. The usual way of representing such a 
signature is then illustrated in Example 2.2.2. 

A general signature can always be replaced by an 'equivalent' enumerated signature. 
(This really just amounts to fixing an enumeration of the elements in the set A(z/) for 
each v G N .) In fact, what is here called an enumerated signature corresponds to the 
usual notion of a signature. The reason for working with the more general definition 
introduced above is that in the long run it turns out to be more natural. 

For the remainder of the section let E denote a fixed signature with E = (S, N, A, S) . 
Note that the sets N a , a G S , form a partition of the set N . (For instance, in 
the signature A in Example 2.2.1 ATbool = {True, False} , AT n at = {Zero, Succ} , 
ifint = Int , impair = {Pair} and K list = {Nil, Cons} .) 

The next task, of course, is to explain what are the structure-preserving mappings 
between algebras. Let (Xs,Pn) and (Ys,gjv) be E-algebras and let ns : Xs — > Ys 
be a family of mappings, i.e., ix a '■ X a — > Y a for each a G S . Then the family ns is 
called a "E-homomorphism from (Xs,Pn) to (1s,<7jv) if 

^yrf = n a p u 

whenever v G N is of type L — > a . This fact will also be expressed by saying that 
tts : (Xs,Pn) (YsiQn) is a E-homomorphism. 



25 



2.2 ALGEBRAS AND HOMOMORPHISMS 



26 



Example 2.2.1 Int always denotes the subset of {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, -}* 
containing for each integer n its standard representation n as a string of 
characters. The mapping n^n thus maps Z bijectively onto Int . 

Define an enumerated signature A = (£?, A, 0, #) by letting 
B = {bool, nat, int, pair, list} , 

K = {True, False, Zero, Succ, Pair, Nil, Cons} U Int , 

and with 6 : K B* and # : K ->• B given by 

e(True) = e(False) = e , (True) = (False) = bool , 
©(Zero) = e , ©(Succ) = nat , $(Zero) = #(Succ) = nat , 
©(Pair) = int int , $(Pair) = pair , 

©(Nil) = e, ©(Cons) = int list, tf(Nil) = tf(Cons) = list, 
0(n) = e and i}(n) = int for each n G Z. 

Thus True and False are of type e — > bool , Zero is of type e — > nat , Succ 
of type nat — > nat , Pair of type int int — > pair , Nil of type e — > list , 
Cons of type int list — > list and n is of type s —> int for each n G Z . 

Now define a A-algebra (Ab,Pk) with a family of sets Xb and a family of 
mappings px by letting 

A'booi = B = {T, F} , A na t = N , Ai n t = Z , 

Apair = Z 2 , Aii S t = Z* , 
PTrue : I -> A boo i with PTrue(e) = T , 
PFalse : I -> A boo i with p F alse(e) = ^ , 
PZero : I -> A nat With pzero(^) = , 

PSucc : A nat -> A na t with psucc (n) = n + 1 , 

: I — > Ai n t with Pn(s) = n for each n G Z , 
PPair : A int x A int ->■ A pa i r with ppair(m,n) = (m,n) , 
Pnii : I ->■ Aii S t with pmi(e) = e , 

Peons : A^t x Ai ist ->■ Ai ist with pcons(m, s) = m < s , 

where m < s is here, as in Chapter 1, the element of Z* obtained by adding 
m to the beginning of the list s , i.e., 

m ^ _ |m mi • • • m n if s = mi • • • m n with n > 1 , 
I m if s = e . 
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Example 2.2.2 An enumerated signature E = (S, N, A, 5) with S and N 
finite can (and in most functional programming languages will) be represented 
in a form similar to the following, where ai, . . . , a n is some enumeration of 
the elements in the set S , Vki, • • • , ^km k an enumeration of the elements of 
N ak for each k and where 7^ = A(ukj) : 

CTl ■■■■= Vll 711 I 

cr 2 : := V21 721 I 

<J n '. '. — V n \ 7nl I ' I ^nm n 1nm n 

The enumerated signature A = (B, K, 0, introduced in Example 2.2.1 can 
thus be represented in the form 

bool : := True I False 

nat : := Zero I Succ nat 

int ::=••• -2 I -1 I I 1 I 2 •• • 

pair : := Pair int int 

list : := Nil I Cons int list 

Of course, there is a problem here with the type int , since K± nt is infinite, 
but in all real programming languages this type is 'built-in' and so it does not 
need to be included in the part of the signature specified by the programmer. 



■ ■ ■ I ^lmjlmi 
• • • I ^2m 2 l2m 2 



If E is enumerated then 7t~s '■ (Xs,Pn) — > (Ys^Qn) being a E-homomorphism means 
that if v G N is of type o\ ■ ■ ■ a n —t a then 

q„{ir ai (x 1 ),..., 7T an (x n )) = n a {p v (x u . . .,x n )) 

must hold for all (x±, . . . , x n ) G X ax x • • • x X Uri , this condition being interpreted as 
q v {e) = iT C7 (p^(e)) when v is of type e — > a . 

If (Xs,Pn) is a E-algebra then by Lemma 2.1.1 (1) the family of identity mappings 
ids : A s — > X s defines a E-homomorphism from (Xs,Pn) to itself. Furthermore, the 
composition of two E-homomorphisms is again a E-homomorphism: 

Proposition 2.2.1 Suppose (Xs,Pn) , (YsiQn) and (Zs,tn) are IB-algebras and 
let tvs '■ (Xs,Pn) — > (Ys^Qn) and qs '■ (Ys,qN) — > {Zs,tn) be 'E-homomorphisms. 
Then (qit)s = { Q G tt g : o G S} is a E-homomorphism from (Xs,Pn) to (Zs,r^) . 
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Proof Let u E N be of type L — > a ; then by Lemma 2.1.1 (2) 

and hence (qtt)s is a E-homomorphism from (Xs,Pn) to (Zs,tn) ■ □ 

Proposition 2.2.2 Let ns ■ (Xs,Pn) — > (Ys,Qn) be a T.-homomorphism. Suppose 
for each a G S that 7r CT : X a — > Y a is a bijection and let ix~ x : Y a — > X a be the inverse 
mapping. Then iVg 1 : (Is, (/at) — > (Xs,Pn) is also a Y.-homomorphism. 

Proof Let v G N be of type L — > a . Then q v tt^ = ix a p v , and therefore by 
Lemma 2.1.1 (3) it follows that p v (7r~ 1 ) L = p u (rc^) -1 = -k~ x q u , which implies that 
Hg 1 is a E-homomorphism. □ 

A E-homomorphism tts '■ (As, Pat) (Ys^Qn) is a said to be a "E-isomorphism if the 
mapping 7r CT : X a — y Y a is a bijection for each a E S . (Proposition 2.2.2 implies that 
this definition is 'correct'.) If it is clear which signature is involved then the name of 
the signature can be omitted, i.e., homomorphism (resp. isomorphism) will be written 
instead of E-homomorphism (resp. E-isomorphism) when E can be deduced from the 
context. 

The E-algebras (Xs,Pn) and (Ys,qN) are said to be isomorphic if there exists an 
isomorphism from (Xs,Pn) to (Y5, (/at) ; it is easily checked that the property of being 
isomorphic defines an equivalence relation on the class of all E-algebras. 

In what follows consider the E-algebra (Xs.Pn) as being fixed. Let As C Xs (i.e., 
X a C X a for each a G S). Then the family of sets Xs is said to be invariant in 
(Xs,Pn) , or just invariant, if p u (X^) C X a whenever v G N is of type L — > a . In 
particular, the family Xs is itself trivially invariant. The family Xs being invariant 
means exactly that the following two conditions have to be satisfied: 

(1) p v (e) G X a for each v G N of type — > a . 

(2) If v G N is of type L ->■ a with L ^ and c G A o L is such that c(rj) G X v for 
each i] G L then p v {c) G X a . 

If E is an enumerated signature then these two conditions become the following: 

(1) Pv{e) G X a for each v G N of type e — > a . 

(2) If v G N is of type a\ ■ ■ ■ a n — >■ cr with n > 1 and G A^ for each j then 
p v (a;i,...,x n ) EX a . 

A related notion is that of a subalgebra: A E-algebra (Y5, (/at) is said to be a subalgebra 
of (Xs,Pn) if I5 C As and q v is the restriction of p v to dom(^) for each v G A . 
In this case the family Y$ is clearly invariant. Conversely, let As be any invariant 
family and for each v G N of type L — > a let denote the restriction of p v to A^ , 
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so p v is a mapping from X^ to X a . Then (Xs,Pn) is a subalgebra of (Xs,Pn) ■ 
This means that there is a one-to-one correspondence between invariant families and 
subalgebras of (Xs,Pn) • (The former tend to dominate, however, in this study.) If 
Xs is an invariant family then the corresponding subalgebra (Xs,Pn) is called the 

subalgebra associated with Xs ■ 

Lemma 2.2.1 Let ns be a homomorphism from (Xs,Pn) to a E-algebra (Ys^n) . 

(1) If the family X$ is invariant in (Xs,Pn) and Y a = ^(X^) for each a E S then 
Ys is invariant in (Ys.Qn) ■ 

(2) If the family Ys is invariant in (Ys,qN) and X a = 7r~ i (Y -) for each a E S then 
Xs is invariant in (Xs,Pn) ■ 

Proof (1) It must be shown that if v E N is of type L — > a then q v {c) E Y a for 
each c E Y o L . But if c E Y L then there exists d E X^ with 7r^(c') = c (since 
Lemma 2.1.1 (3) implies that tt^(X^) = Y L ) and hence 

q„(c) = q v {^{d)) = TT<j{pv{d)) E ir a (X a ) = Y a . 

(2) This time it must be shown that if v E N is of type L — > a and c E X^ then 
Pu{c) E X a , i.e., that ■K a (p v (c)) E Y a . But if c E X^ then it is easy to check that 
7if (c) E Y^ and therefore ic a (p v (c)) = q v {^{c)) E Y a . U 

Lemma 2.2.1 says that both the image and the pre-image of a subalgebra under a 
homomorphism are again subalgebras. 

Lemma 2.2.2 Let As C Xs ■ Then the family Xs defined by 

X a = A a U (J Tm(p v ) 

for each a E S is invariant in (Xs,Pn) ■ 

Proof If v E N is of type L — > a then p v {d) E p u (X^) = Im(p u ) C X a for all 
c E X^ , and so in particular for all c E X^ . □ 

Lemma 2.2.3 Let As C Xs ■ Then there exists a minimal invariant family containing 
As (i.e., an invariant family Xs with As C Xs such that if Ys is any invariant family 
containing As then Xs C Ys )■ 

Proof As already noted, the family Xs is itself invariant, and it contains of course 
As . Moreover, it is easy to see that an arbitrary intersection of invariant families is 
again invariant. (More precisely, if X s is invariant for each t ET and X a = f] teT X l a 
for each a E S then Xs is also invariant.) The intersection of all the invariant families 
containing As is thus the required minimal family. In fact, this minimal family Xs 
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can be given somewhat more explicitly: For each n G N define a family Xg C X$ by 
putting Xg = As and for each n G N , a G S letting 

Xn+l = xn [J J Im(p n } ? 

where if v is of type L — > a then is the restriction of pj, to (A™) L . Then it is 
straightforward to check that X a = IJneN f° r eacn c G S 1 . This shows that each 
element of X a can be 'constructed' in a finite number of steps out of elements from 
the family Ag and elements which have already been 'constructed'. □ 

The main interest here is in the minimal invariant family (i.e., the family given by 
Lemma 2.2.3 with A a = for each a G S). The subalgebra associated with this 
family will be referred to as the minimal subalgebra of (Ys, Qtv) . 

It is often the case that a E-algebra (Xs,Pn) is given and then Z$ is defined to be 
the minimal invariant family. This will then be accompanied by the statement that Zg 
is defined by the following three rules: 

(1) If v G N is of type — > a then p u (e) is an element of Z a . 

(2) If v G N is of type L — > a with L ^ and c G is such that c(rj) G Z v for 
each r\ G L then p v {c) is an element of Z a . 

(3) The only elements in Z a are those which can be obtained using (1) and (2). 

Rules (1) and (2) say that Zs is invariant. Rule (3) should be regarded as a somewhat 
imprecise reformulation of the final statement in the proof of Lemma 2.2.3. Of course, 
such a statement is really redundant, but it usually helps to clarify how the mappings in 
the family p^ operate in the particular case under consideration. (It is often convenient 
to divide up rules (1) and (2) into various sub-cases, ending up with not three but four 
or more rules.) 

If E is enumerated then the above rules take on the following form: 

(1) If v G N is of type e — > a then p v {e) is an element of Z a . 

(2) If v G is of type o\ • • ■ a n — > a for some n > 1 and Xj G Z a . for j = 1, . . . , n 
then p v (xi, . . . ,x n ) is an element of Z a . 

(3) The only elements in Z a are those which can be obtained using (1) and (2). 

The E-algebra (Xs,Pn) is now said to be minimal if Xs is the only invariant family. 
Such algebras play an important role, and so some of their elementary properties will 
now be presented. Note that the minimal subalgebra of (Xs,Pn) is always a minimal 
E-algebra. 

Proposition 2.2.3 Let (Xs.Pn) and (Y s ,q N ) be E-algebras. 

(1 ) If (Xs,Pn) is minimal then there exists at most one homomorphism from (Xs,Pn) 
to (Y s , qN) ■ 

(2) If (Ys,qN) is minimal then any homomorphism its '■ (Xs,Pn) — > (Ys,Qn) is 
surjective (i.e., the mapping n a : X a — > Y a is surjective for each a G S ). 
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Proof (1) Let ns and qs be homomorphisms from (Xs,Pn) to (Ys,qN) an d for 
each a E S let X a = {x E X a : n a {x) = g a (x) } . Consider v E N of type L — > a 
and let c E ; then c{rf) E X v for each rj E L and hence 

n^(c)( V ) = n v (c( V )) = Q v (c( V )) = 0, (c) (77) 

which implies that 7rf (c) = g^(c) . Therefore 

Kct{Pv{c)) = q u (n^(c)) = q„(Q«{c)) = Q a {Pu{c)) , 

i.e., p v {c) E X a . This shows that the family X$ is invariant and thus X$ = X$ , 
since (Xs,Pn) is minimal. In other words, its = Qs ■ 

(2) This follows immediately from Lemma 2.2.1 (1). □ 

Proposition 2.2.4 If (Xs,Pn) is minimal then |J Im(p u ) = X a for each a E S . 
Proof This follows immediately from Lemma 2.2.2. □ 

The converse of Proposition 2.2.4 does not hold in general. However, the condition 
occurring there can be combined with a second condition to give a useful sufficient 
criterion for minimality: 

Proposition 2.2.5 Suppose there exists a family of mappings #5 with ^ a : X a — > N 
for each a such that if v E N is of type L — > a then 

# v (c(v)) < #„(p„(c)) 

holds for all c E X^ , rj E L . For each a E S let A a be a subset of X a such that 
A a U [XeAr CT ^- m (Piy) = . Then Xs is the only invariant family containing As ■ In 
particular, if [J Im(p u ) = X a for each a E S then (Xs,Pn) is minimal. 

Proof Let Xs be the minimal invariant family containing As and suppose Xs 7^ Xs ■ 
There thus exists o E S and x E X a \ X a such that #cr(x) < # T {x') whenever 
x' E X T \ X T for some r E S . Then x E Irrv^p^) for some v E N a , since A a C X a . 
Let v be of type L — > a , so there exists c E X^ with x = p u (c) . But it then follows 
that #77(0(77)) < #cr(x) and hence that c{rf) E X v for each 77 E L (by the minimality 

of #cr(x) ). However, this implies x E X a , since the family Xs is invariant, which is 
a contradiction. □ 

If E is enumerated then the condition involving the family #5 in Proposition 2.2.5 is 
that whenever v E N is of type o~\ ■ ■ • a n — > a then 

ttojiXj) < #a(Pv(xi,...,X n )) 

must hold for each j = 1, . . . , n for each (x\, . . . , x n ) E X ai x • • • x X (Tn . It is easy to 
check that the A-algebra (X B ,p K ) defined in Example 2.2.1 is minimal. 
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A subset S' C S is said to be closed in E or simply closed if a E S' whenever there 
exists u E N of type L — > a for some L and (77) G 5" for each rj E L . (This means 
in particular that a E S' if there exists an element is E N of type — >■ a .) The 
signature E will be called pervasive if the only closed subset of S is S itself. 

It is easily checked that the signature A in Example 2.2.1 is pervasive. (Note that if 
E is enumerated then S' being closed means exactly that a E S' must hold whenever 
there exists is E N of type a\ ■ ■ ■ a n — >■ a and aj E S' for each j = 1, . . . , n .) 

Proposition 2.2.6 If E is pervasive then X a 7^ for all a E S for any "E-algebra 
(Xs,Pn) ■ Conversely, if (Xs,Pn) minimal and X a 7^ for all o E S then E is 
pervasive. 

Proof The set «S = { a E S : X a 7^ } is clearly closed. Thus if E is pervasive then 
S = S , i.e., X a 7^ for each a E S . Conversely, if 5" is closed and the family X' s 
is defined by X' a = X a for a E S' and X' a = for a E S\S' then X' s is invariant. 
Therefore if (Xs,Pn) is minimal and X a 7^ for each a E S then S' = S . □ 

Note that the set 5" = { a E S : N a 7^ } is always closed, and hence a necessary 
condition for pervasiveness is that 7^ for each a E S . 

To end the section the special case of a single-sorted signature will be looked at, i.e., 
a signature of the form (I, A, A, 6) . In this case there is no choice for 5 (since there 
is only one mapping possible from N to I ) and so a single-sorted signature can be 
regarded as being a pair (A, A) consisting of a set A and a mapping A : N — > T\ 
(recalling that T\ is just considered to be the set of all finite subsets of the basic set of 
names M ) . 

Let E = (A, A) be a single-sorted signature; then (identifying a family Zj with the 
single object Z s it contains) a E-algebra is here a pair (A, p N ) consisting of a set X 
and a family of mappings pn with p v : X A ^ — > X for each v E N . 

Consider the very special case of an enumerated single-sorted signature E = (A, A) . 
Then, since I* can clearly be identified with the set of natural numbers N , A can 
here be regarded as a mapping from A to N. If (X,pn) is a E-algebra then p v is 
a mapping from the cartesian product X A ^ to X , so A(z/) is just the number of 
arguments taken by the operator p v . 

If E = (S, A, A, 6) is an arbitrary signature then a single-sorted signature E° = (A, A°) 
can be defined by letting A°(u) be the underlying set involved in the S'-typed set A(/y) . 
This means that E° is obtained from E by no longer distinguishing between the various 
types. Now let (A, p^) be a E°-algebra and for each a E S put X a = A. Then, 
since any mapping from L to {J r]e i J X ri = X is automatically typed, it follows that 

X A ^ = X A °^ for each v G N , which means that (Xs,Pn) is a E-algebra. This 
almost trivial method of obtaining E-algebras turns out to be surprisingly useful. 
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For the whole of the section let E = (S, N, A, 5) be a signature. A E-algebra (Xs,Pn) 
is said to be initial if for each E-algebra (Y5, g^v) there exists a unique homomorphism 
from (Xs,Pn) to (Yg,^)- (The terminology 'initial' is the standard one used in 
category theory to describe such a situation.) 

In Proposition 2.3.2 initial algebras are characterised as those that are minimal and 
possess a further property, here called unambiguity. In Proposition 2.3.3 it is shown 
there is a unique isomorphism class of initial E-algebras. This essentially amounts to 
showing that an initial E-algebra exists, which follows from Proposition 2.3.2 and the 
existence of a minimal unambiguous E-algebra. 

A E-algebra (Xs,Pn) is said to be unambiguous if the following hold: 

(1) The mapping p v is injective for each v E N . 

(2) For each a E S the sets Im(p^) , v E N a , are disjoint subsets of X a . 

In particular, the A-algebra (Xb,Pk) in Example 2.2.1 is clearly unambiguous. Related 
to unambiguity is the following property: A E-algebra (X$,Pn) is said to be regular if 
for each x E X a there exists a unique v E N a and a unique element c E dom(p^) such 
that p v (c) = x. Thus (Xs,Pn) is regular if and only if the mapping p v is injective 
for each v E N and for each a E S the sets Im(p„) , v E N a , form a partition of X a . 

Lemma 2.3.1 A minimal T,-algebra is regular if and only if it is unambiguous. 

Proof This follows immediately from Proposition 2.2.4. □ 

Before going any further consider again the natural number triples introduced at the 
beginning of the chapter. These are really the algebras corresponding to the enumerated 
signature consisting of a single type nat and two operator names Zero and Succ 
with Zero of type e — > nat and Succ of type nat — > nat ; however, it was more 
convenient to represent an algebra ({A nat }, {pzero, PSucc}) using the natural number 
triple (A nat ,pzero(£) 5 PSucc) • The equivalence of initial and Peano triples is easily seen 
to be just a special case of Proposition 2.3.2. 

In order to get started an unambiguous E-algebra is needed, and for this the following 
trivial observation is useful: Let E° = (iV, A°) be the single-sorted signature defined 
at the end of the previous section (so A°(u) is just the underlying set involved in the 
S-typed set A(z/) ). Let (A, p N ) be a E°-algebra and (X s ,Pn) be the E-algebra with 
X a = X for each a E S . 

Lemma 2.3.2 If the ^-algebra (X,p N ) is unambiguous then so is the T,-algebra 
(X s ,p N ) . 

Proof This is clear. □ 

Lemma 2.3.3 There exists an unambiguous E-algebra. 
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Proof By Lemma 2.3.2 it is enough to show that if E' = (N, A) is a single-sorted 
signature then there exists a unambiguous E'-algebra. The construction given below is 
just one of many possibilities of defining such an algebra. 

Let M = M Q U N , where M Q is the set of all pairs of the form (is, rj) with v E N and 
7] E A(z/) , and let X be the set of all non-empty finite subsets of M* . Now if v E N 
with A(z/) = then define : I — >■ X by letting = {v} (where here v is the 

list consisting of the single component v \ and if v E AT with A(z/) = L ^ then 
define a mapping p„ : A L — >• A by letting 

p^(c) = {v} U U{K»?)<* : se c(r/) } 

for each c G X L , where < : M x M* — >■ M* is the (infix) operation of adding an 
element to the beginning of a list. This gives a E'-algebra (X,pn) ■ But it is easily 
checked that Im(p Vl ) and Im(p^ 2 ) are disjoint subsets of X whenever v\ ^ v<i , and 
also that p v is injective for each v E N . Hence (X,p N ) is unambiguous. □ 

Proposition 2.3.1 There exists a minimal unambiguous T,-algebra. 

Proof By Lemma 2.3.3 there exists an unambiguous E-algebra (Xs,Pn) ■ But then 
any subalgebra of (X$,Pn) is also unambiguous. In particular, the minimal subalgebra 
is minimal and unambiguous. □ 

Proposition 2.3.2 The following statements are equivalent for a T,-algebra (Xs,Pn) '■ 

(1) (Xs,Pn) is initial. 

(2) (Xs,Pn) is minimal and unambiguous. 

(3) (Xs,Pn) is minimal and regular. 

Proof The equivalence of (2) and (3) is just Lemma 2.3.1. To show their equivalence 
to (1) a couple of simple facts will be needed: 

Lemma 2.3.4 Let (Xs,Pn) be a minimal regular E-algebra. Then there exists a 
unique family #5 with : X a — > N for each o E S such that #<t(p^(£)) = if 
v E N is of type — > a and such that 

#*{Pv{c)) = 1 + max{#„(c(7/)) : n E L} 

for all c E X^ whenever v E N is of type L — >■ a with L^0. 

Proof For each m E N a family of mappings #™ will be defined with #™ : X a — > N 
for each a E S , and then #5 will be obtained as the limit of the sequence {ft™}™^ • 
The definition is by induction on m : First define #° = for each a E S . Next suppose 
that the family #™ has already been defined for some m E N . Then since (Xs,Pn) 
is regular there is a unique family of mappings such that (p v {e)) = if 

v E N is of type — >■ a and such that 

#- +1 (^(c)) = 1 + max{#-(c(r 7 )) : r, E L } 
for all c E X^ whenever v E N is of type L — > a with L^0. 
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Then #™ < for each m E N (i.e., < for all a; G X CT , a E S ): 

This follows by induction on m , since #g < holds by definition and if #™ < 
for some m G N and u E N is of type L — >■ cr with L ^ then 

# ™+i(^( c )) = 1 + max{#^(c(7/)) : i|Gi} 

< 1 + max{#^ +1 (c(7/)) : 77GL} = #™ +2 {p v {c)) 

for all c G X o L , which implies that < #™+ 2 . 

The sequence {#™(£)}m>o is bounded for each x E X a , a E S : Let X a denote the 
set of those elements x E X a for which this is the case. Then it is easily checked that 
the family X$ is invariant, and hence X$ = X$ , since (X$,Pn) is minimal. 

Let x E X a ; then by the above {#™(aO}m>o is a bounded increasing sequence from 
N, and so there exists an element # a (x) G N such that = #cr(x) for all but 

finitely many m . This defines a mapping : X a — > N for each a E S , and it 
immediately follows that the family #5 has the required property. 

It remains to show the uniqueness, so suppose j^' s is another family of mappings with 
this property. For each a E S let X' a = { x E X a : #' a (x) = # CT (#) } ! then the family 
X' s is clearly invariant and hence X' s = X$ , since (Xs,Pn) is minimal. □ 

Lemma 2.3.5 Let (Xs,Pn) be a T,-algebra isomorphic to a minimal unambiguous 
T,-algebra. Then (X$,Pn) is also minimal and unambiguous. 

Proof Let tts '■ (Xs,Pn) — > (Ys^Qn) be an isomorphism, with (Ys,qN) a minimal 
unambiguous E-algebra. If X' s is an invariant family in (Xs,Pn) then Lemma 2.2.1 (1) 
implies that ^^(X^) = Y a for each o E S , since Yg is the only invariant family 
in (Y s ,q N ). Thus X' a = Tr^M^)) = tt" 1 ^) = X a for each a E S , i.e., 
X' s = Xs , and this shows that (Xs,Pn) is minimal. Now if v E N a and x E Im^) 
then by the definition of a homomorphism n C7 (x) E Im(q„) . It immediately follows that 
if ui, V2 E N a with v\ 7^ z/ 2 then Im^^) fl Im(p^ 2 ) = . Finally, if v E N is of 
type L — > a then q u tt^ = ix a p v ; moreover, q v is injective, 71V is a bijection and by 
Lemma 2.1.1 (3) is also a bijection. Thus p„ is injective. □ 

Lemma 2.3.6 Any two initial T,-algebras are isomorphic. 

Proof Let (Xs,Pn) and (Yg, (/at) be initial E-algebras. There then exists a unique 
homomorphism 7Ts from (Xs,pat) to (Yg, (/at) and a unique homomorphism n' s from 
(Ys,(/Ar) to (Xs,Pn) • However, by Proposition 2.2.1 {tv^tv^ : a E S } is then a 
homomorphism from (Xs,Pn) to itself, and by assumption there is only one such 
homomorphism. Hence 71^(71 a (x)) = x for each x E X a (since the identity mappings 
also define a homomorphism from (Xs,Pn) to itself). In the same way 71^(71^(1/)) = y 
for each y E Y a , and therefore ns is an isomorphism. (This proof is quite general: It 
is just the proof that in any category possessing initial objects these objects are, up to 
isomorphism, unique.) □ 
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The proof of Proposition 2.3.2 can now be commenced. Suppose first that (Xs,Pn) is 
minimal and regular and let (Is, ?jv) be any E-algebra. It is enough to construct a 
homomorphism rrs from (Xs,Pn) to (Ys, (/at) , since Proposition 2.2.3 (1) then implies 
that this homomorphism is unique. 

Let #5 be the family of mappings given by Lemma 2.3.4 (with : X a — > N for each 
a G S) and for each a G S , m G N let X™ = { x G X a : # a (x) = m} . Define 
its by defining tv^ on X™ for each a G S using induction on m . Let x G A° ; 
then, since (Xs,Pn) is regular, there exists a unique v G iV^ and a unique element 
c G dom^j,) such that p v [d) = x , and here v must be of type — > a and x = p u (e) . 
Thus put 7r CT (:r) = q u (e) , which defines Tc a on A° for each a E S . Now let m > 
and suppose n T has already been defined on A^ for all k < m and all t £ S . Let 
x G X^ 1 ; again using the regularity of (Xs,Pn) there exists a unique v G and a 
unique c G dom^) such that x = p u (c) . Let v be of type L — > a , so here L ^ 
and c G A^ . Then by the defining property of #5 it follows that #^(0(77)) < m for 
each 77 G L , which means 71^ (0(77)) is already defined for each 77 G L and hence that 
ir^(c) is already defined (i.e., tt^(c) is the element d of Y L given by c'(?7) = ^(0(77)) 
for each 77 G L ). Thus here put 7r CT (:r) = ^(^(c)) . In this way 7r CT is defined on A^ 
for each a G 5 and each m G N , and the family is a homomorphism more-or-less 
by construction. 

This shows that any minimal regular (and thus any minimal unambiguous) E-algebra 
is initial. The converse is a special case of a more general situation: Suppose a property 
P of E-algebras is given satisfying the following three conditions: 

(1) There exists a E-algebra having property P . 

(2) Every E-algebra having property P is initial. 

(3) A E-algebra isomorphic to a E-algebra having property P also has property P . 

Then every initial E-algebra has property P , and so having property P is equivalent 
to being initial. (Let (Xs,Pn) be initial; by (1) there exists a E-algebra (Ys,qn) 
having property P , and by (2) and Lemma 2.3.6 (Xs,Pn) and (Ys, ^at) are isomor- 
phic; thus by (3) (As, Pat) has property P.) Now by Proposition 2.3.1 there exists a 
minimal unambiguous E-algebra, and the first part of the proof shows that each mini- 
mal unambiguous E-algebra is initial. Finally, by Lemma 2.3.5 a E-algebra isomorphic 
to a minimal unambiguous E-algebra is minimal and unambiguous, and therefore each 
initial E-algebra is minimal and unambiguous. □ 

Proposition 2.3.2 implies that the A-algebra (Xb,Pk) in Example 2.2.1 is initial. 

Proposition 2.3.3 There is exactly one isomorphism class of initial Ti-algebras. (This 
means, more precisely, that an initial E-algebra (Xs,Pn) exists and that a T,-algebra 
(Ys, Qat) is initial if and only if it is isomorphic to (X$,Pn) ■) 

Proof Propositions 2.3.1 and 2.3.2 imply that an initial E-algebra exists, and by 
Lemma 2.3.6 any two initial E-algebras are isomorphic. Finally, it is also clear that 
a E-algebra isomorphic to an initial E-algebra is itself initial. □ 
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A type a G S will be said to be primitive if v is of type — > a for each v G A^ . (In 
the signature A in Example 2.2.1 the primitive types are therefore bool and int .) 
Note that if (Xs,Pn) is an initial E-algebra and a G S is a primitive type then the 
mapping v i— > p u (s) maps N a bijectively onto X a . (For the A-algebra (Xb.Pk) in 
Example 2.2.1 this gives the obvious bijections between -Kbooi = {True, False} and 
Abool = B = {T, F} and between K± nt = Int and X± nt = Z .) 

Proposition 2.3.4 The minimal subalgebra of an unambiguous E-algebra is initial. 

Proof This follows from Proposition 2.3.2, since, as already noted, any subalgebra of 
an unambiguous algebra is unambiguous. □ 

The concept of being initial can be generalised and this leads to what is called a free 
algebra. For the rest of the section let I be an S'-typed set and define a family Is by 
putting I a = { n G / : irj) = a } for each a G 5 , 

A E-algebra (Xs,Pn) is said to contain I if Is C As (which is of course equivalent 
to having n G X v for each n G I). A E-algebra (Xs,Pn) is then called I -free if it 
contains / and for each E-algebra {Ys^n) and each c G Yj there exists a unique 
E-homomorphism tt s : (Xs,Pn) — >• (^s, <Zjv) such that 71^(77) = c(n) for all n G / . In 
Proposition 2.3.6 it will be shown that an /-free E-algebra exists and that it is, in an 
appropriate sense, unique. 

Note that a E-algebra (Xs.Pn) is initial if and only if it is 0-free. Moreover, it will 
turn out that a E-algebra (Xs,Pn) containing / is /-free if and only if a related 
algebra (A^p^) is initial with respect to an extended signature E/ . 

For each n G / let be some element not in N and such that o Vl ^ o m whenever 
Vi V2 • Put A/ = AU{o 7) : v E 1} and define a signature E/ = (5, A/, A/, 5j) 
with mappings A/ : Ni — > J^s and 5/ : Aj — >■ S 1 given by 



Thus in E/ each z/ G A has the same type as it had in E and o,, is of type — > (rj) 
for each r\ G / . 

Let (As,p7v) be a E-algebra containing / and for each n G / define a mapping 
p 0v : I X v by letting fo,,^) = n • This results in a E/-algebra (A^/ja^) which will 
be called the T,j-algebra associated with (Xs,Pn) ■ 

Lemma 2.3.7 Let (Ys,qNj) be any "Ei-algebra and tts '■ Xs — > Ys be a family of 
mappings. Then %s '■ (Xs,Pnj) — > (Ys, <7jv 7 ) IS a T,]-homomorphism if and only if tvs 
is a Yi-homomorphism from (Xs,Pn) to (Is, (7jv) with Tr v (n) = 1o n ( £ ) for each n G / . 

Proof This follows directly from the definition of (A^/JatJ • □ 




if v G N , 

if u = for some 77 G / , 
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Proposition 2.3.5 (Xs,Pn) is an I-free E-algebra if and only if (Xs,Pni) is an 
initial £j -algebra. 

Proof Suppose first that (Xs,Pn) is /-free and let (Ys^n^ be any E/-algebra. 
Then, putting c(rj) = q<> (e) for each r\ G / defines an assignment c G Y"/ , and thus 
there exists a unique E-homomorphism tts '■ (Xs,Pn) —> (Ys,Qn) with ir v (r/) = q<> (e) 
for all rj G / . Therefore by Lemma 2.3.7 tts is a E/-homomorphism from (Xs,PN r ) 
to (ls',q , Ar J ). Consider any E/-homomorphism tts '■ (Xs,PNj) — >• (YSiQNj) • Then, 
again using Lemma 2.3.7, tts is a E-homomorphism from (Xs,Pn) to (Ys,(7jv) with 
^viv) = Q<>r,( £ ) f°r an V ^ 1 1 and hence ^5 = ^5. This shows that (Xs,Pnj) is an 
initial Ej-algebra. 

Suppose conversely (Xs,Pni) is an initial E/-algebra; let (Ys,qN) be a E-algebra and 
c G Yj . For each rj & I define q<> : I — >■ Y v by ?<>„(£) = c(rj) ; then (Ys,qNj) is a 
Ej-algebra and hence there is a unique E/-homomorphism tv s : (Xs,Pn t ) —> (Ys, QN r ) ■ 
But by Lemma 2.3.7 tx c s is then a E-homomorphism from (Xs,Pn) to (Ys,gjv) with 
■^rjl 7 ?) — Qo v ( £ ) = c (v) f°r an n & I . Finally, consider any E-homomorphism 7Tg from 
(Xs,Pn) to (Ys,qN) with 7^(77) = c(t/) for all 77 G J . Then Lemma 2.3.7 implies that 
7r^ is also a E/-homomorphism from (Xs,Pn t ) to (Is^jvj) and thus ^5 = ^5 ■ This 
shows that (Xs,Pn) is /-free. □ 

Proposition 2.3.6 There exists an I-free E-algebra (Xs,Pn) ■ Moreover, if (X' s ,p' N ) 
is any I-free 'E-algebra then there exists a unique E-isomorphism tts from (Xs,Pn) 
to (X' s ,p' N ) such that tt v (v) = V f° r e&ch V e I ■ 

Proof By Proposition 2.3.3 there exists an initial E/-algebra (Xs,Pni) , and clearly 
there then exists such an algebra in which the sets in the family Xs are disjoint. This 
implies in particular that p 0( (e) 7^ p 0ri (e) whenever £ and 77 are different elements of 
/ . The set { p<> (e) : 77 G / } can thus be identified with the set / and so Is C Xs ■ In 
this way (Xs, Pn) can be regarded as a E-algebra containing / . Moreover, (Xs,PNi) 
is then the Ej-algebra associated with (Xs,Pn) , and hence Proposition 2.3.5 implies 
that (Xs,Pn) is /-free. There therefore exists an /-free E-algebra, and the final 
statement follows directly from the definition of being /-free. □ 

Let (Xs,Pn) be a E-algebra containing /. Then (Xs,Pn) is said to be I -minimal 
if Xs is the only invariant family in (Xs,Pn) containing Is - Moreover, (Xs,Pn) is 
said to be I -unambiguous if the mapping p v is injective for each v G N and for each 
a G S the sets Im(jj^) , v G N a , are disjoint subsets of X a \ I a . Finally, (Xs, Pn) is 
called I-regular if the mapping p v is injective for each v G N and for each a G S the 
sets lm(p u ) , v G N a , form a partition of X a \ I a . 

Proposition 2.3.7 The following statements are equivalent: 

(1) (X s ,Pn) is I-free. 

(2) (Xs,Pn) is I-minimal and I -unambiguous. 

(3) (Xs,Pn) is I-minimal and I-regular. 
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Proof This follows from Propositions 2.3.2 and 2.3.5. □ 

It is useful to express the equivalence between statements (1) and (3) in Proposition 2.3.7 
somewhat more explicitly: 

Proposition 2.3.8 A T,-algebra (Xs,Pn) containing I is I -free if and only if the 
following three conditions hold: 

(1 ) p v is injective for each is £ N . 

(2) The sets Im(p u ) , v e N a , form a partition of X a \ I a for each a G S . 

(3) Xs is the only invariant family containing Is ■ 

Proof Conditions (1) and (2) are those occurring in the definition of being /-regular, 
and condition (3) is that occurring in the definition of being /-minimal. Thus by 
Proposition 2.3.7 (Xs,Pn) is /-free if and only if (1), (2) and (3) hold. □ 



2.4 Term algebras 



This section introduces what are called term algebras. These provide the simplest 
explicit examples of initial algebras, and they can be used as the basic components of a 
'real' programming language. Until further notice assume that E = (S, N, A, 5) is an 
enumerated signature. (The general case is dealt with at the end of the section.) 

Let Z be a set; then the concatenation of two lists £, £' G Z* will be denoted by £ £' . 
Thus £ e = e £ = £ and if £ = z\ ■ ■ ■ z m , £' = z[ ■ ■ ■ z' n with m, n > 1 then 

£ £ = Z\ ■ ■ ■ z m z'i ■ • ■ z n . 

Concatenation is clearly associative, and hence if p > 1 and £±, £ p G Z* then 
the concatenation of £±, . . . , £ p can be denoted simply by £\ ■ • ■ £ p . This notation 
is clearly compatible with the notation being employed for the elements of Z* (in the 
sense that £ = z\ ■ ■ ■ z n G Z* can be considered as the concatenation of the n one 
element lists z±, . . . , z n ). If z G Z and £ G Z* then in particular there is the list z £ 
obtained by adding z to the beginning of the list £ (a list which is also being denoted 
by z < £ ) . 

Let A be a set and V : N — > A be a mapping. A E-algebra (Ys,gjv) can then be 
obtained as follows: For each a G S put Y a = A* ; if v G N is of type Oi ■ ■ ■ a n — >■ a 
(with n > ) then let : Y ai x • • • x — >■ F CT be the mapping defined by 

q v {a^ . . . ,a n ) = r(v) ax ■ ■ ■ a n 

for each (at, . . . ,a n ) G Y ai x ••• x Y Uri , i.e., q ll (a\, . . . ,a n ) is the list obtained by 
concatenating the element T(z/) and the lists ai, . . . , a n . In particular, if z/ G iV is of 
type £ — >■ <r then ^(e) is just the list consisting of the single component T(z/) . (This 
is really just an instance of the construction described at the end of Section 2.2.) 

Now let (Es, Qat) be the minimal subalgebra of (Ys^n) , i-e., E$ is the minimal 
invariant family and a u is the corresponding restriction of q v for each v E N . This 
minimal E-algebra (Es,C3n) is called the term 'E-algebra specified by F, and V is 
then referred to as a term algebra specifier. Thus C A* for each a £ S and the 
family Es can be thought of as being defined by the following rules: 

(1) If v G N is of type e — > a then the list consisting of the single component T(v) 
is an element of E a . 

(2) If v G is of type 0\ • • • a n — > a with n > 1 and G -E^. for each 
j = 1, . . . , n then r(i/) ei • • • e n is an element of E a . 

(3) The only elements in E a are those which can be obtained using (1) and (2). 

By Proposition 2.2.4 it is clear that each element of E a contains at least one component, 
i.e., e <£. E a for each a G S . 

The simplest example of this construction is with A = N and with r : N — > N the 
identity mapping: The term E-algebra specified by this mapping is called the standard 
term E-algebra. 
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In the special case when (Eg, Qat) is the standard term E-algebra then E a C N* for 
each a G S and the family E$ is defined by the following rules: 

(1) If is E N is of type e — > a then the list consisting of the single component v is 
an element of E a . 

(2) If v G N is of type o\ ■■■ a n — >■ u with n > 1 and ej G for each 
j = 1, . . . , n then z/ ei • • • e n is an element of .E^ . 

(3) The only elements in E a are those which can be obtained using (1) and (2). 



Example 2.4-1 Consider the standard term A-algebra (Eb,C2k) arising from 
the enumerated signature A in Example 2.2.1. Then: 

-Ebooi consists of the two elements True and False of K* . 

En&t consists of exactly the following elements of K* : 

Zero , Succ Zero , Succ Succ Zero , Succ Succ Succ Zero , . . . . 

E±nt consists of all elements of K* having the form n with n G Z . 

-Epair consists of all elements of K* of the form Pair m n with m, n G Z . 
(Each element of -Epair thus has exactly three components.) 

-Enlist consists of the element Nil plus all elements of K* having the form 
Cons n e with n G Z and e G -Eiist • For instance, 

Cons 42 Cons -128 Cons Cons -21 Nil 

is an element of -Eiist . 



It turns out that the standard term E-algebra is initial. This is a special case of 
Proposition 2.4.1 below. 

Let r : N — > A be a term algebra specifier and (Es^n) be the term E-algebra 
specified by V . For each v G N let Xu ■ dom(n^) x A* ->■ A* be defined by 

Xu(v,ct) = u v (v) a . 

Lemma 2.4.1 Suppose lm(xu 1 ) and lm(xv 2 ) are disjoint subsets of A* whenever 
a G S and ui, G N a with v\ ^ z/ 2 • Then (E$, njv) is initial. 

Proof By Proposition 2.3.2 it is enough to show that (Es, cln) is unambiguous. But 

Im(n^) = Xi/(dom(n I/ ) x {e}) c Im(x^) 

for each v G N ; thus if vi, G N a with v\ ^ then dom(n I/1 ) and dom(n^ 2 ) are 
clearly disjoint. It therefore remains to show that £2 V is injective for each v G N , and 
for this the following lemma is required: 
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Lemma 2.4.2 Suppose the assumption in the statement of Lemma 2.4.1 is satisfied 
and let Xa '■ E a x A* — > A* be defined by Xo-(e, a) = e a . Then for each a E S the 
mapping Xo is injective. 

Proof For each a E S define a subset G a of A* by 

G a = {e E E a : e a E E a for some a E A* with a ^ e} 

and put G = Uo-es^cr • Then, since Xa is injective if and only if G a = , it follows 
that G 7^ if and only if Xa is not injective for some a E S . 

Suppose that and let m = min{ \a\ : a E G} , where \a\ denotes the number 
of components in the list a E A* . There thus exists a E S , e E E a and a E A* \ {e} 
such that |e| = m and e' = e a E E a . Now by Proposition 2.2.4 there exist z/, v' E N a 
and v E dom(n^) , v' E dom(n i/ /) such that e = m u (v) and e' = C3 u r(v') , and this 
implies that Xv( v i a ) = ea = e' = e'e = Xu'W.e) , which by assumption is only 
possible if v' = v . Let v be of type o~\ ■ • • a n — >■ a and put T(z/) = a' . Thus if 
v = (ei, . . . , e n ) and v' = (e^, . . . , e' n ) then e = a' e± ■ ■ • e n and e a = a' e[ ■ • ■ e' n . 
There must therefore exist 1 < j < n with ej ^ e'j (and so in particular n > ). Let 
i be the least index with 7^ and let e be the shorter of the lists and e\ . But 
then e E G ai and |e| < \e\ , which by the minimality of \e\ is not possible. 

This shows that G = and hence that Xa is injective for each a E S . □ 

The proof of Lemma 2.4.1 can now be completed. Let v E N be of type o~i ■ ■ ■ a n — > a 
and let v, v' E dom(n !y ) with m u (v) = cn u (v') . This means that if v = (ei,...,e n ) 
and v' = (e[, . . . ,e' n ) then T(z/) e\ ■■■ e n = T(z/) e[ ■■■ e' n . Consider 1 < j < n 
and assume = e\ for each i < j . Then 

= e j' + l ' ' ' e n = ( e j' e j' + l '■' e n ) 

and so by Lemma 2.4.2 ej = e'j . Therefore by n applications of Lemma 2.4.2 it follows 
that ej = e'j for each j = 1, . . . , n ; i.e., v = v' . This shows that is injective. □ 

Proposition 2.4.1 Suppose that the restriction of V to N a is injective for each 
a E S . Then the term E-algebra (Es, On) specified by V is initial. 

Proof This follows immediately from the fact that T(z/) is the first component of each 
element of Im(x^) , and hence the hypothesis of Lemma 2.4.1 is satisfied. □ 

Proposition 2.4.2 The standard term T,-algebra is initial. 

Proof This follows from Proposition 2.4.1, since the identity mapping used to specify 
the standard term E-algebra is trivially injective. □ 
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It will now no longer be assumed that E is enumerated. In order to apply the above 
results to E the problem of replacing the general signature E = (S, A, A, S) with an 
'equivalent' enumerated signature E' = (S, A, A', 5) must be considered. In order to 
carry this out fix for each v G A an enumeration of the elements in the set A(v) : 
More precisely, choose a bijective mapping % v from [n u ] to the underlying set A(v) , 
where n u is the cardinality of A(y) . There is then a mapping A' : A — > S* given by 

A'{v) = ••• (i u (n u )) 

for each v G A . This defines an enumerated signature E' = (S, A, A', 6) , which will 
be called the signature obtained from E and the family of enumerations i^ ■ 

Lemma 2.4.3 Let Xs be a family of sets and let v e N with A' (is) = a\ ■ ■ ■ a Uv . 
Then the mapping i* v : ->■ X ai x • • • x X anv given by 

i*(c) = (c(z ! ,(l)),...,c(^(n i ,))) 
for eacii c G Xf^) is a bijection. 

Proof This is clear. □ 

Proposition 2.4.3 Let (Xs,p' N ) be a E' -algebra and for each v e A put =p^^ ■ 
Then (As,£>7v) is a E-algebra. Conversely, if (Ag,!?^) is any E-algebra then there 
exists a unique 'E'-algebra (Xs,p' N ) such that p v = p' v z* for each z/ e A . 

Proof This follows immediately from Lemma 2.4.3. □ 

If (Xsip' N ) is a E'-algebra and p v = p' v i* v for each v G A then (As,£>Ar) is called 
the E- algebra associated with (Xs,p' N ) and in ■ 

Proposition 2.4.3 says that there is a one-to-one correspondence between E-algebras 
and E'-algebras. Moreover, Proposition 2.4.4 implies that a E'-algebra has a property 
(such as being minimal or initial) if and only if the corresponding E-algebra also has this 
property. In this sense the signatures E' and E can be regarded as being equivalent. 

Proposition 2.4.4 Let (Xs,p' N ) be a £' -algebra and let (Xs,Pn) be the T,-algebra 
associated with (Xs,p' N ) and in - Then: 

(1) (Xs,Pn) is minimal if and only if (X s , p' N ) is a minimal £'- algebra. 

(2) (Xs,Pn) is initial if and only if (X s , p' N ) is an initial E' -algebra. 

Proof (1) This follows from the easily verified fact that a family X$ is invariant in 
(Xs,p' N ) if and only if it is invariant in (Xs,Pn) ■ 

(2) This follows from (1), Lemma 2.3.3 and Proposition 2.3.2. □ 
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Now let F : N A be a mapping, which will still be referred to as a term algebra 
specifier. Then V is also a term algebra specifier for the signature £' , so let (Es, djv) 
be the term E'-algebra specified by V . For each v E N put □„ = n^i* (with z* 
given by Lemma 2.4.3). This means that E a C A* for each a E S and if u E N is of 
type L — > cr then □„ : E 1 ^ — >■ £" CT is the mapping given by 

□„(c) = r(i/) c(i„(l)) ••• c(i v (m)) 

for each c G E^ , where m = \L\ (the cardinality of L ). Moreover, the family Es can 
be regarded as being defined by the following rules: 

(1) If v E N is of type — > a then the list consisting of the single component T(v) 
is an element of E a . 

(2) If v E N is of type L — > a with L^0 and ej E E a . for j = 1, . . . , m , where 
ex, = and m = |L| , then T(z/) ei • • • e m is an element of . 

(3) The only elements in E a are those which can be obtained using (1) and (2). 

The algebra (Es,c\n) is called the term "E-algebra specified by V and the family of 
enumerations in , or simply the standard term Ti-algebra defined by the family %n in 
the special case when r : — > N is the identity mapping. 

Lemma 2.4.4 The E-aigebra (Es,^n) is initial if and only if (E$, a n ) is an initial 
£' '-algebra. 

Proof This follows from Proposition 2.4.4 (2), since by definition (Es,C3n) is the 
£-algebra associated with (Es, djv) and iN ■ □ 

Proposition 2.4.5 If the restriction of V to N a is injective for each a E S then 
(Es,C3n) is an initial T,-algebra. In particular, the standard term IB-algebra defined 
by any family of enumerations is initial. 

Proof This follows immediately from Proposition 2.4.1 and Lemma 2.4.4. □ 

Suppose that the term £-algebra (Es,c\n) specified by r : N — > A and the family 
of enumeration in is initial. Then for each £-algebra (Xs,Pn) there exists a unique 
homomorphism from (Es,C3n) to (Xs,Pn) ■ This homomorphism [-Js is the unique 
family of mappings satisfying the following conditions: 

(1) If v G N is of type ->■ a then [r(i/)] ff = p„(e) . 

(2) If v E N is of type L — > a with L ^ and ej E E a . for j = 1, . . . , m , where 
o"j = (i v (j)) and m = \L\ , then 

[r(i/) ei ... e m ] CT = p,([c] o L ) , 

where c G is the assignment with c(i u (j)) = ej for each j = 1, . . . , m . 
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Of course, if the signature E is enumerated and the above constructions are applied 
with the family of identity enumerations then the end-result is that nothing happens, 
since in this case £' = E . 



Example 2.4-2 There exists a unique homomorphism [-Js from the standard 
term A-algebra (Eb, Qk) to the A-algebra (Xb,Pk) which was introduced 
in Example 2.2.1. Thus [ • ]b is the unique family of mappings such that: 

[True] boo i = T , [False] boo i = F , 

[Zero] na t = , [Succ e] nat = [e]nat + 1 for each e G _E na t , 
[zO int = n for each n G Z , 

[Pair m nj pa ir = ("7,, n) for each (m, n) G Z x Z , 
[Nil] list =e, 

[Cons n e]ii S t = n < [e]i ist for all n G Z , e G £iist • 
Note that [• Js is in fact an isomorphism, since (Xb,Pk) is also initial. 



Term algebras also provide, via Proposition 2.3.6, simple examples of free E-algebras: 
Let / be an S'-typed set which is assumed to be disjoint from the alphabet A and 
let Tii = (S,Ni,Ai,5i) be the signature introduced in Section 2.3. Extend T to a 
mapping IV : A/j — >■ A U I by letting Ti(o v ) = 77 for each 77 G / , and let be the 
only extension possible of in to a family of enumerations (i.e., with z 0r) the unique 
mapping from to for each r\ G I). Let njy- ) be the term E/-algebra 

specified by Tj and zjv 7 ; the algebra (-Eg, njy) obtained by omitting the mappings 
{ : 77 G / } will then be called the term IB-algebra specified by V , and I . In 
particular, (Eg, n\ T N ) contains I , since / C (A U /)* . 

Proposition 2.4.6 If the restriction of V to N a is injective for each a G S then 
(Eg, njy) is an I-free E-algebra. 

Proof This follows immediately from Propositions 2.3.6 and 2.4.5, since the restriction 
of T/ to (Ni) a is injective for each a E S . □ 



2.5 Extensions of signatures and algebras 

Let E = (S, N, A, 6) be a signature. A signature E' = (S", N', A', 8') is said to be an 
extension of E if S C S' , N C N' and A (resp. 8 ) is the restriction of A' (resp. 
8' ) to AT . Thus if is E N is of type L — > a in the signature E then it is still of type 
L — > a in the extension E' . In particular, E is trivially an extension of itself. 

In what follows let E = (S, N, A, 8) and E' = (S', N', A', 8') be signatures with E' 
an extension of E . 

A E'-algebra (Ys>, qN>) is now called an extension of a E-algebra (Xs,Pn) if X a C Y CT 
for each u G 5 and is the restriction of q u to dom(p^) for each v <E N . (The 
case E' = E is certainly not excluded here, and in fact it will occur frequently in what 
follows.) 

Note that if (Ys',qN') is a E'-algebra then (Ys,<Zjv) > obtained by omitting the sets 
{ Y a : o~ES'\S} from the family Yg' and the mappings { q v : uEN'\N} from the 
family q^/ , is a E-algebra. Moreover, if tvs' is a E'-homomorphism from (Ys>,qN') to 
(Zs'i tn 1 ) then the family us , obtained by omitting the mappings { ii a : a G S' \ S } 
from the family 71$' , is a E-homomorphism from (Ys,?jv) to (Zs,Tn) ■ 

The following is a variation on Proposition 2.3.3: 

Proposition 2.5.1 Let (Xs,Pn) be an initial "E-algebra. Then there exists an initial 
E'-algebra which is an extension of (Xs,Pn) ■ 

Proof By Proposition 2.3.3 there exists an initial E'-algebra (Ys>,qN') and (Ys,gjv) 
(obtained by omitting the sets {Y a : a G S'\S} and the mappings { q a : aEN'\N}) 
is then a E-algebra; let (Ys,c[n) be the minimal subalgebra of (1s,?jv)- Now (Ys,gjv) 
is unambiguous, since by Proposition 2.3.2 (Ys',9at') is unambiguous. Hence (Y"s,gjv) 
is an initial E-algebra, and by construction (Ys>, qN') is an extension of (Ys, ?jv) • The 
unique isomorphism from (Xs,Pn) to (Y5, (Jn) can therefore be used to construct an 
initial E'-algebra which is an extension of (Xs,Pn) ■ □ 

Proposition 2.5.2 Let (X' s ,,p' N ,) be an initial E'-algebra which is an extension 
of an initial E-algebra (Xs,Pn) ■ Moreover, let (Yg,,q' N ,) be any E'-algebra which 
is an extension of some E-algebra (Ys,qN) ■ Then the unique E' -homomorphism tv' s , 
from (X' s ,,p' N ,) to (Yg,,q' N ,) is an extension of the unique E-homomorphism 71$ from 
(X s ,Pn) to (Y s ,q N ) , i-e., tt^(x) = TT a (x) for all x G X a , a G S . 

Proof For each a G S let i\' a : X a — > Y' a be the restriction of ix' a to X a , and consider 
7r a as a mapping from X a to Y' a . Then 7r^ and ns are both E-homomorphisms from 
the initial E-algebra (X s ,p N ) to the E-algebra (Yg,q' N ) , and hence tc' s = its , i.e., 
ir' a (x) = ir a (x) for all x G X a , a E S . □ 

Now let / be an S'-typed set and again let I a = { n G / : (n) = a } for each a G S . 
A E-algebra (Zs, tn) is said to be disjoint from I if rj Z v for each 77 G / , which is 
of course equivalent to having n Z CT = for each a £ S . 
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Lemma 2.5.1 Let (Xs,Pn) be an I-free "E-algebra which is an extension of an initial 
IB-algebra (Zs, r^v) . Then (Zs,tn) is disjoint from I. 

Proof By Proposition 2.3.7 (Xs,Pn) is /-ambiguous and hence Im(p„) C X a \I a for 
all v G N a , a <E S . But im(rv) C Ira(p v ) for each u E N , and so by Proposition 2.3.2 
Z a C X a \ l a for all a e S , i.e., I a n Z a = for each a E S . □ 

In the following two results let / be an S'-typed set and (Zs, tn) be an initial E-algebra 
disjoint from / . The following is a variation on Proposition 2.5.2: 

Proposition 2.5.3 There exists an I-free T,-algebra (Xs,Pn) which is an extension 
of (Zs,vn) ■ Moreover, if (X' s ,p' N ) is any such I-free IB-algebra and tvs is the unique 
H-isomorphism from (Xs,Pn) to (X' s ,p' N ) such that 7r v (rj) = n for each n E I then 
ir a (z) = z for all z E Z a , a E S . 

Proof By Proposition 2.3.6 there exists an I-free E-algebra (Xs,Pn) ■ Let (Zs, Hv) be 
the minimal subalgebra of (Xs,Pn) ', then by (1) and (2) in Proposition 2.3.8 (Zs,vn) 
is also unambiguous and therefore Proposition 2.3.2 implies that (Zs, fjv) is an initial 
E-algebra. Moreover, by Lemma 2.5.1 (Zs,vn) is disjoint from / and by construction 
(Xs,Pn) is an extension of (Zs,vn) ■ Now unique isomorphism from (Zs,tn) to 
(Zs,fN) can be used to construct an /-free E-algebra (Xs,Pn) which is an extension 
of (Zs,tn) (and note that here the assumption is needed that (Zs,tn) is disjoint 
from /). Finally, consider any E-algebra (X' s ,p' N ) which is an extension of (Zs,tn) 
and let its be any E-homomorphism from (Xs,Pn) to (X' s ,p' N ) . Then 7T a (z) = z 
for all z G Z a , a G 5 , since the family Z' s defined by Z' a = { z G Z a : ir a (z) = z } 
for each a E S is clearly invariant in (Zs,tn) ■ □ 

Now consider a E-algebra (Y5, qu) and an assignment c G Yj . Then there is both the 
unique E-homomorphism 7r s from (Xs,Pn) to (Is, (/at) with 71^(77) = c{rf) for each 
77 G / and also the unique E-homomorphism its from (Z^r^y) to (XsiQ.n) • 

Proposition 2.5.4 tt%(z) = ir a (z) for all z G Z a , a E S . 

Proof For each a G S let n' a denote the restriction of ir c a to Z a . Then tt' s is a 
E-homomorphism from (Zs,Vn) to (is,(7jv) and thus tv' s = tvs- □ 

The final topic of this section is the construction of term algebras. Suppose in what 
follows that r' : N' — >■ A' is a term algebra specifier which is an extension of a term 
algebra specifier T : N ^ A in the sense that A C A' and T(z/) = T'(u) for each 
v G N . 

Lemma 2.5.2 Assume the signatures E and E' are both enumerated. Then the term 
E' -algebra specified by V is an extension of the term T,-algebra (Es^n) specified 
byT. 

Proof This follows from Lemma 2.5.3 below, because the E'-algebra corresponding to 
the E-algebra (Ys,(7/y) in the definition of (Es,£3n) is an extension of (Y5, q^) ■ □ 
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Lemma 2.5.3 Let (Ys',qN') be a £' -algebra which is an extension of a "E-algebra 
(Xs,Pn) i and let Xs be the minimal invariant family in (Xs,Pn) & n d Ys> the 
minimal invariant family in (Ys>, qN') ■ Then Xs C Yg . 

Proof Let Ys> be any invariant family in (Ys',qN') and put Z a = Y a n X G for each 
o G S . Then the family Zs is invariant in (Xs,Pn) , since 

p v {z L o ) c q u (Y L )nx a c tm, = z a 

for each v e of type L — > a . Thus Xs C and hence Xs C Is. In particular, 
isCF s . □ 

Lemma 2.5.2 can now be extended to the case where it not assumed that E and £' are 
enumerated. Let z^r, be an enumeration for £' which is an extension of an enumeration 
zat for E in that i' v = i v for each v G A . 

Proposition 2.5.5 Tie term £' -algebra specified by V and i' N , is an extension of 
the term T,-algebra specified by V and i n ■ 

Proof This follows from Lemma 2.5.2 since the enumerated signature obtained from 
£' and the family of enumerations i' N , is an extension of that obtained from E and 
the family . □ 

In particular Proposition 2.5.5 implies that the standard term E'-algebra defined by the 
family of enumerations i' N , is an extension of the standard term E-algebra defined by 
the family . 



2.6 Tree algebras 



It has been seen that an initial E-algebra can be obtained explicitly as an appropriate 
term algebra. In the present section a further explicit method of constructing initial 
E-algebras is given, this time involving labelled trees. The material presented here will 
not be needed in the following chapters and so this section can be omitted. 

For the whole of the section let E = (S, N, A, 5) be a signature. Let J = \J„ eN A(z/) 
(meaning the union of the underlying sets, ignoring the associated typings), and note 
that if the signature E is enumerated then J is either [n] for some n G N or the set 
of positive integers N + . In the construction given below an important role is played 
by certain subsets of the set of lists J* and the section thus starts by looking at some 
simple facts about the subsets of X* for an arbitrary set X . 

As in Chapter 1 let < : X x X* ^ X* and > : X* x X ^ X* be defined by 

X X\ ' X fYi — X X\ ' Xjyi 

X\ ' ^Tfl ^ > *^ X\ ' *^7Ti *^ 

for all x, x\, Xm G X . The facts which are needed about these operations are 
exactly those listed in the following lemma: 

Lemma 2.6.1 (1) x < e = e > x for all x E X . 

(2) x<(s\>x') = (x < s) > x' for all x, x' G X , s G X* . 

(3) The mappings < and > are both injective. 

(4) Im(<) = Im(>) = X*\ {e} . 

(5) Let Z be a subset of X* with e G Z and such that either x < s G Z for all 
x <E X , seZ,ors>xeZ for all s G Z , x <E X . Then Z = X* . 

(6) There exists a unique mapping \ ■ \ : X* — > N with \e\ = such that \x<s\ = l + |s| 
for all x G X , s G X* . 

Proof Straightforward. Of course in (6) \s\ is just the number of components in the 
list s. □ 

Lemma 2.6.2 Each finite subset A of X* containing e has a unique representation 

A = {e}U \J x<A x 

xEB 

with B a finite subset of X and with A x a non-empty finite subset of X* for each 
x G B . Moreover, the sets G B , and {e} are all disjoint. 

Proof If s G X* \ {e} then by Lemma 2.6.1 (3) and (4) there exists a unique x G X 
and a unique element s' G X* such that s = x < s' . The unique representation is 
therefore with B = { x G X : (x<X*) H A ^ } and with A x = {s <E X* : x<s <E A} 
for each x G B . □ 
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A subset A of X* is said to be \>-preinvariant if s E A whenever st>x E A for some 
x G X . 

Lemma 2.6.3 Each non-empty \>-preinvariant subset of X* contains e . 

Proof Let A be a >-preinvariant subset of X* and put B = X* \ A ; thus s\> x E B 
for all s G B , iGl. But if e G -B then Lemma 2.6.1 (5) implies that B = X* , and 
hence e E A whenever A ^ . □ 

The set of all non-empty finite >-preinvariant subsets of X* will be denoted by S . By 
Lemma 2.6.3 each subset in S contains the element e . 

Proposition 2.6.1 (1) {e} G S and S is closed under finite unions. 

(2) Let B be a finite subset of X and for each x G B let A x G S . Then 

{e} U (J x<A x 
xeB 

is an element of S . 

(3) Let A G S and let {e} U [j xeB x < A x be the unique representation of A given in 
Lemma 2.6.2. Then A x G S for each x G B . 

Proof (1) This is clear. 

(2) By (1) it is enough to consider the case when B = {x} , so let A G S , x G X and 
put A' = {e} U (x < A) . Suppose that s > x' G A' for some s G X* , x' G X . Then, 
since by Lemma 2.6.1 (4) s > x' ^ e , it follows that s > x' = x < s' for some s' G A . 
The first possibility here is that s' = e ; but then by Lemma 2.6.1 (1) 

s\> x' = x<\e = e\> x , 

which by Lemma 2.6.1 (3) implies that x' = x and s = s , and in particular s G A' . 
Assume next that s' ^ e ; then by Lemma 2.6.1 (4) s' = s > x for some s G X* , 
jiGl, and here by Lemma 2.6.1 (2) 

s > x' = x<i(s>x) = (x<s)[>x, 

which by Lemma 2.6.1 (3) implies that x' = x and s = x < s . But s G A (because A 
is >-preinvariant and s' = s > x G A ) , and hence s E A' . This shows that A' G S . 

(3) Let x E B and suppose s > x' E A x for some s E X* , x' G X . Then KlsGi, 
since by Lemma 2.6.1 (2) (x < s) > x' = x < (s > x') E A and A is >-preinvariant, which 
by Lemma 2.6.1 (3) and (4) is only possible if s E A x . Hence A x E S . □ 

With these preparations made, the construction of an initial E-algebra can now begin. 
As at the beginning of the section put J = [J iyeN A(z/) . In what follows the set X in 
the above discussion will be taken to be J . In particular, this means that S is now 
the set of all non-empty finite >-preinvariant subsets of J* . 
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Denote by £ the set of all those partial mappings from J* to A whose domains are 
elements of S . For each a G S put C a = £ and if v G A is of type L — > a then 
define a mapping 11^ : £^ — > by letting ll v (c) = A , where 

dom(A) = {e} U |J 77 < dom(c(?y)) 

with X(e) = v and \{r\ < s) = c(rf) (s) for all s G dom(c(^)) , 77 G L (and note that 
by Lemma 2.6.1 (3) and (4) and Proposition 2.6.1 (2) this definition makes sense). In 
particular, if v is of type — > a then !!„ : I — > C a is the mapping with ]l v (e) = A , 
where dom(A) = {e} and X(e) = v . Thus (£§,11^) is a E-algebra. 

Proposition 2.6.2 The T,-algebra (£5,11^) is unambiguous. 

Proof If is E N and A G In^Hj,) then £ G dom(A) and X(e) = v , and from this it 
immediately follows that Iu^H^J fl Im(II„ 2 ) = whenever v\ ^ i/ 2 . It remains to 
show that ll v is injective for each v G N , so assume z/ of type L — > a and consider 
c, c' G £f with n„(c) = U u (c') . Then 

{e} U |J i] < dom(c(?7)) = dom(A) = {e} U |J 1] < dom(c'(?7)) , 

where A = ll v (c) , and hence by Lemma 2.6.2 dom(c(?7)) = dom(c / (?7)) for each rj G L . 
Let rj G L and s G dom(c(?y)) ; then c{rf) (s) = X(r] < s) = c'{rf) (s) , and therefore 
c{rf) = c'(rj) . Thus c = c' , and this shows that ll v is injective. □ 

Now denote the minimal subalgebra of (£3, II at) by (75, Vat) ; thus T a C £0- = £ for 
each a E S , Ts is the minimal invariant family and for each v G A of type L —t a 
the mapping is the restriction of ll v to 7^ L . The family Ts can be thought of as 
being defined by the following rules: 

(1) If v G A is of type — > a then the mapping A with dom(A) = {e} and with 
X(e) = v is an element of T a ■ 

(2) If v G A is of type L — > <r with L^0 and c G 7^ L is such that 0(77) G 7^ for 
each 77 G L then the mapping A with 

dom(A) = {e} U (J 77 < dom(c(?7)) , 

X(e) = v and A(?7 < s) = c(rj) (s) for all s G dom(c(77)) and all 77 G L is an 
element of T a ■ 

(3) The only elements in T a are those which can be obtained using (1) and (2). 
Proposition 2.6.3 (7s,Vtv) is an initial T,-algebra. 

Proof This follows immediately from Propositions 2.3.4 and 2.6.2. □ 

Because of the explicit description of Ts given in Proposition 2.6.3 below (Ts, Vat) is 
called the tree "E-algebra. An element A G £ is said to be a labelled tree if whenever 
s G dom(A) with X(s) G A of type L — > a then s > 77 G dom(A) if and only if 77 G L 
and, moreover, A(?7 > s) G A^ for each 77 G L . A labelled tree A is then said to be of 

type a if X(s) G N a , and the set of all labelled trees of type a will be denoted by T a . 
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Proposition 2.6.3 Ts = Ts ■ 

Proof The crucial step in the proof is the following fact: 

Lemma 2.6.4 For u E N of type L — >■ a let H;, denote the restriction of ll v to 
7^ fas a mapping from 7^ to 7^ ). Then (J Iu^H,,) = 7^ for each cr G S . 

Proof It will be shown first that if z/ G A CT is of type L — > a and c G 7^ L then 
LT„(c) G T a , and for this it is enough to show that A = LT^(c) is a labelled tree, since 
A(e) = v G A^ . Hence consider an element s G dom(A) = {e} U |J rj < dom(c(?7)) . 

The first possibility is that s = £ ; in this case A(s) = z/ is of type L — >• cr and 
s>?7 = ?7<l£G dom(A) if and only if 77 G L , and if 77 G L then (since 0(77) G 7^ ) 

A(s>?7) = A(t7«£) = 0(77) (e) G N v . 

The other possibility is that s = 77 < s' with 77 G L and s' G dom(c(?7)) , and suppose 
here A(s) = 0(77) (s') is of type L' — > a . Then by Lemma 2.6.1 (2) 

st>£ = (rj<s')>^ = rj<(s'>£) 

and s'[>£ G dom(c(?7)) if and only if £ G 1/ , since 0(77) is a labelled tree, which implies 
that s > £ G dom(A) if and only if £ G 1/ . Moreover, if £ G 1/ then 

A(s>0 = A(t/<(s'>0) = c(7/)(s'>0 

and 0(77) (s'>£) is an element of A^ , again because 0(77) is a labelled tree. This shows 
that A is a labelled tree. 

Next consider a G S and X E % with A(e) = u E N of type L —> cr ; it will be 
shown that there exists c G 7^ L such that A = H„(c) . By Proposition 2.6.1 (3) and 
Lemma 2.6.2 dom(A) has a unique representation of the form 

dom(A) = {e} U [j rj < A v 

veB 

with B a finite subset of J and G S for each 77 G B . But (since A is a labelled 
tree) et>r] = r]<ieE dom(A) if and only if 77 G L , and by Lemma 2.6.3 e E A v for 
each 77 G B ; it therefore follows that B = L . For each 77 G L define A,, : — >■ A 
by A r? (s) = A(t7 < s) , so \ n E C and dom(A T? ) = ^ . In fact A,, is a labelled tree: If 
s E dom(A^) then 77 < s E dom(A) and X v (s) = A (77 < s) ; moreover, s t> £ G dom(A T? ) 
if and only if 77 < (s > £) = (77 < s) > £ G dom(A) , and A 7? (s > £) = A((?7 < s) > £) . Hence 

X v E T v , since A r? (e) = A(?7 < e) = A(e > 77) E N v . An assignment c G 7^ L can thus be 
defined by letting c{rf) = X v for each 77 G L , and by construction A = H^(c) . 

Putting these two parts of the proof together now shows that U ueN Im(il;,) = T a 
for each a E S . □ 
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Lemma 2.6.4 implies in particular that the family Ts is invariant in (7s, Vat), so 
consider the subalgebra (7s,Vtv) associated with 7s- Now clearly Ts = Ts will 
hold if and only if (7s, Vjv) is minimal, and to establish this Proposition 2.2.5 can be 
used. The first requirement in Proposition 2.2.5, namely that U iyeN Im(Vjy) = T a 
for each o G S , is just a restatement of Lemma 2.6.4, and so it remains to satisfy the 
second requirement, which means a suitable family of mappings #s must be found. 
Let #:£->■ N be given by 

#(A) = max{ \s\ : s G dom(A) } , 

where | • | : J* — > N is the mapping given in Lemma 2.6.1 (6), and for each a G S put 
# CT = # . Then the requirement in Proposition 2.2.5 is satisfied, since if v G N is of 
type L — > a then for all c G 

# CT (IL,(c)) = 1 + max{ #„(c(77)) : 7/ G L } > max{ # v {c{v)) : V ^ L} . 
Therefore (7s, Vat) is minimal. □ 



2.7 Notes 



The material presented in this chapter is all part of standard universal algebra. The 
classical field of universal algebra deals with the case of signatures having a single 
type, and so the only information required about each operator name is the number of 
arguments it takes. In this form the main problems were stated in Whitehead (1898) 
and solved in Birkhoff (1935); standard texts are Cohn (1965) and Gratzer (1968). (The 
term 'universal algebra' was coined by that great mathematical name-giver Sylvester.) 
The generalisation of the theory to multi-sorted algebras (i.e., to the algebras as they 
occur here) was made by Higgins (1963) and Birkhoff and Lipson (1970). Birkhoff and 
Lipson (who speak of heterogeneous algebras) showed that essentially the whole of the 
classical theory carries over to the more general case. 

Some of the first uses of multi-sorted algebras in computer science can be found in 
Maibaum (1972) and Morris (1973). Their systematic use has been propagated by the 
ADJ group consisting of J. A. Goguen, J.W. Thatcher, E.G. Wagner and J.B. Wright, 
for example in the papers Goguen, Thatcher, Wagner and Wright (1977) and Goguen, 
Thatcher and Wagner (1978). 

Minimal algebras are sometimes called reachable (Wirsing (1990)) or term generated 
(Bauer, Berghammer et al (1985)). This terminology comes from the fact that an 
algebra is minimal if and only if the unique homomorphism to this algebra from an initial 
algebra (and so in particular from the standard term algebra) is surjective. Pervasive 
signatures are called sensible in Huet and Oppen (1980). 

The characterisation of initial algebras in Proposition 2.3.2 is sometimes referred to as 
stating that initial algebras are exactly those for which there is no junk and no confusion 
(i.e., those which are minimal and unambiguous). Proposition 2.4.2 is just a version of 
the classical result of Lukasiewicz (Lukasiewicz (1925)) concerning prefix or (left Polish) 
notation. 

Bourbaki (1970) thinks that the word algebra is over-used and suggests the alternative 
magma for an algebra in the above sense. This suggestion has been followed by some 
French computer scientists, but it has of course no chance of being accepted in the 
English-speaking world. (What have algebras to do with volcanic lava?) 
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Chapter 3 Data objects 



With the preparations made in Chapter 2 we can now make a start to building a frame- 
work for specifying data objects. This involves what will be called a bottomed extension 
of an initial algebra. The initial algebra is used to describe the basic data objects, and 
the bottomed extension then specifies which 'undefined' and 'partially defined' data 
objects are to be allowed. Bottom extensions are defined in Section 3.2. In Sections 3.3 
and 3.5 two conditions, called regularity and monotonicity, are introduced which the 
extensions will be required to satisfy. Meanwhile, in Section 3.4 cored extensions are 
considered. These provide simple explicit examples of monotone regular extensions. 



3.1 The basic data objects and the ground term algebra 

The starting point is to choose a signature A = [B,K, ©,t?) and an initial A-algebra 
(Xb,Pk) ■ The basic data objects are then the elements in the family of sets Xb ■ 
Here A is called the ground signature, B the set of ground types and K the set of 
constructor names. In real applications the set B of ground types will be finite. 

In all modern functional programming languages the signature A is not fixed and can 
be chosen by the user to fit the application at hand. Usually there are a few built-in 
types such as the types int and bool occurring in Example 2.2.1 together with a 
primitive type char having some multiple of 256 constructor names. (Recall that a 
type (3 is said to be primitive if k is of type — > (3 for each k G Kp .) Once the 
signature A has been chosen the initial A-algebra (Xb,Pk) is uniquely determined 
up to isomorphism. The explicit choice of (Xb,Pk) can be seen as taking place in the 
user's mind. 

Bearing in mind practical applications we will assume that B contains the two primitive 
types int and bool as in Example 2.2.1. Thus K± nt = Int (with Int the subset of 
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, -}* containing for each integer n its standard representation 
7T as a string of characters), -Kbool = {True, False} and each of these constructor 
names is of type — >■ f3 with f3 either int or bool . Moreover, X± nt will always 
taken to be Z with Pnie) = n for each n G Z and Xbooi to be B with prrue (e) = T 
and pFaise(e) = F . 

To avoid some trivial complications later it is also convenient to suppose that A is 
pervasive. (Recall this means B is the only closed subset of itself, where a subset B' 
of B is closed if (3 G B' whenever there exists k G K of type L — > (3 for some L 
and (77) G B' for each n G L .) By Proposition 2.2.4 this is equivalent to requiring that 
Xp 7^ for each /3 G B . We do not assume that the sets Kp , f3 G B , are finite (since 
in fact K± nt is infinite), although it will almost always be the case that Kp is finite 
whenever (3 is not a primitive type. 

In all that follows the signature A and the initial A-algebra {X b ,Pk) are considered 
to be fixed. 
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As well as the initial A-algebra (Xb,Pk) we also assume that a second initial A-algebra 
is given. This A-algebra (Fb, Ok) is called the ground term algebra and is needed in 
order to be able to refer to the basic data objects: Since (Xb,Pk) and (Fb, Ok) are 
both initial A-algebras there exists a unique isomorphism from (Fb, Ok) to (Xb,Pk) 
which will be denoted by [-Js • This means that each basic data object can be denoted 
by a unique element in the ground term algebra, i.e., the data object x G Xp can be 
denoted by the unique element s G Fp with [sj p = x . 

Of course, (Fb, Ok) could just be taken to be (Xb,Pk) but, as its name suggests, it 
should be thought of rather as some kind of term algebra (as defined in Section 2.4). 
In fact, we will now introduce such a term algebra which will later be used as the basis 
for a programming language. This is done by choosing a family of enumerations %k for 
the signature A , i.e., by choosing for each k G K of type L — > f3 a bijective mapping 
i K from [m] to the set L , where m = \L\ is the cardinality of L . In the special case 
when L = Pi ■ ■ ■ (3 m G B* (and so [m] is the underlying set of the S-typed set L ) 
then i K : [m] — > [m] will always chosen to be the identity mapping. Let (Eb,c\k) 
be the standard term A-algebra defined by the family iK ■ Then by Proposition 2.4.5 
(Eb, □ is an initial A-algebra. Recall that Ep C K* for each k G B and if k G K 
is of type L — > /3 then n K : E^ — > Ep is the mapping given by 

□ K (c) = k c(i K (l)) ■■■ c(i K (m)) 

for each c G E^ , where m = \L\ . Moreover, the family E B can be regarded as being 
defined by the following rules: 

(1) If k G K is of type 0—^/3 then the list consisting of the single component k is 
an element of Ep . 

(2) If k G K is of type L — > (3 with L^0 and ej G Ep j for j = 1, . . . , m , where 
(3j = (^k(j)) and m = \L\ , then k e± • • • e m is an element of Ep . 

(3) The only elements in Ep are those which can be obtained using (1) and (2). 

In this special case the isomorphism [-Js from (Eb, c\k) to (Xb,Pk) is the unique 
family of mappings satisfying: 

(1) If k G K is of type ft then [k]^ = p R (e) . 

(2) If k G K is of type L — >■ (3 with L^0 and ej G for j = 1, . . . , m , where 
(Tj = (i K (j)) and m = \L\ , then 

[« ei ••• e m ] CT = ^([cjf) , 
where c G -E'f' is the assignment with c(i K (j)) = ej for each j = 1, . . . , m . 



3.2 Bottomed algebras and bottomed extensions 

The basic data objects were described in the previous section with the help of the 
initial A-algebra (Xb,Pk) ■ The next step is to introduce for each (3 E B a new 
element -Lp Xp to play the role of an 'undefined' or 'unknown' object of type f3 . 
(The symbol _L is referred to as bottom.) Thus for each (3 E B there is now an 
'extended' set Xp U {-L/3} of data objects of type (3 made up of the 'real' objects (i.e., 
the elements of the set Xp ) together with the 'undefined' object Lp of type (3 . 

There are, however, good reasons to go at least one stage further and to also allow 
'partially defined' data objects. For instance, considering the A-algebra introduced in 
Example 2.2.1, if n E Z = X± nt then the pair (n, J-i n t) could be regarded as a data 
object of type pair which is not completely 'undefined' and so which should perhaps 
be different from ± pa ir • (After all, it makes sense to consider the first component 
of (n, -Lint) •) Similarly, it is often useful to allow 'partially defined' data objects of 
type list . (For example, the data object described as a list containing at least one 
component, with the first component having some specific value.) 

In order to facilitate the systematic treatment of 'partially defined' data objects we 
make the following definition: A A-algebra (Db, fx) is called a bottomed extension of 
(XbjPk) if {Db^k) is an extension of (Xb,Pk) (i-e., Xb C Db and p K is the 
restriction of f K to dom(p K ) for each k E K ) such that Lp E Dp for each /3 E B . 

The elements in the set Dp \ (Xp U {-L^}) should be thought of for the moment as being 
the 'partially defined' data objects of type j3 . Later we will also consider the possibility 
of having not only 'partially defined' but also 'infinite' data objects. This more general 
situation can still be described with the help of a bottomed extension. The elements 
in the set Dp \ (Xp U {-L^}) should then, however, be thought of as being made up of 
both 'partially defined' and 'infinite' data objects. 

The simplest example of a bottomed extension is obtained by putting Dp = Xp U {_L^} 
for each /3 E B and for each k E K of type L — >■ (3 letting f K : Df — > Dp be given by 



Then (Db^k) is a bottomed extension called the flat extension of (Xb.Pk) ■ (The 
flat extension of the A-algebra defined in Example 2.2.1 is given in Example 3.2.1 on 
the next page.) 

The above definition of a bottomed extension will be reformulated somewhat, and for 
this it is useful to introduce the following simple notion: A bottomed set is a pair (D, _L) 
consisting of a set D and a distinguished bottom element _L E D . The bottom element 
_L should be thought of as representing an 'undefined' or 'unknown' value which, if it 
were to be 'defined' or 'become known', would take on the value of one of the remaining 
elements of D . 

If (D, _L) and (D 1 ', _L') are bottomed sets then a mapping / : D — >■ D' is said to be 
bottomed (or strict) if /(_L) = _L' . 






otherwise. 
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Example 3.2.1 The flat extension of the A-algebra (Xb,Pk) 


first introduced 


in Example 2.2.1 is the A-algebra (Xg,pj^) defined as follows: 


*bool = B± = Ibool} , A4 t = N U {l nat } , 




^nt = Z U {l int } , X± ir = 1? U {l pair } , X£ lst = 


z* u Uiist} • 


Plrue : 1 ~> ^b-ool With PTrue(^) = T , 




PFalse : 1 X bool wlth PFalse( £ ) = F > 




PZero : 1 X nat with Pz"ero( £ ) = > 




PSucc • A nat -*nat wlth 




PSuCc(nJ " Unat if n=± Bat , 




: I — > X^ t with (e) = n for each n G Z , 




Ppair : X ~* *pair with 




_i_ . . J (m, n) if m, n G Z , 
PPairC m » w ) = |± pair otherwise, 




Pnh : 1 ->■ x iist with PNii( £ ) = £ > 




Peons : X *list *list With 




_l , s ( n<s if n eZ and £ G Z* , 
Peons (™> S J - \± list otherwise. 





If (D, 1) is a bottomed set then it is usual to write just D instead of (D, 1) and to 
assume that the bottom element _L can be inferred from the context. 

Let Db be a family of bottomed sets with ±p the bottom element of Dp for each 
/3 G B , and let I be a B-typed set. Then will be considered as a bottomed set 
by stipulating that its bottom element _L be the assignment given by 1.(77) = J-rj f° r 
each 77 G I . A special case is that of a cartesian product: Let n > 2 and for each 
j = 1, . . . , n let Dj be a bottomed set with bottom element lj ; then the product 
D\ x • • • x D n is considered as a bottomed set with bottom element (l_i, . . . , _L n ) . 

A A-algebra (-Db, /k) is said to be bottomed if Dp is a bottomed set for each (3 G -B . 
If (Db,/k) is a bottomed A-algebra then the bottom element of Dp will always be 
denoted by J-p . This means that if (D' B , f' K ) is a further bottomed A-algebra then the 
bottom element of D'p will also be denoted by Lp , although it is not to be assumed 
that the bottom elements of Dp and DL are the same. 
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The definition of a bottomed extension of (Xb,Pk) can now be expressed as follows: 
A bottomed extension of (Xb,Pk) is a bottomed A-algebra (Db, fx) which is an 
extension of (Xb,Pk) such that Lp Xp for each (3 G B . 

If (Db, fx) and (D' Bl f' K ) are bottomed A-algebras then a homomorphism txb from 
(Db, fx) to (D' B , f' K ) is said to be bottomed if np is a bottomed mapping (i.e., if 
7Tp(-Lp) = -Lp ) for each f3 G B . 

If (Db^k) and (D' B , f' K ) are bottomed extensions of then a bottomed 

homomorphism ttb '■ (Db^k) (D' B ,f K ) is said to be an extension homomorphism 
if 7Tp(x) = x for all x G Xp , /3 G B . In fact, the following simple result implies that 
a bottomed homomorphism is automatically an extension homomorphism: 

Lemma 3.2.1 Let (Zb-,tk) and (Z' B ,r' K ) be extensions of a minimal A-algebra 
(Yb,Qk) and %b '■ (Zb,tk) —> (Z' Bl r K ) be a homomorphism. Then itp(y) = y for all 
yeYp, (3eB. 

Proof The restriction of hb to Yb and the family of identity mappings ids both 
define homomorphisms from (Yb^k) to (Z' B ,r' K ) , and so by Proposition 2.2.3 (1) 
they must be equal, i.e., irp (y) = y for all y G Yp , (3 G B . □ 

If (Dbj/k) is a bottomed A-algebra then the family of identity mappings ids defines 
a bottomed homomorphism from (Db^k) to itself. Also by Proposition 2.2.1 the 
composition of two bottomed homomorphisms is again a bottomed homomorphism. 
Moreover, if ttb '■ (Db^k) — > (D' B , f' K ) is a bottomed homomorphism such that np 
is a bijection for each (3 G B then by Proposition 2.2.2 n^ 1 : (D' B , f' K ) — > (Db, Jk) is 
again a bottomed homomorphism. 

A bottomed homomorphism ttb '■ (Db,Ik) — > (D' B ,f' K ) is a bottomed isomorphism if 
the mapping np : Dp — > D'^ is a bijection for each j3 G B ; (-Db, /k) and (D' B , f' K ) are 
then isomorphic if there exists a bottomed isomorphism from {Db, fx) to (D' B , f' K ) , 
and the property of being isomorphic defines an equivalence relation on the class of all 
bottomed A-algebras. 

Bottomed extensions (Db,/k) and (D' B ,f' K ) of (Xb,Pk) are said to be conjugate 
if there exists an extension homomorphism from (DbiJk) to (D' B ,f' K ) which is a 
bottomed isomorphism. Of course, Lemma 3.2.1 implies that (DbiJk) and (D' B ,f' K ) 
are conjugate if and only if they are isomorphic as bottomed A-algebras. 

We now collect together some elementary results about bottomed A-algebras and then 
apply them to the case of a bottomed extension of (Xb,Pk) • In what follows let 
(Dbj/k) be a bottomed A-algebra. A family D B with D B C D B is said to be 
bottomed if ±p G Dp for each (3 G B . There is clearly a one-to-one correspondence 
between bottomed invariant families and bottomed subalgebras of (Db, fx) (i-e., those 
subalgebras which are also bottomed A-algebras with the bottom elements inherited 
from (Db, /at) )• 

Lemma 3.2.2 The bottomed family D B defined by Dp = {-Lp} U [j KeK/3 lm(f K ) 
for each (3 G B is invariant. 
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Proof This is a special case of Lemma 2.3.2. □ 

Lemma 3.2.3 There exists a minimal bottomed invariant family. 

Proof This is a special case of Lemma 2.2.3. □ 

The subalgebra associated with the minimal bottomed invariant family will be referred 
to as the minimal bottomed subalgebra of (Db, fx) ■ 

If Db is the only bottomed invariant family then the bottomed A-algebra (Ds,fx) 
is said to be minimal. Note that if (DB,fx) is a minimal A-algebra (as defined in 
Section 2.2) then it is also a minimal bottomed A-algebra, but of course in general the 
converse does not hold. In fact the minimal bottomed A-algebras occurring here will 
never be minimal A-algebras. The statement that a bottomed A-algebra is minimal will 
thus mean that it is a minimal bottomed A-algebra; minimality as defined in Section 2.2 
will be referred to by stating explicitly that the algebra is a minimal A-algebra. 

It is easy to see that the flat extension of (Xb,Px) is a minimal bottomed A-algebra 
(since (Xb,Pk) is a minimal A-algebra). 

Proposition 3.2.1 Let (D' B ,f' K ) be a bottomed A-algebra. 

(1) There exists at most one bottomed homomorphism from (Db, fx) to (D' B ,f' K ) 
when (Db, fx) is minimal. 

(2) Any bottomed homomorphism from (Db, fx) to (D' B , f' K ) is surjective when 
(D' B , f' K ) is minimal. 

Proof This is the same as the proof of Proposition 2.2.4. □ 

Proposition 3.2.2 If (D B ,fx) is minimal then Dp = {-Lp} U [j R€K/3 Im(f K ) for 
each (3 e B . 

Proof This follows immediately from Lemma 3.2.2. □ 

Proposition 3.2.3 Suppose that Dp = {-Lp} U \J KeK/3 lm(f K ) for each f3 E B and 
there exists a family of mappings j^B with j^p : Dp — >■ N for each /3 such that if 
k E K is of type L ->• /3 then for all c E D^ , n E L 

#l(cfa)) < #/3(/k(c)) • 

Then (Db, fx) is a minimal bottomed A-algebra. 
Proof This is just a special case of Proposition 2.2.5. □ 

As expected, (Db, fx) is said to be an initial bottomed A-algebra if for each bottomed 
A-algebra (D' B , f' K ) there exists a unique bottomed homomorphism from (Ds,fx) 
to (D' B ,f' K ) . The adjective 'initial' will be used in the same way as 'minimal': The 
statement that a bottomed A-algebra is initial thus means that it is an initial bottomed 
A-algebra, and initiality as defined in Section 2.3 will be referred to by stating explicitly 
that the algebra is an initial A-algebra. 
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Lemma 3.2.4 Suppose the bottom elements -Lp , (3 E B , are all distinct, and let J 
be the B -typed set consisting of these elements with ±p of type f3 for each f3 E B . 
Then (Db, fx) is an initial bottomed A-algebra if and only if it is J -free. 

Proof This is more-or-less clear. (Note that if (Yb^k) is any A-algebra and c G Y/ 
then {Yb^k) can be considered as a bottomed A-algebra by declaring c(J-p) to be 
the bottom element of Yp for each (3 G B .) □ 

Proposition 3.2.4 There exists an initial bottomed A-algebra, and any two initial 
bottomed A-algebras are isomorphic. 

Proof The existence follows from Lemma 3.2.4 and Proposition 2.3.6. The rest then 
follows directly from the definition of being initial. □ 

Consider the construction given in the proof of Proposition 2.3.6, tailored somewhat to 
the special situation occurring here. For each (3 G B let \>p be some element not in K 
and such that \>p 1 ^ \)p 2 whenever $\ ^ fa ■ Put K b = K U { b^ : (3 G B} and define 
mappings © b : K b ->■ J= B and & : K b ->■ B by 

0>(«) = /®(") ^ G f' f 

v ' [ if k = b/3 for some [3 E B , 



0(k) if k E K , 

(3 if k = b/3 for some (3 E B . 



Then A b = (£?, b , is a signature which is clearly an extension of A and in 
which b/3 is of type — >• /3 for each (3 & B . 

Now by Proposition 2.3.3 there exists an initial A b -algebra (Db, $K b ) ■ The A-algebra 
(Db, Ik) (obtained by omitting the mappings /j, , (3 E B) can then be considered as 

a bottomed A-algebra by declaring /j, (e) to be the bottom element of .Dg for each 
(3 E B . 

Proposition 3.2.5 (Db,}k) is an initial bottomed A-algebra. 
Proof This follows directly from Proposition 2.3.5 and Lemma 3.2.4. □ 

The bottomed A-algebra (Db, fx) is said to be unambiguous if the following hold: 

(1) The mapping f K is injective for each k E K . 

(2) For each /3 E B the sets Im(f K ) , k E Kp , are disjoint subsets of Dp \ {^-p} . 
The following analogue of Proposition 2.3.2 then holds: 

Proposition 3.2.6 A bottomed A-algebra is initial if and only if it is minimal and 
unambiguous. 
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Proof The general case can clearly be reduced to that in which the bottom elements 
are all distinct. The statement thus follows from Lemma 3.2.4 and Proposition 2.3.7. □ 

Propositions 2.3.2 and 3.2.6 imply that an initial bottomed A-algebra is never an initial 
A-algebra and that, conversely, a bottomed A-algebra which is an initial A-algebra is 
never an initial bottomed A-algebra. Moreover, Proposition 3.2.6 implies that the flat 
extension of (Xb,Pk) is unlikely to be an initial bottomed A-algebra. (In fact this will 
hold only in the trivial case in which each type in A is primitive.) 

Having said something about bottomed A-algebras, we next look at the special case of 
bottomed extensions of the initial A-algebra (Xb,Pk) ■ 

A bottomed extension (Db^k) of (Xb,Pk) is said to be minimal if (Ds,fi<) is a 
minimal bottomed A-algebra. In particular, as was already mentioned, the flat extension 
of (Xb,Pk) is minimal. 

Note that for any bottomed extension of (Db,/k) of (Xb,Pk) the minimal bottomed 
subalgebra (Db, fx) of (Db^k) is still an extension, and thus a minimal bottomed 
extension of (Xb,Pk) • 

In the same way as above a bottomed extension (Db, fx) of (Xb,Pk) will be called 
initial if (Db, fx) is an initial bottomed A-algebra. By Proposition 3.2.6 an initial 
extension is also minimal. 

Proposition 3.2.7 There exists an initial extension of (Xb,Pk) , and any two initial 
extensions of (Xb,Pk) are conjugate. 

Proof The existence follows from Proposition 2.5.3 and Lemma 3.2.4, and the second 
statement then follows from Proposition 3.2.4 and Lemma 3.2.1. □ 

Example 3.2.2 on the following page gives an initial extension of the A-algebra (Xb,Pk) 
introduced in Example 2.2.1. 

We defined a bottomed extension to be initial if it is an initial bottomed A-algebra, and 
it could be objected that this definition is not really correct. However, the next result 
shows that it is, even if not correct, equivalent to the correct definition. 

Proposition 3.2.8 Let (Db^k) be a bottomed extension of (Xb,Pk) ■ Then 
(Ds^fx) is initial if and only if for each bottomed extension (D' B , f' K ) of (Xb,Pk) 
there exists a unique extension homomorphism from (Db, fx) to (D' B , f' K ) . 

Proof Suppose that for each bottomed extension (D' B ,f' K ) of (Xb,Pk) there exists 
a unique extension homomorphism from (Db,}k) to (D' B ,f' K ) . Then this holds in 
particular with (D' B , f' K ) an initial extension of (Xb,Pk) (and Proposition 3.2.7 states 
that such an extension exists). Thus (D B ,fK) and (D' B , f' K ) are isomorphic (since 
there also exists a unique bottomed homomorphism from (D' B , f' K ) to (D B , fx) ) and 
hence (Db^k) is initial. The converse is clear. □ 
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Example 3.2.2 The following notation will be employed here (and also later): 
If Z is a set then bot (Z) denotes a disjoint copy of Z ; the element in bot (Z) 
corresponding to z E Z will be denoted by z 1 - (so bot (Z) = { z : z E Z }). 

For each f3 E B choose an element not in Xp and consider the A-algebra 
( x b,Pk) defined by 

A b T ool =B^ = {T,F,± bool }, 

^nat = N U bot (N) with X = i-nat , 

X ±nt = ZU {-Lint} , Xjzir = ( X ±nt) 2 U {-Lpair} , 

*iist = (*5*)* U bot {(XJ nt y) with e 1 - = i_ii st . 

PTruB : 1 ->■ X bool with PTrue( £ ) = T > 
PFalse : 1 ->• *bool with PLlse( £ ) = F > 
PZero : 1 ->• X nat wi th pLro( £ ) = > 
PSucc : X nat -> ^nat with 



T . . _ J n + 1 if x = n for some tiGN, 
PsuccW ~ | ( n + l)-L if a? = for some n G N, 

'■ I — > Xj nt with p J (e) = n for each n E Z , 

PPair : X int x ^Int ^ X Jzir with PPairC^lj ^a) = (^1, X 2 ) , 
PNil : 1 -> *list with PNil( £ ) = £ > 
PCons : *i J nt X ^list ^ *l"ist with 

T ( x <\s if ^ = s for some s E (XT^)* 



/'Cons'-''- *0 1 / , , -r i c - i v T 

L [x < s)^ if z = for some s E ( A int ) . 

It is left to the reader to check that (Xg,pJ-) is an initial extension of the 
A-algebra (Xb,Pk) introduced in Example 2.2.1. 

Note that an element of A 1 ' ist has either the form x± ■ ■ ■ x n or the form 
(xi ■ ■ ■ x^ 1 - , where n > and Xj E Z U {J-int} for j = 1, . . . , n . The 
element x\ ■ ■ ■ x n describes a 'real' list with n components (although some 
or all of these components may be 'undefined'). The element {x\ ■ ■ ■ x,,) 1 , 
on the other hand, should be thought of as a 'partial' list containing at least n 
components, of which the first n components are 'known' to be x±, . . . , x n . 
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In Section 3.2 we introduced a framework for dealing with 'undefined' and 'partially 
defined' data objects. This involved bottomed extensions of the basic initial A-algebra 
(Xb,Pk) • However, as it stands, this notion is much too general, and two conditions 
will be imposed on the bottomed extensions to be actually used. In the present section 
we look at the first of these conditions, which goes under the name of regularity. 

A bottomed A-algebra (Db^Jk) is said to be regular if for each (3 G B and each 
u G Dp \ {-Lp} there exists a unique k G Kp and a unique element c G dom(/ K ) 
such that / K (c) = u. (This is a possible generalisation of the definition of a regular 
A-algebra given in Section 2.3. However, it is not the generalisation which would make 
the analogue of Proposition 2.3.2 hold.) 

A bottomed extension (Db^k) of (Xb,Pk) is now said to be regular if (Db^k) is 
a regular bottomed A-algebra. In particular, the flat extension of (Xb,Pk) is regular 
(since (Xb,Pk) is a regular A-algebra). Moreover, by Propositions 3.2.2 and 3.2.6 each 
initial extension of (Xb,Pk) is regular. Note that if (-Ds, Jk) is a regular bottomed 
extension of (Xb,Pk) then Dp = XpU{-Lp} must hold for each primitive type f3 G B , 
and so in particular D± nt = Z U {J-i n t} and -Dbooi = BU {J-booi} • 

One reason why regularity is important has to do with the usual 'case' constructions 
found in all modern functional programming languages. This was already seen implicitly 
in Chapter 1: If (.Ds, fx) is a regular extension of (Xb,Pk) then, for example, given 
a function sqshx : -Diist x -Dint x ^list — > D±± st , it makes sense to define a function 
sqsh : D list x D list £>iist by 

(b if a = fmi(e) , 

sqsh (a, b) = < sqshx (d, m, b) if a^li ist and a = f Co ns(m,d) , 
{ -Lust if a = -Lust . 

More generally, consider 9 G B with Kq finite and with k of type L K — >■ 9 for each 
k G Kq . Let (3 G B and suppose that for each k G Kg a function h K : D^ K — > Dp has 
been given. Now if (Db^/k) is a regular extension of (Xb,Pk) then it makes sense 
to define a function h : Dg — >■ Dp by 

. , f h K (b) if u ^ ±g and u = fJb) with k G Kg and b G D^ K , 
L -L/3 if It = -1-0 • 

This forms the basis for defining the case operators to be introduced in Section 5.3. 

We now first present some general facts about regular bottomed A-algebras. Then we 
introduce an initial bottomed extension (F B ,Q b K ) of the ground term algebra (Fb 7 Qk) 
called the bottomed ground term algebra. This extension {F B ,Q* K ) will be used to 
define what is called the trace of a bottomed A-algebra (D B , /k) ■ For a large class of 
bottomed algebras the trace has an explicit finite description, and it will be thought of 
as providing the information about (Db, fx) which can be used in practice. Finally, 
we show that the trace is essentially a complete invariant for minimal regular bottomed 
A-algebras. 
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If (D B , f K ) is a bottomed A-algebra then the family Ck given by 

C K = { c G dom(/ K ) : f K (c) ^ ±p } 

for each k G Kp will be called the core of (Db^k) • In particular, if (Db^k) is 
initial then C K = dom(/ K ) for each k G K , and the core of the flat extension of 
(Xb,Pk) is the family Ck with C K = dom(p K ) for each k G K . Regularity can be 
expressed in terms of the core as follows: 

Lemma 3.3.1 Let Ck be the core of the bottomed A-algebra (Db./k) ■ Then 
{Db, fx) is regular if and only if the following three conditions hold: 

(1 ) The restriction of f K to C K is injective for each k G K . 

(2) For each f3 G B the sets f K (C K ) , k, G Kp , are disjoint subsets of Dp . 

(3) U UC K ) = Dp \ {±p} for each (5 G K . 

Proof Assume first that (1), (2) and (3) hold. Let (3 G B and u G Dp \ {^-p} ; by 
(3) there then exists k G Kp and c G C K such that f K (c) = u. Suppose also that 
u = /k'(c') with k' G Kp and c' G dom(/ K /) ; then c' G C K > (since u ^ -Lp ), hence 
u G / K (C K ) fl f K >(C K >) and by (2) this is only possible if k' = k . Moreover, by (1) it 
now follows that d = c , and therefore (D B , Jk) is regular. 

Assume conversely that (-Ds, Jk) is regular. Let (3 G B , m, «2 G Kp and c\ G C Kl , 
c 2 G C K2 with f Kl (ci) = f K2 (c 2 ). Then f Kl (ci) ^ ±p and therefore Ki = k 2 and 
Ci = C2 • This shows that (1) and (2) hold. Moreover, Dp \ {^-p} C \J KeKl3 I m (/«;) 
for each /3 <E B and hence by the definition of Ck (3) holds. □ 

Note that by Proposition 3.2.2 condition (3) in Lemma 3.3.1 holds automatically for a 
minimal bottomed A-algebra, which leads to the following observation: Let (D' B , f' K ) 
be an extension of a bottomed A-algebra (-Db, /k) , considered as a bottomed A-algebra 
in the obvious way, and suppose (D' B , f' K ) is regular. Then in general this does not 
imply that (Db, /k) is regular. However, (Db^k) will be regular if it is minimal 
(since conditions (1) and (2) in Lemma 3.3.1 are inherited by (Db, Jk) )• 

A regular bottomed A-algebra (Db, Jk) will be called fully regular if -Lp ^ Im(/ K ) for 
each k G Kp , ft G B . Thus a regular bottomed A-algebra (Db, $k) is fully regular if 
and only if its core Ck is maximal, i.e., if and only if C K = dom(/ K ) for each k G K . 

Proposition 3.3.1 An initial bottomed A-algebra is fully regular. Conversely, a fully 
regular bottomed A-algebra is initial if and only if it is minimal. 

Proof This follows from Propositions 3.2.2 and 3.2.6. □ 

Recall that in Section 3.1 we introduced the ground term algebra. This was a further 
initial A-algebra (Fb,@k) , and the unique isomorphism [[• Jb from (Fb,Qk) to 
(Xb,Pk) is used to denote the basic data objects (i.e., the data object x G Xp can be 
denoted by the unique element s G Fp with \_s~\p = x ). 
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Now by Proposition 3.2.7 there exists an initial bottomed extension of (F B , Qk) (and, 
moreover, any two such initial extensions are conjugate). Thus in what follows we can 
suppose that an initial bottomed extension (F B ,Q b K ) of (F b ,(Dk) has been chosen, 
which will be called the bottomed ground term algebra. The bottom element of Fp will 
be denoted by \>p rather than ±p (and to be thought of as a name with which to refer 
to the 'undefined' element Lp ). 

Let (Dbt/k) be a bottomed A-algebra, which is considered to be fixed for the rest 
of the section. Then, since (F B ,Q° K ) is an initial bottomed A-algebra, there exists 
a unique bottomed homomorphism [ • J B : (F B ,Q b K ) — > i.e., the unique 

homomorphism from (F B ,Q b K ) to (D B ,f K ) with [b^J^ = -Lp for each (3 E B . In 
particular, if (D B ,fx) is a bottomed extension of (X B ,px) then by Proposition 2.5.2 
[ • J B is an extension of [ • ]s , i.e., fsjp = f_sjp for all s E Fp , (3 E B . 

Proposition 3.3.2 (1) The family is surjective (i.e., [ • Jj : F b p Dp is 

surjective for each (3 G B ) if and only if (D B , fx) is minimal. 

(2) If (D B ,fx) is fully regular then the family \_-~\ B is injective, i.e., the mapping 
[ • Jp~ : F b p Dp is injective for each /3 G B . 

(3) The family [ • is an isomorphism if and only if (Db, Jk) is initial. 

Proof (1) For each f3 G B let D' p = [F£j£ ; then ±p G D' p for each (3 G B and, 
as in Lemma 2.2.1 (1), D' B is invariant in (Db,Jk) ■ Moreover, D' B is the minimal 
such family: Let D° B be any family invariant in (D B ,fK) and with L^ G Dp for 

each (3 G B , and for each (3 G B let Fp = {s E Fp : [s]£ G Dp } . Then \>p E F°p 
and, as in Lemma 2.2.1 (2), F B is invariant in (F B , Q b K ) ; thus F B = F B (since by 
Proposition 3.2.6 (F b B ,Q b K ) is a minimal extension of (Fb, @k) )• Hence D' B C D° B . 
From this it follows that [ • is surjective if and only if (D B , fx) is minimal. 

(3) This is clear. 

(2) Let (DB^fx) be the minimal bottomed subalgebra of (Db^k)- Then (Db^k) 
is a minimal fully regular and thus an initial bottomed A-algebra. Therefore by (3) 

[•Js must also be an isomorphism from (F B ,Q b K ) to (D B ,f K ) . In particular, the 

mapping [ • : Fp — > Dp is injective for each f3 E B . □ 

Proposition 3.3.3 Suppose (D B ,f K ) is a regular extension of (X B ,p K ) . Then 

{sEF b : [sjp E Xp} = Fp 

for each f3 E B . 

Proof It has already been noted that [ • J B is an extension of [ • J s , which implies 
that [sj p E Xp for each s E Fp (and this holds even if (Db, fx) is not regular). For 



3.3 REGULAR BOTTOMED ALGEBRAS AND THE TRACE 



67 



the converse consider the family F B with F B C F B given by 

Fl = F p U : MjeD p \X p } 

for each (3 e B . If k G K is of type 0^/3 then 0^(e) = Q K (e) £ Fp C F^ . 
Now let k £ K be of type L ->■ /3 with L ^ and let a G (F o b ) L , i.e., a(r/) G F^ 
for each rj £ L . Suppose [O^(a)]^ = / K (([a]^) L ) G . Then, since (D B J K ) is 
regular, it follows that ([aJ^-) L G Af' , i.e., [a(//)|^ G A^ for each r\ G L . But then 
by assumption 0(77) G F^ for each 1] £ L and thus 0^(a) = K (a) G Fp . This shows 
that ©k(°0 G Fg 5 an d hence that the family F^ is invariant in (F B , 0^) . But clearly 
b/3 G Fp for each (3 £ B and so by Proposition 3.2.6 F^ = F B . From this it follows 
that Isjj ED p \X p for all s G F^ \ F p . □ 

Lemma 3.3.2 If (Db^k) is the Hat extension of (Xb,Pk) then 

nyn-L _ J if ^ F, , 

^ " \T/3 ifsEF^\F p . 



Proof This follows immediately from Proposition 3.3.3 and the fact that [ • J B is an 
extension of [ • J b • □ 

We now define a family R B C F^ , called the trace of (F> B , , by putting 

Rf> = { « G Fg : [ a ]]£ ^ -L^ } 

for each f3 £ B . Thus in fact Rp C F^ \ { b^} for each (3 £ B and, moreover, 
Fb C R b whenever (Db^k) is a bottomed extension of (Xb,Pk) ■ 

If (Db, fx) is the flat extension of (Xb,Pk) then by Lemma 3.3.2 R B = F B , and if 
(Dbi/k) is fully regular then Proposition 3.3.2 (2) implies that Rp = Fg \ {b/3} for 
each (3 £ B . The trace is thus minimal for the flat extension and maximal for a fully 
regular algebra. In the following section a class of bottomed algebras will be introduced 
(including the flat extension and the fully regular algebras) for which the trace can be 
computed explictly. 

As already indicated, we regard the trace Rb as providing the only information about 
the bottomed extension (D B , fx) which can be used in practice (for example, in the 
algorithm for computing values to be introduced in Section 7.3). This point-of-view 
may seem somewhat arbitrary; however, it turns out that, at least for the purposes of 
this study, the trace does contains all the information we need. Moreover, it emphasises 
the fact that, in practice, the information which can be used about (D B , fx) must 
have some kind of finite description. 

The final result of this section shows that the trace is essentially a complete invariant 
for minimal regular bottomed A-algebras. 
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Proposition 3.3.4 Minimal regular bottomed A-algebras are isomorphic if and only 
if they have the same trace. In particular, minimal regular extensions of (Xb,Pk) are 
conjugate if and only if they have the same trace. 

Proof It is clear that isomorphic bottomed A-algebras have the same trace. To prepare 
for the converse a couple of lemmas are needed. In the following let (-Dbj/kO be a 
minimal regular bottomed A-algebra with core Ck ■ 

Lemma 3.3.3 There exists a unique family of mappings #s with #p '■ Dp — > N for 
each (3 E B such that #p(-Lp) = for each f3 E B , #p(f K (s)) = whenever k E K 
is of type — > j3 and such that 

MUc)) = 1 + max{#„(c(7/)) : V EL} 

for all c E whenever k E K is of type L — > (3 with L^0. 

Proof This is, with the obvious modifications, essentially the same as the proof of 
Lemma 2.3.5. □ 

Lemma 3.3.4 There exists a unique family of mappings qb with gp : Dp — > Fp for 
each f3 E B such that gp(-Lp) = \>p and if k E K is of type L — > (3 then 

Qp(Uc)) = & b M(c)) 
for all c E C K . Moreover, §_Qp(u)Jp = u for all u E Dp , (3 E B . 

Proof Let #b be the family of mappings given by Lemma 3.3.3 and for each (3 E B , 
m GN let D™ = {u E Dp : #p(u) = m} . Define gp on D™ for each (3 E B using 

induction on m . If u E Dp then either u = -Lp , in which case put gp{u) = \)p , or 
there exists a unique k E K of type — > (3 with u = f K (s) , and in this case put 
gp(u) = Q K (e) . Now let m > and suppose gg is already defined on Dg for each 
6 E B and for all k < m . Let u E D™ (so in particular u ^ -Lp ); then there exists 
a unique k E K of type L — > (3 for some L ^ and a unique element c E C K such 
that u = f K (c) . Moreover, c(n) E D™ v for some m v with m v < m , which means 
that Q v {c{rj)) is already defined for each rj E L . It thus makes sense to put 

gp(u) = Qp(g^c)) 

(where of course g^(c) is the element d E (F^) L with d(rj) = g v (c(r])) for each 
rj E L). In this way gp is defined on D™ for each m E N and the family gs has the 
required property by construction. The uniqueness of the family gs also follows using 
induction on m . 

Finally, for each (3 E B let Dp = { u E Dp : l_gp(u)Jp = u } ; then ±p E D'p for each 

(3 E B and the family D' B is invariant. (Let k E K be of type L — >■ (3 and let c E D^ 
with c{rj) E D' v for each rj E L ; put u = f K (c) . If u = ±p then u E D'^ holds 

trivially. On the other hand, if u ^ -Lp then c E C K ; in this case gp{u) = ©^(^(c)) 
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and hence, since \_Qr){c(rj)) |^ = c(n) for each rj G L and so by Lemma 2.1.1 (2) 
(lQ«(c)Ji) L = c, it follows that 

iQpMlt = l^M(c))Jj = U(lQ^(c)Ji) L ) = Uc) = u. 

Therefore in both cases u G D'p .) But (Db, Jk) is minimal and thus D' B = Db , i.e., 
lgp(u)jj = u for all u G -D/3 , [3 & B . □ 

Now consider a minimal regular bottomed A-algebra (D' B , f' K ) having the same trace 
as (Dbi/k) and denote by tvb the unique bottomed homomorphism from (F B , Q b K ) 
to (D' B J' K ). 

Lemma 3.3.5 Let qb '■ Db — >• F B be the family defined in Lemma 3.3.4. Then 
0Jb = k~b Qb is a bottomed homomorphism from (Db, fx) to (D' B ,f' K ). 

Proof Clearly up(A-p) = -Lp for each /3 G B . Let k G K be of type L — >■ (3 and 
cE D^ . Then by Lemma 2.1.1 (2) 

f'M(c)) = f'MioZm = M&M(c))) . 

Now if c G C K then ^(/^(c)) = ^(^(^(c))) = 7173(0^.(^(0))) , and hence in this 
case up(f K (c)) = f' K (u^(c)) . On the other hand, li c£C K then \_Q n (c(rj))J^ = c(r]) 
for each rj G L and so by Lemma 2.1.1 (2) ([^(c) ]^~) L = c , thus 

[© b J^(c))]^ = M{fc£{c)Ji) L ) = Uc) = -L/3 , 

which means that ©^(^(c)) G -Rg , where .Re is the common trace of (Db, fx) and 
(D' B , f' K ) . Therefore it again follows that 

f'M(c)) = M® b M(c))) = _Lp = up(.Lp) = Mf K (c)) . 
This shows that u B is a bottomed homomorphism. □ 

Let (Db,/k) and (D' B ,f' K ) be minimal regular bottomed A-algebras having the same 
trace. By Lemma 3.3.5 there then exists a bottomed homomorphism from (Db^k) 
to (D' B ,f' K ) and also a bottomed homomorphism oo' B from (D' B ,f' K ) to (Db 7 /k)- 
By Proposition 2.2.1 uboj' b ^ s then a bottomed homomorphism from (Db^/k) to 
itself and the only such homomorphism is ids , i.e., lob^'b = ids . In the same way 
u) b ojb = id' B , and hence u>b is a bottomed isomorphism, i.e., (Db^/k) and (D' B ,f' K ) 
are isomorphic. This completes the proof of Proposition 3.3.4. □ 



3.4 Cored bottomed algebras 



In this section some simple classes of bottomed A-algebras are introduced which can 
be seen as generalising the flat extension and the fully regular algebras. They provide 
examples of regular bottomed A-algebras for which the trace has an explicit description. 

For each j3 G B let \p be an element different from \?p and put Hp = {bp, \\p} ; Hp is 
considered as a bottomed set with bottom element \?p . If L is a B-typed set then \\ L 
will denote the element of H^ defined by tj L (?y) = \ n for each r\ G L . Let (H b ,ok) 
be a A-algebra; then (Hb,<>k) is called a core type if o K (\] L ) = \p whenever ft 6 if 
is of type L — > j3 . In particular, o K (e) = \p whenever k is of type — > f3 for some 



In practice the set of constructor names in K which do not have a type of the form 
— > (3 will always be finite, and in this case a core type is essentially a finite object. 

Now let (Dk, fx) be a bottomed A-algebra and for each j3 G B define a mapping 
Ep : Dp ->■ ffy by putting 



Let (H B , Or) be a core type; then (D B , fx) is said to be (H b ,<>k)- cored if the family 
Eb is actually a homomorphism (and thus a bottomed homomorphism) from (D B , fx) 
to (H B , <>k) ■ In other words, this means that 



must hold for all c G -Df whenever k <E K is of type L — > (3 . Thus whether or not 
/ K (c) 7^ _L/3 holds is completely determined by o K and the set { r\ G L : 0(77) 7^ _!_,,} . 

A bottomed extension (D B ,f K ) of is now said to be (H B ,<>k) -cored if 

(D B ,f K ) is an (H B , o^)-cored bottomed A-algebra. Note that such an extension can 
be (H B , ox)-cored for at most one core type (H B ,o K ) : This follows since the signature 
A is assumed to be pervasive and hence Xp 7^ for each /3 G B . 

The class of those bottomed A-algebras which are (H B , o^-)-cored for some core type 
(Hb,<>k) includes each fully regular bottomed A-algebra and the flat extension of 
(X b ,Pk) '■ For each k G K of type L — >■ j3 let oj : — >■ .ffg be the mapping with 
°I( C ) = ^ f° r & ii c e ^ 7 an d let o^r : -> Hp be given by 



Then {H B ,o T K ) and (H B ,o K ) are both core types. Moreover, the flat extension is 
(H B , o^)-cored and each fully regular bottomed A-algebra is (H B , o^)-cored. 

Proposition 3.4.1 Let (H b ,Ok) be a core type; then there is a unique isomorphism 
class of minimal regular (H B , o K)-cored bottomed A-algebras. Moreover, there is a 
unique conjugacy class of minimal regular (H B ,o K )-cored extensions of (X b ,pk) ■ 



G B. 




£/3(/«(c)) 




70 



3.4 CORED BOTTOMED ALGEBRAS 



71 



Proof This is given at the end of the section. □ 

The trace of an (Hb, )-cored bottomed A-algebra will now be considered. This turns 
out to only depend on (Hb,<>k) and it can be computed more-or-less explicitly. In 
what follows let the core type (Hb,Ok) be fixed. Since the bottomed ground term 
algebra is initial there exists a unique bottomed homomorphism 5 B from (F B , Q b K ) 
to (Hb,Ok) , i-e., S B : (F b B , Q b K ) — > (Hb,<>k) is the unique homomorphism such that 
5^{\) P ) = \>p for each (3 E B . 

Proposition 3.4.2 Suppose that (D B ,fi<:) is (H b ,<>k) -cored. Then 

i.e., = £/3(l_sJp) for all s E Fp , (3 E B . In particular, if R B is the trace of 

(D b Jk) then Rp = {s E F b p : 5p(s) = \ (i } for each $EB . 

Proof By Proposition 2.2.1 Eb fl/ls is a homomorphism from (F b B ,Q b K ) to (Hb,<>k) 
and by definition [t^]^) = \>p for each (3 E B . But 5 b B is the unique such 
homomorphism and therefore 8 b B = Sb [ • J b • ^ 

Proposition 3.4.2 implies that if (D B ,fK) is (H B , o^)-cored then the trace of (D B ,fK) 
is determined by (Hb,<>k) • In fact, more explicitly, the following holds: 

Proposition 3.4.3 There is a unique family Rb C F b satisfying the following: 

(1) bp £ R/3 for each (3 E B . 

(2) If kE K is of type 0^/3 for some /3 E B then Q b K (e) E Rp . 

(3) If KE K is of type L -> /3 with L ^ and c E (F b ) L then Q b K (c) E Rp if and 
only if o K (b) = \p , where b E H^ is given by 




\p i if c(rj) E R v , 
b„ otherwise. 



Moreover, R B is the trace of each (H B ,o K )-cored bottomed A-algebra. 

Proof For each (3 E B let Rp = {s E Fp : 8p(s) = \\p} ; then the definition of the 

family S b B implies that Rb satisfies (1), (2) and (3). Moreover, by Proposition 3.4.2 
Rb is the trace of each (Hb, o^)-cored bottomed A-algebra. It thus remains to show 
that Rb is the unique family satisfying these conditions and this easily follows from 
the uniqueness of the homomorphism 5 b B . □ 
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Proposition 3.4.3 can be used as the basis for an explicit algorithm for determining 
whether a given element of Fp is in Rp or not. 

The core types which occur in practice (such as (Hb,<>x) and (Hb,o~k) ) all have 
the additional property of being monotone: Let (Hb, <>k) be a core type and for each 
(3 G B let <p be the partial order defined on the set Hp = {\>p,\\p} by requiring 
that \>p <p \p . Let k G K be of type L — > [3 ; then o K : — > ii/^ is monotone if 
<>«;(&) </3 o«;(6') whenever 6, 6' G iff' are such that b < L b' , where 6 < L 6' if and only 
if b{rf) < v b'(rf) for each n E L . The core type (Hb, <>k) is then said to be monotone if 
o K is monotone for each k <E K . In particular the core types (Hb,o~k) and (Hb, oj^) 
are monotone. 

In the next section we introduce the second of the two conditions to be imposed on 
the bottomed extensions (in addition to regularity). This is called monotonicity and 
it plays a crucial role in Chapter 4. The following result shows that if (Db,Jk) is 
(Hb, o^)-cored for some monotone core type (Hb,Or) then (Db, fx) has a property 
called structural monotonicity and, as will be seen in Section 3.5, it turns out that this 
property is stronger than that of being monotone. 

A bottomed A-algebra (Db, fx) is called structurally monotone if whenever (Yb,(1k) 
is a A-algebra and ttb and tc' b are homomorphisms from {Yb,Q.k) to (Db, fx) then 
the family Y' B given by 

Y'p = {y EYp : ir'p(y) = J_p whenever irp(y) = ±p } 
for each (3 G B is invariant in {YbiQk) ■ 

Proposition 3.4.4 Suppose that (Db,/k) is (Hb, Ok) -cored for some monotone 
core type (Hb,Or) ■ Then (Db^k) is structurally monotone. 

Proof Let (Yb,Qk) be a A-algebra, let ttb and ir' B be homomorphisms from (Yb,Qk) 
to (Db, fx) , and define a family Y' B with Y' B C Yb by letting 

Y'p = {y EYp : ir'p(y) = J.p whenever irp(y) = ±p } 

for each /3 G B . Note that if u G Dp then u = Lp if and only if ep(u) = \>p , thus 

Y'p = {yeYp : e p (iz'p(y)) < p e p (np(y)) } . 

If k G K is of type — > f3 then irp(q K (e)) — f K (e) ^ _L/3 , and so q K (e) is trivially 
an element of Y'p . Thus consider k G K of type L — >■ /3 with L^0 and let c G Y" L 
with c(rf) G 1^' for each r\ G L . Then £^(71^(0(77))) £^(77^(0(77))) for each n G L , 
which implies that 

^(^( ?B (c))) = ^(/ K («) L (c))) = ^(c))) 

<p o K (e^(^(c))) = ep(f K (^(c))) = ep(7rp(q K (c))) , 

and therefore q K (c) G Y'p . This shows the family Y' B is invariant in (Yb, qx) and thus 
that (D b ,/k) is structurally monotone. □ 



3.4 CORED BOTTOMED ALGEBRAS 



73 



Proposition 3.4.4 implies in particular that the flat extension of (Xb,Pk) as well as 
any fully regular bottomed A-algebra is structurally monotone. 

Besides (Hb,o~k) and (Hb,o^) there is a further core type which should be mentioned. 
If k G K is of type L — >■ (3 with L^0 then let o° K : — > Hp be given by 



\p if b(rj) = \ n for at least one r\ G L , 
b/3 otherwise, 



and note that o£ is monotone. A type f3 G 5 is called a product type if ZTg consists of 
exactly one constructor name k and k is of type L — > (3 with L containing at least 
two elements and (rj) ^ (3 for each r\ G L . (In the signature A in Example 2.2.1, for 
instance, pair is a product type.) Now define a core type (Hb,o' k ) by letting 

/ ( o c K if k is the single constructor for some product type, 
\ o J otherwise. 

Then (Hb, o'k) is a monotone core type which is sometimes used instead of (Hb, o~k) , 
and the reason for perhaps preferring (Hb,o'k) to (Hb,o~k) will now be explained. 
Let (3 G B be a product type with Kp = {k} and with k of type L — >■ /3 . Then by 
Proposition 2.3.2 the mapping p K : — > Xp is a bijection, and in most cases Xp will 
just taken to be X^ (and hence the name product type). For simplicity suppose that 
this has been done. Consider any regular extension (Db,/k) of (Xb,Pk) with core 
Ck , and note that Xp = X^ C C K . Then by Lemma 3.3.1 f K maps C K bijectively 
onto Dp \ {-Lp} and thus, assuming L^ ^ C K , .Dg can be identified with C K U {-L^} . 
Now if (Dbj/k) is (Hb, o^)-cored then C K = dom(/ K ) = , which means that 
Dp = D^ U {-Lp} ■ On the other hand, if (Db,/k) is (Hb, o'kY cored then 

C K = \ {± L } 

and hence Dp = D^ , provided _L L is identified with . A reason for preferring 
(Hb,o' k ) to (Hb,o~k) is thus to obtain a more 'natural' bottomed product in this case. 

Proof of Proposition 3.4-1 It is easily checked that a bottomed A-algebra which is 
isomorphic to a (Hb, o^)-cored bottomed A-algebra is itself (Hb, o^)-cored. Thus by 
Propositions 3.3.4 and 3.4.3 it is enough to show that there exists a minimal regular 
(Hb, o^)-cored extension of (Xb,Pk) ■ 

To establish this start with any initial bottomed extension (Db,/k) of (Xb,Pk) 
(whose existence is guaranteed by Proposition 3.2.7) and let 5b '■ (Db, fx) — > (Hb, <>k) 
be the unique homomorphism with 5p(J-p) = \)p for each f3 G B . For each (3 G B put 

D'p = {ue Dp : 8p(u) = ep(u) } ; 

thus D'p = {u G Dp : 5p(u) = \\p } U {-L^} , and in particular Xp C D'p . For each 
k G if of type L — >• /3 define a mapping : ZJf' Dp by 

//( c ) = / /«(c) if /«(c) G -D^ , 
kV ; \±p otherwise. 

If c G A o L then f K (c) = p K (c) E Xp C D'p and therefore f' K (c) = f K (c) = p K (c) , and 
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thus (Dbj/'k) is a A-algebra which is a bottomed extension of (Xb,Pk) ■ Moreover, 
^(/«(c)) = fy(/*(c)) for all c G whenever k E K is of type L f3 : If f K (c) & D' (i 
then /£(c) = / K (c) and so Sp(f' K (c)) = Sp(f K (c)) = Sp(f K (c)) ; on the other hand, if 
f R (c) <£ D'p then 6p(f R (c)) = \)p and hence 6p(f R (c)) = ep(±p) = ep(f' p (v)) . 

Let Ck be the core of (D B , f' K ) ', then the restriction of f' K to C K is injective for each 

k G K and f' Rl (C Kl ) and f' K2 (C K2 ) are disjoint subsets of .Dg whenever ki, k 2 G if ,3 
with k\ 7^ (since by Lemma 3.3.1 the corresponding statements hold for the family 
Jk if C K is replaced by dom(/ K ) for each k G K). In other words, conditions (1) and 
(2) in Lemma 3.3.1 hold for (D B , f' K ) . Now let (Db^Ik) be the minimal bottomed 
subalgebra of (Db,/^) > so (Dbj/k) is a minimal bottomed extension of (Xb,Pk) ■ 
But if Ck is the core of (D B , fx) then C K C C K for each k G K and hence conditions 
(1) and (2) in Lemma 3.3.1 also hold for {D B iSk) ■ Therefore by Lemma 3.3.1 and 
Proposition 3.2.2 (D B , fx) is regular. 

Note that Db C D' b , since D' B is invariant (in (L>B,f K ) ) and ±p G D'^ for each 
(3 G B , and hence 5/3 (it) = ep(u) for all it G -D/3 , /3 G B . Let « G K be of type 
L ->■ p and c G -Df . Then 

o.(£ L (c)) = o„(tf(c)) = Sp(f K (c)) = ep(f' K (c)) = ep(f K (c)) 

and this implies that (Db^k) is (H B , <>x)-cored, i.e., (Db^k) is a minimal regular 
(Hb, ok) -cored extension of (X b ,Pk) ■ D 



3.5 Monotone bottomed algebras 

We now introduce the second of the two conditions which the bottomed extensions 
will be required to satisfy. This is called monotonicity and, although its definition is 
somewhat technical, it is a simple matter to show (as will be done in Proposition 3.5.2) 
that it is implied by structural monotonicity (as defined in the previous section). Thus 
by Proposition 3.4.4 the flat extension of (Xb,Pk) and any fully regular bottomed 
A-algebra is monotone. 

Let {Db^k) be a bottomed A-algebra. If J is a B-typed set, (Zb,vk) a J-free 
A-algebra and b G then ir B will denote the unique homomorphism from (Zb,tk) 
to {DbiSk) such that ^(rf) = b(n) for all rj G J . (Db^k) is said to be monotone 
if whenever J is a S-typed set and (Zb,tk) is a J-free A-algebra and n^' (z) ^ -Lp 
for some z E Zp then 7Tp(z) ^ -Lp for all b G Dj . Here _L J is the bottom element of 
given by _L J (n) = -L v for each r\ G J . 

A bottomed extension (-D_b, fx) of (Xb,Pk) is now said to be monotone if (-D73, fx) 
is a monotone bottomed A-algebra. 

Monotonicity as defined above is not particularly easy to work with, and so an equivalent 
condition (to be called strong monotonicity) is now presented which turns out to be more 
tractable. 

Let (Db^k) be a bottomed A-algebra, {YbiQk) be any A-algebra and let 7r B be a 
homomorphism from (Yb,Oat) to (D B , Jk) • We call the family Ub C Y b with 

Up = {yeYp: np(y) = -Lp} 

for each (3 G B the kernel of tvb , and then say that tvb is /at bottomed if Yb is the 
only invariant family containing Ub ■ 

Now {DbiSk) is said to be strongly monotone if whenever (Yb,q^) is a A-algebra 
and 7i\b : {YbiQk) — > {Db, fn) a fat bottomed homomorphism then the kernel Ub of 
7tb is maximal in the sense that if ttb '■ {YbiQk) — > (-Db,/x) is any homomorphism 
with kernel U b then Ub C C/b • 

Proposition 3.5.1 A strongly monotone bottomed A-algebra {Db^k) is monotone. 

Proof Let J be a S-typed set and (Zb,tk) a J-free A-algebra; denote the kernel of 

the homomorphism tv b : (Zb^k) —> (Db^Ik) by Ub - Then 7r^ is fat bottomed, 

since Jp = {n E J : (n) = (3} C Up for each (3 G £? , and by Proposition 2.3.7 (Zg, tk) 

is J-minimal. Thus if b G and is the kernel of tt b then Ub C Ub ■ But this 

just means that Tip 1 (z) = -Lp whenever n b p(z) = -Lp , which shows that (Db,Jk) is 
monotone. □ 
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Later it will be seen that the converse of Proposition 3.5.1 holds, i.e., that a monotone 
bottomed A-algebra is also strongly monotone. 

Recall that a bottomed A-algebra (Db, fx) is said to be structurally monotone if 
whenever (Yb,Qk) is a A-algebra and ttb and ix' B are homomorphisms from (Yb^k) 
to (Dbt/k) then the family Y' B given by 

Y£ = {y EY/3 : n'p(y) = J_p whenever irp(y) = ±p } 
for each (3 £ B is invariant in (Yb^k) ■ 

Proposition 3.5.2 If (Db, fx) is structurally monotone then it is strongly monotone 
(and thus also monotone). 

Proof Let (Yb^k) be a A-algebra, let ttb be a fat bottomed and ttb an arbitrary 
homomorphism from {YbiQk) to (Db^k)- Put 

Y£ = {y EY/3 : TTp(y) = Lp whenever irp(y) = ±p } 

for each f3 £ B . Then Y' B is invariant, since (Db,/k) is structurally monotone. But 
if Ub is the kernel of ttb then clearly Ub C Y b , and hence Y B = Y B , since 7t_b is 
fat bottomed. Therefore if is the kernel of n B then Ub C Ub ■ This shows that 
(Db^k) is strongly monotone. □ 

Propositions 3.4.4 and 3.5.2 imply that if (Hb,<>k) is a monotone core type then any 
(Hb, o^)-cored bottomed A-algebra is monotone. In particular, this means the flat 
extension of (Xb,Pk) as well as any fully regular bottomed A-algebra is monotone. 

On the following page two simple examples are presented which show that regularity 
and monotonicity are independent concepts, i.e., they give a regular extension which is 
not monotone and a monotone extension which is not regular. 

We now begin preparing for the proof of the converse of Proposition 3.5.1. The general 
construction involving free algebras given below is also needed several times later. 

In what follows let (Db^/k) be a bottomed A-algebra and {YbiQk) be an arbitrary 
A-algebra. For each (3 £ B let -<p be a relation on the set Dp x Yp , i.e., -<p is just a 
subset of Dp xYp . As usual, however, infix notation will be employed here and u -<p y 
written to mean that (u, y) belongs to the relation -<p . The family of relations -<b is 
said to be compatible if whenever k £ K is of type L — > (3 and a £ Y^ , u £ Dp\{±p} 
are such that u <p q K (a) then there exists c £ D^ with u = f K (c) such that c-<^a , 
i.e., such that c(rj) -< v a(rj) for each rj £ L . 

Let (3 £ B ; then y £ Yp is said to be a base element if the set { u £ Dp : u -<p y} 
contains at most the bottom element -Lp , and the set of base elements of Yp will be 
denoted by Up . A compatible family -< B is now said to be full if Y B is the only 
invariant family containing Ub ■ 

If J is a £?-typed set and (Zb,tk) a J- free A-algebra then for each b £ Y/ let g b B 
denote the unique homomorphism from (Zb,tk) to (Yb, qx) such that Q h (rj) = b(rf) 
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Example 3.5.1 Let (Xg,pj^) be the flat extension of the A-algebra (X B ,p K ) 
from Example 2.2.1 and define A-algebras (Y B: q K ) and (Y B ,q' K ) by letting 

r nat = nu{ J-nat 5 -L° at } with l» a t^NU{l na t}, 
Yp = Xf for all /3 G B \ {nat} , 

qzero, q'zero : 1 ~> ^nat with Qzero(e) = 3 Z ero( £ ) = » 
gSucc : ^nat ->• ^nat with 

{n + 1 if neN, 

J-nat if Tl = _L°at » 

J-nat if W = ±nat , 

^Succ : ^nat -> ^nat with 

, , s Jn + 1 if neN, 

WW " I J-nat if nG{L nat ,L° at }, 

and with q K = l' K = P~t f° r an k £ K \ {Zero, Succ} . 

Then {YbiQk) is clearly a minimal regular extension of (X b ,Pk) ■ However, 
(Y b ,qk) is not monotone. To see this consider a B-typed set J = {n} with 
n of type nat and let (Z b ,tk) beany J- free A-algebra. Moreover, let z be 
the element rg ucc (n) of -Z n at and b G Y^ be such that 6(n) = -L nat . Then 

^natW = ?Succ(&(n)) = QSucc(J-° at ) = _L na t but 

TilktW = 9Succ(J- J (n)) = gsucc(J-nat) = KaX ^ J-nat • 

On the other hand, (Y B ,q' K ) is a minimal extension of (X b ,Pk) which is not 
regular, since Qs ucc (L n at) = Qsucc^nat) = J-nat + J-nat • However, the 
reader is left to show that (Y B , q' K ) is monotone. (This will later follow more 
easily from Proposition 4.1.6.) 



for each rj G L . Moreover, u J B will denote the unique homomorphism from (Z b ,tk) 
to (D B , fx) such that oj^(rf) = 1^ for each r\ G L . (Thus, with the notation employed 

above, u B = ix B .) 

Proposition 3.5.3 Suppose -< B is a full compatible family. Then for each y G Yp 
and each u G Dp with u -<p y there exists a finite B-typed set J , a J -free A-algebra 
(Z b ,tk) , smd elements z G Zp and b G Y/ such that Q b p(z) = y and 0Jp(z) = u . 

Proof For each /3 G B let Yp be the set of those elements y G Yp for which the 
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above statement holds (i.e., those y G Yp such that if u E Z)g with it -<p y then there 
exists a finite 5-typed set J , a J-free A-algebra (Zb,tk) , and elements zG^ and 
b E Y/ such that g b p{z) = y and uj j {z) = u). The aim is thus to show that Yg = Yb ■ 

A basic remark: For each y G Yg there always exists a finite S-typed set J , a J-free 
A-algebra (Zb,vk) and elements z E Zp and 6 G Y o J such that g b p(z) = y and 
u)i(z) = _L/3 . In fact, just let J = {??} with 77 of type (3 , let (Zb^k) be any J-free 
A-algebra, let b G Y o J be the assignment given by b(rj) = y and take z = rj . 

From the basic remark it immediately follows that Ub C Y b and thus, since the family 
-<b is full, it is enough to show that the family Y' B is invariant in (Yb, qx) ■ 

It will be shown first that if k G K is of type — > (3 then q K (e) G Y^ . Thus consider 
it G -D/3 with it -<p 9« (e) ; then either u = f K (e) or it = ±0 (since the family -<b is 
compatible) and the latter is dealt with by the basic remark. But if u = f K (s) then take 
any finite S-typed set J , any J-free A-algebra (Zb,tk) , any assignment b G Y/ and 
put z = r K {e) ; then g b p {z) = g b p(r K (e)) = q K (e) and uj{z) = uj(r K (e)) = f K (e) = u . 

Now let k G K be of type L ->■ /3 with L/0 and let a G (Y ') L . The task on hand 
is to show that (/ K (a) G Y^ and so, again making use of the basic remark, it is only 
necessary to consider it G Dp\{±p} with u -<p q K {o) • In this case (since the family -<b 
is compatible) there exists c G with u = f K (c) such that c<^a. Then a(rj) G Y' 
and c(rj) -< v a(rj) for each rj G L , and hence there exists a finite S-typed set J^ , a 
J^-free A-algebra (Z B ,r^) and elements ^ G Z^ and 6^ G Y o J,) with g^ 71 (z v ) = a(rj) 

and w^^) = 0(77) . Moreover, the sets J v , 77 G L , can be arranged to be disjoint 
(by introducing duplicate variables if necessary). Put J = U veL J v , considered as a 

S-typed set in the obvious way and choose any J-free A-algebra (Zg, tk) ; let b G Y/ 
be the sum of the assignments 6^ , r\ G L , i.e., 6 is given by &(£) = &,,(£) for each 
£, E J v , 1] E L . At this point the following somewhat technical fact is needed: 

Lemma 3.5.1 There exists an assignment d G Z^ such that g b (d(rj)) = g^J 1 (z v ) 
and ojJ{d{rj)) = u^ v (z v ) for each rj G L . 

Proof For each rj G L let X B : (Z B ,r]^) — > {Zb.tk) be the unique homomorphism 
such that A|(£) = £ for each £ E J v (i.e., the homomorphism corresponding to the 

assignment i v G Z J *> given by = £ for each ^ E J v ). Define d G Z<p by putting 

^(77) = X^(z v ) for each rj E L . Then it is easily checked (using the uniqueness in the 

definition of g b B ) that g b B = g b B \ B , and hence that Q^(d(r])) = g^ (z v ) for each 

r/ E L . In the same way u J B = u J B \ B , thus u>^(d(rj)) = (z v ) for each rj E L . □ 

Let d E Z^ be the assignment in Lemma 3.5.1. Then g b (d(r])) = (z v ) = a(rj) 
and ujJ(d(rj)) = ui^ v (z v ) = c(rj) for each rj E L ; in other words, (gl) L (d) = a and 
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(ujJ) L (d) = c . Now put z = r K {d) ; then 

g b p(z) = Q b p {rM) = QM) L (d)) = qn(a) 

and in the same way u)p(z) = f K {c) = u , i.e., q K (a) G Yp . This shows that the family 
Y' B is invariant in (Y B , q K ) , which completes the proof of Proposition 3.5.3. □ 

The following corollary of Proposition 3.5.3 will be needed in Section 4.1: 

Proposition 3.5.4 Suppose -<b is a full compatible family. Let k G K be of type 
L — >■ (3 and let c G , a G Y L with c~<^a . Then there exists a finite B-typed set J , 
a J-free A-algebra (Zb,tk) , and elements z G Zp , b G D J such that f R (c) = ujp(z) 
and q K {o) = Qp(z) . 

Proof The case L = was already dealt with in the proof of Proposition 3.5.3, and 
so it can be assumed that L ^ 0. Then c{rj) -< v a{rf) for each rj G L and hence by 
Proposition 3.5.3 there exists a finite S-typed set J v , a J^-free A-algebra (Z^,r^) , 

and elements z v G Z^j and b v G with u>^(z v ) = c(rj) and Qr?(z v ) = a(rj) . The 
proof is now exactly the same as in the proof of Proposition 3.5.3: Again it can be 
supposed that the sets J v , rj G L , are disjoint, put J = {J veL J v , let (Zb, tk) be any 
J-free A-algebra and b G be the sum of the assignments b v , rj G L . Moreover, 
take the same assignment d G Z^ given by Lemma 3.5.1 and put z = r K (d) , and as 
before it follows that f K (c) = ujp(z) and q K (a) = Q b p(z) . □ 

The next result is a special case of Proposition 3.5.3 and is the key to proving the 
converse of Proposition 3.5.1. 

Lemma 3.5.2 Let n B and n B be homomorphisms from (Y B ,qK) to (Db^k) with 
ttb fat bottomed. Then for each y G Yp there exists a finite B-typed set J , a J-free 
A-algebra (Zb,tk) , and elements z G Zp and b G D J such that np(y) = ^p(z) and 

Proof For each f3 G B define a relation -<p on Dp x Yp by stipulating that u <p y 
if and only if u = TTp(y) ■ Consider k G K of type L — > f3 and let a G Y" L , u G Dp 
be such that u <p q K (a) . Then u = 7Tp(q K (a)) = f K (c) with c = ^(a) , and so 
c(rj) = ft n {a{rj)) for each rj G L , i.e., c-<^a , which means the family of relations -<s is 
compatible. Moreover, y EYp is a base element if and only if np(y) = J-p , and hence 

the set of base elements of Yp is just Up , where Ub is the kernel of ttb ■ This implies 
that -<b is full, since ttb is fat bottomed. Let y G Yp ; then by Proposition 3.5.3 there 
exists a finite S-typed set J, a J-free A-algebra (Zb,tk) , and elements z & Zp and 

V G y/ such that Qp(z) = y and ^p\z) = u>p(z) = np(y) . Now let b G D J be the 

assignment given by b{rf) = 7r r? (6 / (?7)) for each rj G L . Then clearly ix b B = ttb Q b B , and 

therefore n b p(z) = np(g b p(z)) = np(y) . □ 

Proposition 3.5.5 A monotone bottomed A-algebra (Db,/k) is strongly monotone. 
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Proof This follows immediately from Lemma 3.5.2. □ 

The proof of Proposition 3.5.5 shows that in the definition of being monotone it would 
not change anything if the S-typed sets were restricted to being finite. 

Proposition 3.5.6 A bottomed A-algebra possessing a monotone extension is itself 
monotone. 

Proof Note that if n B : (Yb^k) — > (Db^k) is a homomorphism and (D' B , f' K ) is 
an extension of {Db^k) , and if tvb , considered as a homomorphism from {YbiQk) 
to (D' B ,f' K ) , is denoted by n' B then n' B and txb have the same kernel (and so in 
particular tv' b is fat bottomed if and only if tvb is). The result thus follows from the 
equivalence of monotonicity and strong monotonicity. □ 



3.6 Notes 

The form of the basic data objects (i.e., given by the family of sets in an initial algebra) 
corresponds to that occurring in the functional programming languages this study is 
trying to explain. It could be objected that what is also required are data types obtained 
through equivalence relations defined on initial algebras. For example, this is necessary 
in order to implement the rational numbers. However, the implementation of such data 
types has been left to the user, who must make do with data types without equivalence 
relations and then check that all the functions he or she defines actually respect the 
equivalence relation specifying the intended data type. 

The concept of a bottomed extension has been introduced to give a framework which 
covers both 'lazy' and 'eager' programming languages (and also everything between 
these two extremes). The condition of regularity is exactly what is needed for the 'case' 
operators to make sense. 

David Turner's language Miranda (see Turner (1985)) uses the monotone core type 
(Hb,o' k ) introduced in Section 3.4, whereas Haskell and most other 'lazy' languages 
use (Hbi<>~k) ■ The expression fat bottomed occurring in the definition of monotonicity 
is taken of course from Queen (1978). 



Chapter 4 Completion of bottomed extensions 



In Chapter 3 a framework was introduced for specifying data objects. This involved 
starting with a ground signature A (whose choice depends on the application at hand) 
and then fixing an initial A-algebra (Xb,Px) to describe the basic data objects. A 
bottomed extension (Db, fx) of (Xb, fx) was then chosen in order to specify which 
'undefined' and 'partially defined' data objects are to be allowed. From now on it will 
always be assumed that (Db, fx) is monotone and regular (for reasons which should 
become more apparent in the present and the following chapter). 

Now it is often convenient, and even necessary, to also consider 'infinite' data objects. 
Such an object can be thought of as representing the limit of some infinite process (for 
example, a process which produces a new data element at each step), and so they will 
be typically involved in the description of calculations which continue to produce new 
data without ever terminating. Moreover, there are also purely mathematical reasons 
for including a 'correct' set of limiting objects, since this results in a set-up which is 
easier to deal with (in the same way that real analysis, i.e., analysis done over the real 
numbers R , is usually much simpler than rational analysis, i.e., analysis done over the 
rational numbers Q ) . 

The 'infinite' data objects which will occur in this study are described with the help of 
complete posets (i.e., complete partially ordered sets); these are studied in Section 4.2. 
The complete posets which will be used arise as initial (or ideal) completions, and so in 
Section 4.3 it is shown how to construct the initial completion of a arbitrary poset. 

Recall that a partially ordered set (or poset) is a pair (Y, □) consisting of a non-empty 
set Y and a partial order C on Y , i.e., C is a binary relation □ on Y satisfying: 

(1) V E V for all y G Y . 

(2) If yi C y 2 and y 2 C yi then y x = y 2 . 

(3) If yi C yi and y 2 C 2/3 then y 1 C y 3 . 

(In other words, the relation □ is reflexive, anti-symmetric and transitive.) It is usual, 
however, to just write Y instead of (Y, □) and to assume C can be determined from 
the context. 

How posets come into the picture at all is explained in Section 4.1. There it is shown 
that if (Ds,fx) is a regular bottomed A-algebra then for each f3 G B there exists 
a partial order C.p on the set Dp such that u ^p u' can be sensibly interpreted as 
meaning that u is 'less-defined' than u' . More precisely, a family of partial orders 
is said to be an ordering associated with (Db, fx) if the following two conditions hold: 

(1) Dp is a bottomed poset with bottom element -Lp , i.e., with ±p C.p u for each 
ue Dp . 

(2) If k, k' G Kp and c G C K , c' G C K > then f K (c) C.p f K '(c') if and only if k = k' 
and c C K c' . 
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Here Ck is the core of (Db, fx) and C K is the appropriate 'product' partial order on 
dom(/ K ) . (More precisely, if k is of type L — >■ (3 then C. K is just the partial order □f' 
on Df' .) In Proposition 4.1.2 it is shown that there exists an ordering associated with 
(Db, fx) • Moreover, if (Db-, fx) is also minimal then it turns out that this associated 
ordering is unique. 

An associated ordering \Z B is said to be monotone if the mappings f K , k E K , are 
monotone with respect to , i-e., if k E K is of type L — > (3 and c, c' E D^ with 
c c' then / K (c) fn(c') ■ Now, although it might be expected that an associated 
ordering is automatically monotone, this is not the case. However, Proposition 4.1.5 
states that if (Db,Jk) is a minimal monotone regular bottomed A-algebra then the 
(unique) associated ordering \Z B is monotone. 

The results of Sections 4.2 and 4.3 are applied in Section 4.4, where the initial completion 
of a A-algebra is defined. More precisely, if (Y B , qx) is a monotone regular extension 
of (Xb,Pk) and is an associated ordering which is monotone then Yg is regarded 
as a poset with the partial order C.p for each (3 E B . The initial completion of 
{Ybi Qk) is then a A-algebra (Db^k) in which Dp is an initial completion of the 
poset Yp for each f3 E B and such that f K is the unique continuous extension of q K 
for each k E K . Proposition 4.3.2 states that an initial completion (Db^Jk) exists, 
and Proposition 4.4.1 implies it is, in the appropriate sense, unique. Moreover, by 
Proposition 4.4.2 (Db-,Jk) is then a monotone regular extension of (Xb,Pk) , and 
the partial orders occurring in the completion constitute an ordering associated with 
(Db, fx) which is monotone. 

The results of this chapter can be applied to give the following 'canonical' procedure 
for obtaining a complete bottomed extension (Db, fx) of (Xb,Pk) '■ 

1. Start by choosing a minimal monotone regular extension (Yb, qx) of (Xb,Pk) '■ 
Proposition 3.3.4 implies that such an extension is essentially uniquely determined 
by its trace. 

2. By Proposition 4.1.2 there is then a unique ordering \Z B associated with (Y B , qx) , 
which by Proposition 4.1.5 is monotone. 

3. Next let (Db^k) be an initial completion of (Yb^k) '■ The existence of such a 
completion is guaranteed by Proposition 4.3.2, and Proposition 4.4.1 implies that is 
is essentially unique. 

4. By Proposition 4.4.2 (D B , Jk) is then a monotone regular extension of (X b ,Pk) ■ 
Moreover, it follows that (Db, fx) has the same trace as (Yb, qx) , which implies 
that (Db, fx) is essentially uniquely determined by this trace. 



4.1 Associated order ings for regular extensions 



In this section it is shown that if (Db,/k) is a regular bottomed A-algebra then for 
each (3 G B there exists a partial order C.p on the set Dp such that -u u' can be 
sensibly interpreted as meaning that u is 'less-defined' than u' . Moreover, if (Db, fx) 
is also minimal then it turns out that this family C B of partial orders is unique. 

First some notation and conventions concerning partial orders must be fixed. As already 
mentioned, if (Y, □) is a poset then it is usual to just write Y instead of (Y, □) and 
to assume that C can be determined from the context. Something like T is a poset 
with partial order □ ' or ' C is the partial order on Y ' can be employed when it is 
necessary to refer to the partial order explicitly. It is useful to consider the set I as a 
poset (naturally with respect to the unique partial order on I ) . 

Let Y be a poset with partial order □ ; then there can be at most one element _Ly G Y 
with _Ly □ y for all y G Y . If such an element _Ly exists then Y is said to 
be a bottomed poset with bottom element _Ly . A bottomed poset Y will always be 
considered as a bottomed set with _Ly as its bottom element. 

Let { (Dp, C^) : /3 G -B } be a family of posets and let I be a S-typed set. Then D[ 
is considered as a poset with the partial order defined by stipulating that c c' 
if and only if c(//) Z^ c'(rj) for each 77 e J . If k £ X is of type L — >■ /3 then it is 
convenient to allow jZ K as an alternative notation for the partial order on . 

Note that if D$ is a family of bottomed posets then the poset is also bottomed, 
with the bottom element of the poset D[ equal to the bottom element of the bottomed 
set Dl (as defined in Section 3.2). 

Let (Db, fx) be a bottomed A-algebra with core Ck (so 

C K = { c G dom(/ K ) : f K (c) ^ ±p } 

for each k G Kp ). For each (3 G B let be a partial order on the set Dp . Then 
the family of partial orders will be called an ordering associated with (Dsifx) 
(or just an associated ordering) if the following two conditions hold: 

(1) Dp is a bottomed poset with bottom element J-p . 

(2) If k, k' G Kp and c G C K , c' G C K i then / K (c) f K >(c') if and only if k = k' 
and c C K c' . 

The definition of an ordering associated with (Db, fx) is chosen to be compatible with 
the interpretation mentioned above: If u, u' G Dp then u C.p u' should be thought of 
as meaning that u is 'less-defined' than u' . 

Proposition 4.1.2 states that there exists a unique ordering associated with each minimal 
regular bottomed A-algebra. In the simple case where (Db,/k) is the flat extension 
of (Xb,Pk) it can be seen directly that the unique associated ordering is obtained 
by letting u C.p u' if and only if u G {_!_£, -u'} . For the initial extension (X^,p^) 
introduced in in Example 3.2.2 the unique associated ordering is given in Example 4.1.1 
below. 
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Example 4. 1.1 It is straightforward to check that the following defines an (and 
thus the) ordering \Z B associated with the initial extension (Xg,p^) of the 
A-algebra (Xb,Pk) introduced in Example 3.2.2. 

If 6, b' E -^booi w tth b 7^ b' then b C bool b' if and only if b = J-booi ■ 

Let n6N and x E X^ &t . Then x C nat n if and only if either x = n or 
x = m 1 - for some m < n . Moreover, x C nat n 1 - if and only if x = m 1 - 
for some m < n . 

If n, n' E Xj nt with n 7^ n' then n C int n' if and only if n = J_i n t • 

If p, p' E Xj^ ir with 7^ ±p a i r then E pa ir V if and only if p' = (x', y') 
and p = (x, with x' C int x and j/' C int y . 

Let £ = x x ■■■ x n E (XJ nt )* and z' E X^ ist . Then z' Q list i if 
and only if either z' = x[ ■ ■ ■ x' n with x', C int xj for j = 1, n or 

z' = (x[ ■ ■ ■ x' m ) with m < n and x'j C int for j = 1, . . . , m . 
Moreover, z' j^iist if and only if z' = (x[ ■ ■ ■ x^) 1 - with m < n and 
x'j Eint £j for j = 1, . . . , m . 

(Recall here that 

X^ ool =B ± = {T,F,± M }, 

X n T at = N U bot (N) With X = L n at , 

X int = Z U {-Lint} , ^air = ( X int) 2 U {-Lpair} , 

*list = Wnt)* U bot (Wnt)*) with e 1 - = J_ liBt .) 



Before coming to Proposition 4.1.2 it will be shown that the converse is essentially true. 

Proposition 4.1.1 Let (Db^k) be a bottomed A-algebra with core Ck for which 
there exists an associated ordering \Z B . Then: 

(1 ) The restriction of f K to C K is injective for each k E K . 

(2) If /3 E B and ^1,^2 E Kp with K\ 7^ K2 then f Kl {C Kl ) and f K2 (C K2 ) are 
disjoint subsets of Dp . 

In particular, any minimal bottomed A-algebra possessing an associated ordering is 
regular. 

Proof Let k E Kp and c, c' E C K with f K (c) = f K (c') . Then f K (c) \Zp f K (c') and 
hence c C K c' ; in the same way c' C K c . Thus c = d , which shows the restriction of f K 
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to C K is injective. Next consider Ki, k 2 6 Kp and let u G f Kl (C Kl )nf K2 (C K2 ) ; choose 
ci G C Kl , c 2 G C K2 with / Kl (ci) = u = / K2 (c 2 ) • Then / M (ci) / K2 (c 2 ) , which 
is only possible if ki = k 2 • Therefore if «i 7^ k 2 then f Kl (C Kl ) and /k 2 (Ck 2 ) are 
disjoint subsets of Z)g . The final statement now follows directly from Proposition 3.2.2 
and Lemma 3.3.1. □ 

Proposition 4.1.2 Let (Db^k) be a regular bottomed A-algebra. Then there exists 
an ordering associated with (Db, fx) ■ Moreover, if in addition (Db, fx) is minimal 
then this associated ordering is unique. 

Proof In order to show the existence of an associated ordering it is useful to first 
introduce a somewhat weaker concept. If ^p is a partial order on the set Dp for each 
13 G B then the family C B will be called a weak ordering if the following hold: 

(1) Lp Qp u for each u G Dp . 

(2) If k' G Kp and c G C K , c' G C K ' with f K (c) C.p f K '(c') then k = k' and 
c ^ K c' . 

For each (3 G B let be a partial order on Dp . Then (making use of Lemma 3.3.1) 
a binary relation Q'p can be defined on Dp for each (3 G B as follows: 

(1) .1,3 u for each w G Dp . 

(2) u Lp holds (if and) only if u = ±p . 

(3) If k' G and c G C K , c' G C K ' then / K (c) /k'(c') if and only if k = k' 
and c C K c' . 

Lemma 4.1.1 The relation C.'^ is a partial order for each (3 G B . 

Proof It is clear that is reflexive. To show that is anti-symmetric consider 
tti, w 2 G with -ui -u 2 and w 2 Wi . If ±p G {tti,w 2 } then u\ = tt 2 (= .l/j) 
by (2). Thus suppose that iti, w 2 G -D/5 \ {-L^} . Then by (3) and Lemma 3.3.1 there 
exists k G Kp and ci, c 2 G C K such that -ui = / K (ci) , w 2 = / K (c 2 ) , ci C K c 2 and 
c 2 ^ K ci . Hence c\ = c 2 and so u\ = f K (ci) = / K (c 2 ) = -u 2 . A similar argument 
shows that is transitive. □ 

Lemma 4.1.2 Suppose C B is a weak ordering. Then C.' B is also a weak ordering 
and u\ ^'p 112 whenever u\ C.p w 2 . 

Proof It will be shown first that if ui, -u 2 G Dp with u\ C.p -u 2 then u\ w 2 . 
Now since T^ C.'p -u 2 holds trivially it can be assumed here that u± 7^ -Lp . Then 
tti, 112 G -D/3 \ {J-/?} , and hence by Lemma 3.3.1 and the definition of a weak ordering 
there exists k G -ftTg and ci, c 2 G C K such that ui = f K (c\) , -u 2 = / K (c 2 ) and 
ci ^ K c 2 . But then -ui = f K (c\) ^ / K (c 2 ) = w 2 holds by the definition of ^ . 
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It remains to show that C^ is a weak ordering. Thus consider k, k' G Kp and c£C K , 
c' G C K i with f K (c) CJg f K '(c') . Then (by the definition of Co ) k = k' and c C K c' , 
and by the first part of the proof c C.' K c' . This implies that C^ is a weak ordering 
(since by definition Lp C^ u holds for each u G -D/3 ). □ 

If C B is a weak ordering then \Z' B will be called the first refinement of C^ . Let C° 
be the 'trivial' partial order on Dp defined so that u\ C° u 2 if and only if ui is either 
-Lp or v>2 ■ Then Cg is clearly a weak ordering, and thus by Lemma 4.1.2 a sequence 
of weak orderings C^ , m > , can be defined by letting C^ +1 be the first refinement 
of C^ for each m > . Now define a partial order C^ on for each (3 G -B by 
stipulating that tti C^ *u 2 if and only if u\ C™ for some (and thus for all sufficiently 
large) m > . It is easy to see that C B is a weak ordering. 

In fact C B is an associated ordering: Let k G K be of type L — > f3 and let c, c' G C K 
with c C K c' . Then c{rj) C^ c'(?y) for each n G L , and so for each 77 there exists 
m,, > such that c(rf) C™^ c'{rj) . Put m = max{ : ry G L } ; then c(r/) C™ c'(ry) 
for each 77 , and this means that c C™ c'. Hence /«(c) C™ +1 / K (c') by the definition 
of C™ +1 , and therefore f K (c) ^p f K (c') . 

The uniqueness in the case when (Db, fx) is minimal still has to be considered. Thus 
let C_b and C' B be two orderings associated with (Db,/k) and for each u G Dp 
define Lp(u) = {u' G D/3 : it' C^ -u } and L'p(u) = {u' G : it' C^ u } ; put 
-D^ = {w G -D/3 : L'p(u) = Lp(u)}. Then ±p G for each (3 e B and it is 
straightforward to check that the family D' B is invariant. Hence if (Db,Jk) is minimal 
then D' B = Db , i.e., C^ = \Z B . □ 

Proposition 4.1.3 Let (Db^k) be a regular bottomed extension of (Xb,Pk) and 
C73 be an ordering associated with (D B , fx) ', let /3 G B . 

(1) Each element of Xp is a maximal element of the poset Dp , i.e., if x G Xp and 
u G Dp with x C.p u then u = x . 

(2) For each x G Xp the set { u G Dp : u Qp x } is finite. 

Proof (1) For each /3 G B let Xp denote the set of elements in Xp which are maximal. 
Then the family X' B is clearly invariant in (Xb,Pk) , and thus X' B = Xb , i.e., each 
element of Xp is a maximal element of Dp . 

(2) For each (3 G B let Xp denote the set of those elements x G Xp for which the set 
{ u G : u C^ x } is finite. Then it is easily checked that the family X' B is invariant 
in (Xb,Pk) , and thus X' B = Xb , i.e., the set { u G Dp : u Cg x } is finite for each 

If (-Ds, /at) is a minimal regular extension of (Xb,Pk) then by Proposition 4.1.2 there 
exists a unique ordering C B associated with (-D73, fx) ', thus in this case it makes sense 
to speak of the associated ordering. Recall the assumption made in Section 3.1 that the 
signature A is pervasive, from which it follows that Xp 7^ for each /3 G B . 
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Proposition 4.1.4 Let (Db,/k) be a minimal regular extension of (Xb,Pk) and 
C B be the associated ordering; let f3 G B . 

(1 ) For each u G Dp there exists x G Xp with u Qp x (and note here the fact that 
Xp 7^ is needed). 

(2) For each u G Dp the set { u' G Dp : u' Qp u} is finite. 

In particular, (1 ) and Proposition 4.1.3 (1) imply that Xp is exactly the set of maximal 
elements of the poset Dp . 

Proof (1) For each (3 G B let D'^ = {u G Dp : u Qp x for some x G Xp } . Then 
it easily checked that the family D' B is invariant in (D B ,f K ) and -Lp G D'^ for each 
(3 G B . (Note that -Lp G D^ is equivalent to having Xp ^ .) Hence D' B = Db ■ 

(2) This also follows by considering an appropriate invariant family. □ 

If Y\ and Y2 are posets then a mapping h : Y\ — > Y2 is said to be monotone if 
h{y) ^2 Ml/) f° r an Vi v' £ ^1 with y Ci ?/ (where is the partial order on 
Yj for j = 1, 2 ). Let (Db, fx) be a regular bottomed A-algebra and C B be an 
associated ordering. Then \Z B is said to be monotone if the mappings f K , k E K , are 
monotone with respect to , i.e., if k G -ftTg and c, d G dom(/ K ) with c C K c' then 
/.(c) C/» f K {d) . 

Now it might be expected that an associated ordering \Z B is automatically monotone. 
But, as Example 4.1.2 below shows, this is not true in general, even if (Db,$k) is a 
minimal regular bottomed A-algebra and is the (unique) associated ordering. 

However, it will now be shown that if (Db, fx) is a minimal monotone regular bottomed 
A-algebra then the associated ordering C B is monotone. 

Proposition 4.1.5 Let (D B ,fK) be a minimal monotone regular bottomed A-algebra 
with (unique) associated ordering \Z B . Then \Z B is monotone. 

Proof The family of relations is compatible (as defined in Section 3.5): Let k G K 
be of type L — > f3 and consider a G , u G Dp \ {-L^} with u ^p f K (a) . Then u 
has a unique representation of the form f K >(c) (since u -Lp and (Db,$k) is regular) 
and hence k' = k and c a (since C B is an associated ordering). Moreover, C. B is 
full: This follows from the fact that -Lp is a base element of Dp for each (3 G B and 
because (Db, fx) is minimal. 

Let k G K be of type L — >■ (3 and let c, a G -Df with c □f' a , and since the task at 
hand is to show that f K (c) C.p f K (a) it can clearly be assumed that f K (c) 7^ -Lp . Now 
by Proposition 3.5.4 there exists a finite S-typed set J , a J-free A-algebra (Zb, tk) , 

and elements z G Zp , b G -D/ such that / K (c) = 7r^ (z) and f K (a) = ^ b p(z) . But 

(Db, fx) is monotone and ' (z) = f K (c) 7^ -Lp ; hence / K (a) = 7r^(z) 7^ -L^ , and so 
by the definition of an associated ordering it follows that f K (c) Qp fn(o) ■ □ 

The following result can be considered as a converse to Proposition 4.1.5. 
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Example 4-1-2 Let A and (Xb,Pk) be as in Example 2.2.1 and let (Yb^k) 
be the A-algebra defined (as in Example 3.5.1) by 

r nat = nu{ J-nat , J- na t 

} With i_° at ^NU{Tnat}, 

Yp = Xf for all (3 £ B \ {nat} , 

<?Zero : I -> Ynat with QZero(e) = , 
<?Succ : ^nat ->■ *nat with 

{n + 1 if n e N , 

J-nat if W = T nat , 

J-nat if W = J-nat , 

and with g K = p;jr for all k G K \ {Zero, Succ} , 

where (X B ,pj^) is the flat extension of the A-algebra (Xb,Pk) • Then 
(Yb-, Qk) is clearly a minimal regular extension of (Xb,Pk) , and so let C B 
be the ordering associated with {YbiQk) • However, gsucc is not monotone, 

Since _L nat C nat J- nat but QSucc(J-nat) = J- nat and ?Succ(J-° at ) = J-nat . 



Proposition 4.1.6 Let (D B ,f K ) be a bottomed A-algebra and for each (3 G B let 
C./3 be a partial order on the set Dp such that -Lp C.p u for all u G Dp . Suppose 
that the mappings f K , k G K , are monotone with respect to the family , i.e., if 
k G Kp and c, d G dom(/ K ) with c C K d then f K (c) Qp f K (d) . Then (D B ,fK) is 
monotone. 

Proof By Proposition 3.5.1 it is enough to show that {DbiSk) is strongly monotone. 
Let {Ybi<Ik) be a A-algebra, let tt b be a fat bottomed and and tv b be an arbitrary 
homomorphism from {YbiQk) to (Db,/k)- For each (3 G B put 

Y' p = {yeYp : np(y) Qp np(y)} . 

If k G K is of type 0^/3 then q K (e) G Y' p , because np(q K (s)) = f K (e) = irp(q K (e)) . 

Next consider k G K of type L — > f3 with L ^ and let c G Y" L be such that 
0(77) G for each rj E L . Then rrf (c) C K Trf'(c) and thus 

^(?«(c)) = f K {^{c)) / k (tt l (c)) = ^(^(c)) , 
i.e., (? K (c) G Y"^ . This shows the family Y' B is invariant in (Y B , qx) ■ 

Let U B (resp. L/b ) be the kernel of n B (resp. the kernel of ttb )• If y E Up then 

7T/3(y) = J-/3 E/3 ^p{y) ? an d hence C/g C Y"g . Thus Y B = Y B , since 715 is fat 
bottomed. In particular, if y G C/g then it follows that TTp(y) Qp np{y) = -Lp , i-e., 
y E Up . Therefore U B C U B , i.e., (D B ,f K ) is strongly monotone. □ 



4.2 Complete partially ordered sets 



Let Y\ and Y 2 be posets and h : Y\ — >■ Y2 a mapping; as before h is monotone if 
My) ^2 ^(y') for au y 5 y' € ^1 with y Ci j/' (where is the partial order on Y, for 
j = 1, 2 ). The mapping h is said to be an embedding if fo(y) C 2 My') holds if and 
only if yQ\y'. An embedding is, in particular, monotone and it is also automatically 
injective. 

A bijective mapping h : Y"i — > Y 2 is called an order isomorphism if h and the inverse 
mapping h~ : Y2 — > Y\ are both monotone. Thus a mapping is an order isomorphism 
if and only if it is a surjective embedding. (Note that if h : Y\ — > Y 2 is a monotone 
mapping which is a bijection then the inverse mapping h~ x : Y2 — > Yl is not necessarily 
monotone.) The posets Y\ and Y2 are said to be isomorphic if there exists an order 
isomorphism h : Yl — > Y2 . 

Lemma 4.2.1 If Yi, Y2, Y3 are posets and f : Y\ — > Y2 and g : Y2 — > Y3 are 
monotone mappings then the composition g f : Y\ — > Y3 is also monotone. 

Proof This is clear. □ 

Let Y$ be a family of posets (with C. a the partial order on Y a for each a G S) and 
let L be an S- typed set. Recall then that Y" L is considered as a poset with the partial 
order defined by stipulating that c c' if and only if c(rj) ^ v c'{rj) for each 
n e I . 

Lemma 4.2.2 For each n E L the projection mapping : Y L — > 1^ defined hy 
p^(c) = c(^) for each c G Y L is monotorie. 

Proof This is also clear. □ 

Lemma 4.2.3 A mapping h : Y — >■ y o L from a poset Y to the poset Y L is monotone 
if and only if for each r\ G L the mapping h from Y to Y v is monotone. 

Proof Straightforward. □ 

If Y\ and Y 2 are posets then the set of all monotone mappings from Yi to Y 2 will be 
denoted by (Yi — > Y 2 ) . Note that the set (Yi — > Y 2 ) is non-empty, since the constant 
mappings are clearly monotone. 

A partial order C on the set (Yi — > Y 2 ) can be defined by stipulating that h C. h' if 
and only if h(y) C 2 h'(y) for all y G Yi (where C 2 is the partial order on Y 2 ), and 
if (Yl — )• Y 2 ) is considered as a poset then it will always be with respect to this partial 
order. Note that if Y 2 is a bottomed poset with bottom element _L 2 then (Yi — > Y 2 ) is 
also a bottomed poset: The bottom element _L of (Yi — > Y 2 ) is the constant mapping 
with -L(y) = _L 2 for all y G Yi . 

In what follows let Yi , Y 2 and Y be posets. 
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Lemma 4.2.4 The application operator a : (Y"i — > Y 2 ) x Y\ — >■ Y 2 given by 

a(ft,y) = h(y) 
for all ft G (Yl — >■ Y 2 ) , 2/ G Yi , is monotone. 

Proof This is clear. □ 

Now consider a monotone mapping ft : Y\ x Y 2 — >■ Y ; then the mapping y 2 h-> ft(z/i, 1/2) 
from Y 2 to Y is monotone for each j/i G Yi , and so a mapping c(ft) : Yl — > (Y 2 — >■ Y) 
can be defined by letting 

c(ft) (2/1) (2/2) = h(y 1 ,y 2 ) 

for each j/i G Y. , y 2 G Y 2 . Moreover, it is easy to see that the mapping c(ft) is also 
monotone, which means that the so-called currying operator can be defined; this is the 
mapping c : (Yi x Y 2 ->■ Y) ->■ (Yi ->■ (Y 2 ->■ Y)) given by 

c(h,yi) (y 2 ) = h(yi,y 2 ) 
for all he(Y 1 xY 2 ^Y), yi eY x , y 2 eY 2 . 

Lemma 4.2.5 The currying operator c is an order isomorphism whose inverse is the 
uncurrying operator u : (Yl — > (Y 2 — > Y)) — > (Yi x Y 2 — )■ Y) defined by 

u(g) (2/1,1/2) = #(2/1) (2/2) 

for all g G (Yi — > (Y 2 ^ Y)) , ( yi ,y 2 ) G Y x Y 2 . 
Proof This is straightforward. □ 

We now define what it means for a poset to be complete and what it means for a 
monotone mapping between complete posets to be continuous. We then show that the 
above results hold for complete posets with 'monotone' replaced by 'continuous'. 

Let Y be a poset with partial order C and let A be a non-empty subset of Y . An 
element y G Y is called an upper bound of A if y' C y for all G A ; zy is called 
the least upper bound of A if zy is an upper bound of A and y C y' for each upper 
bound 1/' of A. (It is clear that there can be at most one element 2/ G Y having these 
properties.) If the least upper bound of A exists then it will be denoted by |J A . 

A subset A of a poset Y is said to be directed if it is non-empty and for each y\ , y 2 G A 
there exists y <E A such that y± Q y and y 2 Q y . The set of directed subsets of Y 
will be denoted by d(Y) . If ft : Yi — > Y 2 is monotone then clearly h(A) G d(Y 2 ) for 
each A G d(Yi) . 

A poset D is said to be complete if the least upper bound |J A of A exists for each 
A G d(D) . If Di and _D 2 are complete posets then a mapping ft : Di — > D 2 is said 
to be continuous if ft is monotone and ft(|J A) = |J h(A) for each A G d(Di) . Note 
that if ft : D\ — > D 2 is monotone then |J h(A) |Z 2 ft(|_|A) always holds (with C 2 
the partial order on D 2 ) . Thus a monotone mapping ft is continuous if and only if 
HU A) ^ 2 U H A ) for each A G d(Di) . 
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Proposition 4.2.1 If Di , D 2 and D% are complete posets and f : D\ — > D 2 and 

g : D 2 — >• -D3 are continuous then the composition g f : Di — > D 3 is also continuous. 

Proof This is clear. □ 

Proposition 4.2.2 Let D be a complete poset and Y a poset isomorphic to D ; 
then Y is also complete. Moreover, if h : Y — >■ D is any order isomorphism then h 
and the inverse mapping h~ x : D — >■ Y are both automatically continuous. 

Proof Let A G d(Y) ; then B = h(A) G d(D) , thus let u = [_\B and put y = /i _1 (-u) . 
Now u' is an upper bound of B if and only if is an upper bound of A, 

and hence y = |J A . This shows that Y is complete and that h is continuous (since 
/i(|JA) = h(y) = u = \_\B = \_\h(A) . The continuity of h~ x follows by reversing the 
roles of D and Y . □ 

In what follows let Ds be a family of complete posets (with \Z a the partial order on 
D a for each a G S ) and let L be an S- typed set. 

Lemma 4.2.6 Let A e d(D^) and for each i] e L put A v = { c(rj) : c e A} . Then 
A v E d(D v ) , and the least upper bound of A is the assignment c G defined by 
c{rf) = \_\ A v for each 1] G L . 

Proof Straightforward. □ 

Proposition 4.2.3 The poset is complete. 
Proof This follows immediately from Lemma 4.2.6. □ 

Proposition 4.2.4 Let ips '■ Ds — > D' s be a family of continuous mappings (with 
D' s a further family of complete posets). Then the mapping (p^ : -+ (Z^) L is also 
continuous. 

Proof If c, c' G with c d then for each rj G J 

Vo(c)(ri) = (p v (c(ri)) Q v (p v (d(ri)) = ^(d) (77) , 

since <p v is monotone, and hence tp^ is monotone. Now let A G d(D^) ; then, with 
two applications of Lemma 4.2.6 and since (p v is continuous, it follows that 

^(UA)(v) = vMA)(v)) = ¥>„(|_|{cfa) : ceA}) 

= U{<PvWv)):ceA} = Ui^(c)(v) ■■ ceA} = {UtfW) ( V ) 

for each rj G L , and therefore (\_\A) = \_\<p^(A) . Thus (p^ is continuous. □ 

Note the following special case of Proposition 4.2.4: Let n > 2 and for j = 1, . . . , n 
let Dj and D'- be complete posets and hj : Dj — > D'- be a continuous mapping. Then 
the mapping h : D± x • • • x D n ->■ D[ x • • • x D' n defined by 

h(u!,...,u n ) = (/*l(ttl),...,/i n (tt n )) 

for each («!,..., u n ) G D 1 x • • • x D n is continuous. 
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Lemma 4.2.7 For each rj G L the projection mapping : — > D v defined by 
p^(c) = c(n) for each c G is continuous. 

Proof This follows immediately from Lemma 4.2.6. □ 

Proposition 4.2.5 A mapping h : D — >■ from a complete poset D to the complete 
poset is continuous if and only if for each n G L the mapping h from D to 
D v is continuous. 

Proof If h is continuous then p^ /i is also continuous for each rj G L (since it is the 
composition of two continuous mappings) . Conversely, suppose p^ h is continuous for 
each r\ G L ; in particular, /i is then monotone (as in Lemma 4.2.2). Let A G d(D) ; 
then by Lemma 4.2.6 it follows that for each r\ G L 

(UKA))( V ) = U{c(v) :ceh(A)} 

= UpJ(M^)) = (p^)(U^) = MU^)(^) 

and so |J /i(A) = /i(|JA). This shows h is continuous. □ 

If Di and D 2 are complete posets then the set of all continuous mappings from Di 
to D 2 will be denoted by [D\ D 2 ] . Then [Di D 2 ] is a subset of (Di -> D 2 ) , 
and so [Di — >■ £) 2 ] can be considered as a poset with the partial order induced by the 
partial order on (Di — > D 2 ) . 

Note that if in addition D 2 is bottomed with bottom element J_2 then the bottom 

element of (Di — > D 2 ) (i.e., the constant mapping _L with -L(tt) = _L 2 for all 

is an element of [D\ — >■ D 2 ] , and thus in this case [Di — >■ L> 2 ] is a bottomed poset. 

Proposition 4.2.6 If D\ , D 2 are complete posets then the poset D = [D\ — > D 2 ] is 
also complete. Moreover, if A G d(D) with h = \JA then h(u) = \J{fl u ) '■ f G A} 
for each u G D\ . 

Proof Let A G d(D) , and for each u G D 1 put A u = {f(u) : / G A}. Then 
A u G d(.D 2 ) and so define a mapping /i : Di — > D 2 by putting h(u) = \_\A U for each 
u G -Di . It will be shown that h is continuous, and, since h is clearly monotone, for 
this it is enough to show that if B G d(Di) with u' = \_\B then h(u') C 2 |J h(B) . 
Let / G A ; then 

/(«') = U/(B) = U( U /(«)) 

E 2 U( U UAO = U( U = • 

Hence h(u') = \_\A u r C 2 |J/i(-B) . Now (as in Lemma 4.2.6) it is straightforward to 
check that h is the least upper bound of A in [D\ — > D 2 ] . □ 

In what follows let Di, D 2 and D be complete posets. 
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Lemma 4.2.8 A monotone mapping h : Di x D 2 — > D is continuous if and only if 

h(UA 1 ,[_\A 2 ) = UHAixA 2 ) 
for all A 1 G d(Di) , A 2 G d(D 2 ) . 

Proof If A G d(Di x D 2 ) then it is easy to see that there exist A\ G d(D\) and 
A 2 G d(D 2 ) such that A' = A\ x A 2 is an element of d{D\ x _D 2 ) which is equivalent 
to A in the sense that for each v G A there exists v' G A' with v C. v' and for 
each u' G A' there exists u G A with i/ □ v . Then |JA = \JA' = (\JA 1 ,\JA 2 ) 

and UM^O = U h ( A ) , and this shows that if MU^U^) = UH A i x M) for 
all A\ G d(-Di) , A 2 G d(.D 2 ) then /i is continuous. The converse is clear, since 
A x x A 2 G d(L>i x L) 2 ) whenever Ai G d(L>i) and A 2 G 6{D 2 ) ■ □ 

Lemma 4.2.9 A mapping h : D\ x _D 2 — >■ -D is continuous if and only if it is separately 
continuous in each argument, i.e., if and only if u 2 h{u\,u 2 ) is a continuous mapping 
from D 2 to D for each u± G D\ and u\ >->■ h(ui,u 2 ) is a continuous mapping from 
Di to D for each u 2 G D 2 . 

Proof Clearly h is monotone if and only if it is separately monotone in each argument. 
Moreover, if h is continuous then it is separately continuous, since if A G d(D 2 ) then 
{ui} x A G d(.Di x D 2 ) and |J ({u\} x A) = (tti,|J A) , with of course an analogous 
statement holding when the roles of the two components are reversed. Suppose then 
that h is separately continuous in each argument. Lemma 4.2.8 will be used to show 
that h is continuous; thus let A\ G d(-Di) and A 2 G d(D 2 ) and put u\ = \_\Ai and 
u 2 = \JA 2 . Then A\ x {u 2 } G d(D 1 x D 2 ) and 

h{u u u 2 ) = \JiHv, u 2 ) : v G Ai } = \JH A i x {^2}) , 

since h is continuous in its first argument. Moreover, since h is continuous in its 
second argument, it follows that 

UHA 1 x{u 2 }) = U { H v i'U M) ■ f 1 G Ai } 

= U { U { h(v!,v 2 ) : v 2 G A 2 } : vi G Ai } 

= U { h(v u v 2 ) : Vl G Ax, -u 2 G A 2 } = |J /i(Ai x A 2 ) . 

Therefore h{ui,u 2 ) = \_\ h(Ai x {w 2 }) = |J h(Ai x A 2 ) and thus by Lemma 4.2.8 h 
is continuous. □ 

Proposition 4.2.7 The application operator a : [Di — > D 2 ] x D\ ^ D 2 given by 

a(h,u) = h{u) 
for all h G [Di — > D 2 ] , u G Di , is continuous. 

Proof This follows immediately from Lemma 4.2.9, since a is clearly continuous in its 
second argument, and by Proposition 4.2.6 it is also continuous in its first argument. □ 



4.2 COMPLETE PARTIALLY ORDERED SETS 



94 



Now consider a continuous mapping h : Di x D 2 — > -D ; then by Lemma 4.2.9 the 
mapping it 2 >-> h(iii,u 2 ) from D 2 to .D is continuous for each u\ G -Di , which 
means a mapping c(h) : Di — >■ [D 2 — >■ -D] can be defined by letting 

c(/i) (wi) (tt 2 ) = h(ui,u 2 ) 

for each tti G D\ , u 2 <E D 2 . 

Lemma 4.2.10 c(h) : Di — >■ [D 2 — >■ -D] is continuous for each continuous mapping 
h : D 1 x L> 2 ->■ L> . 

Proof It is clear that c(/i) is monotone. Let A G d(Di) and put /i = |_| c (^)(^) ( so 
^ G [.D 2 —>■£)]). Then by Proposition 4.2.6 it follows for each u 2 G -D2 that 

= U { c(/i)(ui) (u 2 ) : «i G A } = U { u 2 ) : Ul eA} , 

and by Lemma 4.2.9 that 

U{h( Ul ,u 2 ) : Ul eA} = h(\JA,u 2 ) = c(h)(UA)(u 2 ) . 

Hence U c (^)(^) = C (^)(U^) > an d thus c(/i) is continuous. □ 

Lemma 4.2.10 allows the so-called currying operator to be defined; this is the mapping 
c : [Di x D 2 4 D] 4 [£>i ->■ [£> 2 ->■ £)]] given by 

c(/i, Wi) (u 2 ) = h(u!,u 2 ) 

for all /i G [-Di x D 2 -> D] , ui G -Di , u 2 e D 2 . 

Proposition 4.2.8 The currying operator c is an order isomorphism whose inverse 
is the uncurrying operator u : [Di — > [D 2 —>■£)]]—>■ [Di x D 2 -) D] defined by 

u(g) (ui,u 2 ) = </(iti) (1*2) 

for ail 51 G [.Di ->■ [-D 2 ->■ D]] , (iti, u 2 ) e Di x D 2 . (Proposition 4.2.2 then implies that 
the mappings c and u are both continuous.) 

Proof The inverse mapping to c will be constructed. For each g G [D\ — > [D 2 — > D]] 
define u(g) : D\ x D 2 — > D by u(g) (u\, u 2 ) = g{u\) (u 2 ) . Thus u(g) is monotone, and 
if A 1 G d(Z>i), A 2 G d(L> 2 ) then 

u(^)(U^,u^ 2 ) = g(UM)(UA 2 ) = U{gM(UA 2 ) :u 1 eA 1 } 

= U { U { 9M (u 2 ) :u 2 eA 2 }:u 1 eA l } 

= U { g( u i) ( u 2) ■ u! e Ai, u 2 e A 2 } 

= U { "(g) «2) : Ml e Ai, w 2 G A 2 } = U u(^)(Ai x A 2 ) ; 

hence by Lemma 4.2.8 u(g) is continuous. This gives a mapping 

u : [D t -)• [D 2 ->■ £>]] ->• [Di xD 2 4i)] 

and it is clear that u is monotone. Moreover, it is also clear that c(u(g)) = g for each 
g G [D\ — >■ [.D 2 ->■ D]] and u(c(/i)) = /i for each /i G [-Di x D 2 ->■ -D] . Thus c is an 
order isomorphism and u is the corresponding inverse mapping. □ 



4.2 COMPLETE PARTIALLY ORDERED SETS 



95 



Proposition 4.2.9 Let D be a bottomed complete poset and h : D — >■ D be a 
continuous mapping. Then h possesses a least fixed point. More precisely, the set 

F\x(h) = {u G D : h(u) = u } 

is non-empty and contains a (unique) least element, i.e., F\x(h) contains an element u 
such that u □ u for all h G Fix(/i) . 

Proof Define a sequence {u n } n >o of elements of D by uq = _L (with _L the bottom 
element of D ) and u n +i = h(u n ) for each n > . Then, since h is monotone, 
it follows by induction that u n □ u n+ i for all n > (since «o = -L E wi and if 
n n □ , u n+ i then w n+ i = h(u n ) □ /i(w n+ i) = , u n+ 2 ). Thus the set 

A = { u G D : u = u n for some n > } 

is directed and, because h(A) = { u G D : u = u n for some n > 1 } , it follows that 
|JA = U^(^) • UM^O = MU^) 5 since h is continuous, and this implies that 

u = \_\A G Fix(/i) . Now let u be any element of Fix(/i) ; again by induction it follows 
that u n C u for all n > (since uq = _L □ w and ii n +i = /t(« n ) C h{u) = u whenever 
u n Qu). Hence u is an upper bound of A and therefore u = \_\ A □ u . □ 

The proof of Proposition 4.2.9 is just as important as its statement: This shows how 
the minimal fixed point u can be constructed 'explicitly'. 



4.3 Initial completions 



A poset Y\ is said to be a subposet of a poset I2 if Yl C Y2 and the partial order on 
Y\ is obtained by restricting the partial order on Yi . (This means that if is the 
partial order on Yj for j = 1, 2 and y' G Yi then y Ci y' if and only if y C 2 ?/ •) 
The poset Y 2 is then said to be an extension of Y\ . 

A poset .D is said to be a completion of a poset Y if D is a complete extension of Y 
and each element of D is the least upper bound (in D ) of some element of d(Y) . 

Warning: Let D be a complete extension of a poset Y and let A G d(Y) . Then it 
is possible that A has a least upper bound in Y which is not equal to the least upper 
bound of A in D . (Note, however, that if the least upper bound of A in D is an 
element of Y then in this case it must also be the least upper bound of A in Y .) 
When speaking just of the least upper bound of A or writing |J A then the least upper 
bound in D is always meant. 

If Y is a poset with partial order □ and D is an extension of Y then, unless something 
explicit to the contrary is stated, the partial order on D will also be denoted by □ . 

Lemma 4.3.1 Let Y be a bottomed poset with bottom element _L and let D be a 
completion of Y . Then D is bottomed and _L is also the bottom element of D . 

Proof If u E D then u = \_\ A for some A E d(Y) . But _L □ y for each y E A , and 
hence also _L □ u . □ 

Proposition 4.3.1 Let Y5 be a family of posets, for each a G S let D a be a 
completion of Y a , and let J be an S-typed set. Then is a completion of Y/ . 

Proof Let c G Df . Then for each r\ G J there exists A v G d(Y r] ) with c(rf) = \_\A V 
(since D v is a completion of Y v ). Put A = {b G Y/ : b(rf) G A v for each i] G J}; 
then A G d(Y/) : If ci, C2 G A then for each tj 6 J there exists y,, G with 
ci(rj) \Z V y v and 02(77) Z^ ; thus if c G Y/ is defined by letting c{rf) = y v for 
each i] G J then c G A and Ci c , C2 Z^ c . Moreover, c = |JA: If b E A then 
b(n) G A, and so b(n) ^ \_\A V = c(i]) for each r\ G J , i.e., 6 c. On the other 
hand, if c' G is an upper bound of A then 6(?y) C,, c'(n) for each 6 G A and this 
implies that y ^ v c'(rj) for all y E A v (since for each y E A v there exists 6 G A with 

K 7 ?) = V ) an d thus that 0(77) = |J^-?? !=?? c '(v) f° r eac h V ^ J i i- e -> c E« c' . This, 
together with Proposition 4.2.3, shows that is a completion of Y/ . □ 

Extensions Yi and Y2 of a poset Y are said to be conjugate if there exists an order 
isomorphism h : Yi — > Y2 with /i(y) = y for all y G Y . Conjugacy clearly defines an 
equivalence relation on the class of all extensions of Y . If Di and D 2 are conjugate 
extensions of Y then Di is a completion of Y if and only if D 2 is. 

A completion D of a poset Y is said to be initial if for each completion D' of Y 
there exists a unique continuous mapping h : D — >■ D' with /i(y) = y for all y E Y . 
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(Note that the mapping h is then automatically surjective.) It is easily checked that if 
Di and D 2 are conjugate completions of Y then D 2 is initial if and only if Di is. 
Proposition 4.3.2 below states that each poset Y possesses an essentially unique initial 
completion, which is then often called the initial completion of Y . In fact, for reasons 
to be explained at the end of the section, this is also referred to as the ideal completion 
of Y . 

A seemingly stronger requirement than being initial on the completion of a poset is the 
following: A completion D of Y is said to have the continuous extension property if 
whenever h : Y — >■ D' is a monotone mapping from Y to a complete poset D' then 
h can be uniquely extended to a continuous mapping h! : D — >■ D' (i.e., there exists a 
unique continuous mapping h! : D — >■ D' with h'{y) = h(y) for all y E Y ). It is clear 
that a completion D of Y with the continuous extension property is initial, since if 
D' is any completion of Y then the mapping i : Y — >■ D' with i(y) = y for all y G 1" 
is monotone. The next result shows in particular that the converse is true. 

Proposition 4.3.2 Let Y be a poset. Then there is exactly one conjugacy class of 
initial completions of Y . Moreover, each initial completion of Y has the continuous 
extension property. 

Proof Let C be the partial order on Y . It will be shown first that there is at most 
one conjugacy class of initial completions. 

Lemma 4.3.2 Initial completions D and D' of Y are conjugate. 

Proof There exists a continuous mapping h : D — >■ D' with h(y) = y for all y E Y 
and, reversing the roles of D and D' , also a continuous mapping h! : D' — >■ D 
with h'(y) = y for all y E Y . But if id^ : D — > D is the identity mapping then 
b! h = idj) , since h! h and id d are both continuous mappings from D to D with 
h' h(y) = id^)(y) = y for all y E Y . In the same way hh' = id • Hence h is a 
bijection and both h and h~ l = h! are continuous. This shows that D and D' are 
conjugate. □ 

If Di and are conjugate completions of Y then it is easy to see that D 2 has the 
continuous extension property if and only if Di does. The proof of Proposition 4.3.2 
thus reduces to showing there exists a completion of Y having this property. Moreover, 
the following lemma implies that in the definition of the continuous extension property 
the statement 'can be uniquely extended to a continuous mapping' can be replaced by 
just 'can be extended to a continuous mapping'. 

Lemma 4.3.3 Let D be a completion of a poset Y and h :Y — > D' be a monotone 
mapping from Y to a complete poset D' . Then there exists at most one extension 
of h to a continuous mapping h! : D — >■ D' (i.e., there exists at most one continuous 
mapping h! : D — >■ D' with h'(y) = h(y) for all y EY ). 

Proof Let u E D ; then there exists A E d(Y) with u = \_\A and therefore follows 
that h'(u) = \J h ( Y ) ■ □ 
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Let Ai, Ai E d(Y) ; then A\ is said to be cofinal in A2 if for each y\ E Ai there 
exists 2/2 £ ^2 with y\ □ j/ 2 • If -D is a complete extension of F and Ai, A 2 G d(Y) 
with Ai cofinal in A 2 then clearly |J A\ □ |J A 2 . 

Lemma 4.3.4 Let D be a complete extension of Y (but not necessarily a completion 
of Y ) and suppose that whenever Ai, A2 are elements of d(Y) with C |_|^2 

then Ai is cofinal in A2 . Let D' denote the set of all elements of D having the form 
\JA for some A E d(Y) . Then for each B E d(D') there exists A G d(Y) with A 
cofinal in B and \_\ A = \J B . 

Proof Let B G d(D') and for each u E B choose A u G d(Y) with it = |J A u . Then 
A = U ueB A u G d(y) . To see this let y±, y 2 G A ; then there exist ui, 112 & B with 
J/i G A Ul and y 2 G A U2 and, since £? G d(-D') , there exists u E B such that Mi C u 
and w.2 E m • But then by assumption A Ul is cofinal in A u and A U2 is cofinal in A u . 
Hence y[, y' 2 G A u can be found with y\ □ and y 2 E y 2 and, since A u G d(Y") , it 
follows that !/i C |/J C 1/ and y 2 C y 2 C y for some y E A u C A . 

Now if y G A then y E A u for some u E B , and so y C w ; this implies A is cofinal 
in £? and thus also that |_| A C |J S . On the other hand, if u E B then -u □ |J A , 
since u = \J A u and A u C A , and therefore |J S C |J A . Hence |J A = |J S . □ 

Lemma 4.3.5 Let D be a completion of Y such that whenever A\, A2 E d(Y) 
with \_\Ai \Z\_\A 2 then A\ is cofinal in A 2 . Then D has the continuous extension 
property. 

Proof Let h : Y — >■ D' be a monotone mapping of Y to a complete poset D' . If 
A±, A2 E d(Y) with \_\Ai = [J A 2 then each of A\ and A 2 is cofinal in the other and 
therefore |J/i(A 1 ) = |J/i(A 2 ) . Thus, since each element of D has the form \_\A for 
some A E d(Y) , a mapping b! : D — >■ D' can be defined by putting = |J/i(A) , 

where A is any element of d(Y) with -u = |J A . Then h' is monotone and an extension 
of h , because {y} E d(Y) and \_\{y} = y for each y E Y . 

It remains to show that the mapping b! is continuous, and for this it is enough to show 
that h'(\_\B) C \_\h'(B) for each B E d(D) (with C also denoting the partial order 
on -D' ). Let B E d(D) ; then by Lemma 4.3.4 there exists A E d(Y) with A cofinal 
in B and |J A = \J B . Hence h'(\J B) = h'(\J A) = \J h(A) = \J h'{A) C U h'(B) . □ 

A completion of Y will now be constructed and Lemma 4.3.5 then used to show that it 
has the continuous extension property. Elements A±, A2 E d(Y) are said to be mutually 
cofinal if each is cofinal in the other. Mutual cofinality clearly defines an equivalence 
relation on the set d(Y) . Let D denote the set of equivalence classes, and if A E d(Y) 
then denote by [A] the equivalence class containing A . If Ai is equivalent to A[ and 
A2 equivalent to A' 2 then clearly A\ is cofinal in A 2 if and only if A± is cofinal in 
A' 2 ■ Thus define a relation ^ on D by letting [A{\ -< [A 2 ] if A\ is cofinal in A 2 ; it 
is immediate that -< is a partial order. 

Lemma 4.3.6 The poset D (with the partial order -< ) is complete. 
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Proof Let B E d(D) . For each u E B choose A u G d(Y) with = -u and put 
^4 = U ueB A u . Then A G d(Y) . (Let yi, y 2 £ ^4 ; then there exist mi, «2 6 5 such 
that yi G A Ul and y2 G A U2 and, since B G d(-D) , there exists u E B with iti ^ u 
and u 2 <u. But this means that y l5 y 2 G A u can be found with yi □ y x and y 2 E y 2 
and hence there exists y G A u C A such that yi C y[ C y and y 2 E y 2 E y , because 
A u G d(y) .) It is now enough to show that u = [A] is the least upper bound of B in 
D . If u G B and y E A u then y □ y and y G A ; thus A u is cofinal in A . This 
implies that u -< u , i.e., -u is an upper bound of B . Now let u' = [A'] be any upper 
bound of B . If y E A then y E A u for some u E B and A u is cofinal in A' , since 
u < u' . There therefore exists y' E A' with t/Ct/' and hence A is cofinal in A' , i.e., 
ud«'. □ 

Now {y} E d(Y) for each y E Y , which means a mapping i : Y — > D can be defined 
by putting i(y) = [{y}] for each y E Y . Then i is an embedding, since y\ C y 2 if 
and only if {yi} is cofinal in {y 2 } , and Y can thus be considered as a subposet of 
D by identifying Y" with i(Y) . But this just means that D is an extension of Y . 
Moreover, if u = [A] E D and B = [J ye ^{y} then B is a directed subset of Y C -D 
and, as in the proof of Lemma 4.3.6, w = |J S . This shows D is a completion of Y . 

Let Ai, A 2 E d(y) with [J^x ^ L|A 2 . Then r< L4 2 ] , since [JA = [A] for 

each A G d(Y) , which by definition means that Ai is cofinal in A 2 . Therefore by 
Lemma 4.3.5 D has the continuous extension property. This completes the proof of 
Proposition 4.3.2. □ 

Warning: If D is an initial completion of a poset Y then in general D is not an initial 
completion of itself. In fact, the class of complete posets which are initial completions 
of themselves is very special and will be characterised in Proposition 4.3.7. 

The next result gives various properties which are equivalent to a completion being 
initial. 

Proposition 4.3.3 Let D be a completion of a poset Y . Then the following five 
statements are equivalent: 

(1) D is initial. 

(2) D has the continuous extension property. 

(3) Ai is cofinal in A 2 whenever Ai, A 2 are elements of d(Y) with \_\Ai □ |J A 2 . 

(4) y Q y' for some y' E A whenever y EY and A E d(Y) with y □ |J A . 

(5) y C it for some u E A whenever y EY and A E d(D) with y □ |J A . 

Proof To show that the first three statements are equivalent it is enough to prove the 
converse of Lemma 4.3.5. Thus assume that D has the continuous extension property 
and let Ai, A 2 be elements of d(F) with A\ not cofinal in A 2 ; then there exists 
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Hi G A\ such that y\ %y for all y G A 2 . Choose some complete poset D' containing 
elements -u, v! with u ^ u' and u' □ u ; then 



defines a monotone mapping h : Y ^ D' which by assumption extends to a continuous 
mapping ti : D ^ D' . But h'flj A 2 ) = \Jh'(A 2 ) = u' and /i'(U^i) = \Jh'(A 1 ) = u 
and hence |J A\ □ |J A 2 cannot hold. Thus if |J ^ □ |J A 2 then A\ must be cofinal 
in A 2 . 

This shows that (1), (2) and (3) are equivalent. But it is clear that (3) and (4) are 
equivalent and that (5) implies (4); it thus remains to show that the last statement is 
implied by the others and this follows immediately from Lemma 4.3.4. □ 

Proposition 4.3.4 Let D be an initial completion of a poset Y and for each u G D 
let A u = { y G Y : y^u}. Then A u G d(Y) and \JA u = u. 

Proof Let u G D ; then, since D is a completion of Y , there exists A G d(Y) 
with |J A = u . Thus A C A u and so in particular A u ^ . Let y G A u ; then 
y \Z u = \_\A and hence by Proposition 4.3.3 there exists y' G A with y E y' . 
Therefore if yi, y 2 G A u then there exist y^, y 2 e ^ with yi □ and y 2 ^ y' 2 ■ But 
A G d(y) and so there exists y' E A with C y' and □ y' , i.e., there exists 
y' G A u with yi C y' and yi C y' . This shows that A u G d(Y) . It is now clear that 
[J A u = u , since u = \_\ A □ |J A u and by definition u is an upper bound of A u . □ 

Proposition 4.3.5 Let D be an initial completion of a poset Y and Y' be a 
subposet of Y ; let D' be the set of all elements of D having the form \_\ A' for some 
A' G d(y') . Then D' is an initial completion of Y' . Moreover, if B G d(D') then 
|J B (the least upper bound of B in D ) is an element of D' , and hence \_\ B is also 
the least upper bound of B in D' . 

Proof If A[, A' 2 are elements of d(Y') (and thus also of d(Y) ) with \_\ A 'i ^U A 2 
then by Proposition 4.3.3 A[ is cofinal in A' 2 . Let B G d(D') ; then Lemma 4.3.4 
(applied with D considered as a complete extension of Y' ) implies that there exists 
A' G d(y') with A' cofinal in B and \JA' = \JB . Hence \JB is an element of D' 
and so \_\B is also the least upper bound of B in D' . In particular, D' is complete, 
and therefore a completion of Y' . But now Proposition 4.3.3 implies that D' is an 
initial completion of Y' . (If Ai, A 2 G d(Y') with |J A x □ |J A 2 then A x is cofinal in 
A 2 , since Ai, A 2 G d(Y) and -D is an initial completion of Y .) □ 

Proposition 4.3.6 Let Y5 be a family of posets, for each o G S let D a be an initial 
completion of Y a and let J be a finite S-typed set. Then D( is an initial completion 



Proof By Proposition 4.3.1 Df is a completion of Y/ . Let A and A' be elements of 
d(Y/) with LJAcf \_\A' . For each n e J let A v = {b(rj) : b G A} and A' v = {b(n) : 
be A'} . Then A v , A' G d(Y v ) and |J A,, \JA' and thus, since -Djy is initial, A v 




of Y/ . 
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is cofinal in A'^ for each rj G J . From this it follows that A is cofinal in A' : Let 
c £ A; then for each rj G J there exists G A' with 0(77) ^ v c v (rj) , and therefore, 
since J is finite and A' is directed, there exists d G A' with c' for all n E J . 

But then c c' . Hence by Proposition 4.3.3 Z)^ is an initial completion of Y/ . □ 

Proposition 4.3.7 Let D be a complete poset. Then D is an initial completion of 
itself if and only if each directed subset of D contains a maximum element (i.e., if and 
only if for each A G d(D) then there exists u G A with u' C u for all u' G A ). 

Proof Suppose first that D is an initial completion of itself and let A G d(D) with 
[J A = u . Then u C |J A and so by Proposition 4.3.3 u □ it' for some u' E A . But 
this is only possible if u = u' and hence «6 A, i.e., A contains a maximum element 
(namely u). The converse follows directly from Proposition 4.3.3. □ 

If Y is a poset then a sequence of elements {y n }n>o from Y is called a c/iom in Y 
if Vn E J/n+i for each n > . A chain {y n }n>o is said to be finite if y m = y n for all 
m > n for some n > . Now let L> be a complete poset; if D is an initial completion 
of itself then by Proposition 4.3.7 each chain in D must be finite (since the elements 
in a chain form a directed set). The converse is in fact also true: If each chain in D 
is finite then D is an initial completion of itself. This follows from Proposition 4.3.7 
together with a standard application of Zorn's lemma. 

Let D be a complete poset and D' be an initial completion of D . Then the identity 
mapping : D — >■ D is monotone and so it extends uniquely to a continuous mapping 
i* D : D' — >■ D , which is obviously surjective. However, if D' 7^ D then i* D cannot be 
injective. The following simple example indicates the kind of behaviour which occurs 
here: Let X be a set and consider the set D = V(X) of all subsets of X , regarded 
as a poset with the inclusion ordering. Then D is complete, since if A G d(D) then 
clearly \_\A = \J BeA B . However, by Proposition 4.3.7 Y is an initial completion 
of itself if and only if X is finite. Let D' be an initial completion of D and let 
i* D : D' — > D be the unique continuous extension of the identity mapping ip . The 
proof of Proposition 4.3.2 shows that if B is an infinite subset of X then the set 
{u G D' : i* D (u) = B } is infinite (since there are then infinitely many non-equivalent 
directed subsets of D having B as least upper bound). 

In what follows some remarks will be made about the initial completion of the poset 
(Yi — > Y 2 ) . The purpose of these remarks is mainly to warn the reader that such an 
initial completion is more complicated than perhaps would be expected. Let Y\ and Y2 
be posets and for j = 1, 2 let Dj be an initial completion of Yj . Then each monotone 
mapping from Y\ to Y2 extends uniquely to a continuous mapping from Di to D 2 , 
a mapping ip : (Yi — > Y 2 ) — > [Di — > D 2 ] can thus be defined by letting ip(f) be the 
unique continuous extension of / G (Yi — >■ Y 2 ) . 

Lemma 4.3.7 The mapping ip : (Yi — > Y 2 ) — > [Di — > D 2 ] is an embedding, i.e., 
h C h ^ and only if ip(fi) □ ^(/ 2 ) . 



Proof This is straightforward. □ 
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By Lemma 4.3.7 (Yi — > Y 2 ) can be considered as a subposet of [Di — > D 2 ] (by 
identifying / G (Yi — )■ Y 2 ) with the continuous mapping '(/'(Z) )• However, in general 
[Di — > D 2 ] will not be an initial completion of (Y"i — > Y 2 ) . For example, if the 
partial order on Yi is trivial (i.e., y □ y' if and only if y = y' ) and Y2 = {0, 1} 
with C 1 then (Yi — > Y2) can clearly be identified with the poset V(Yi) (with the 
inclusion ordering). But Proposition 4.3.7 implies that D\ = Y\ and D 2 = Y 2 , and 
here [D\ — > D 2 ] = (Yi — >■ Y 2 ) . On the other hand, if Y\ is infinite then, as noted 
above, V(Y\) is not an initial completion of itself. 

Now let D be an initial completion of (Yi — > Y 2 ) . Then, the monotone mapping ip 
extends uniquely to a continuous mapping ifj* : D — >■ [Di — >■ D 2 ] (since [Di — >■ D 2 ] 
is complete). As noted above, ip* is in general not injective, and so more then one 
(and often infinitely many) elements of D will be associated with the same continuous 
mapping from D\ to D 2 . 

Consider the application operator a : (Yi — > Y 2 ) x Y 1 — > Y 2 defined by 

a(/,2/i) = f(yi) 

for all / G (Yi — > Y 2 ) , y\ e Yi . This is clearly monotone and by Proposition 4.3.6 
D x Di is an initial extension of (Yi — > Y 2 ) x Yi . Thus a extends uniquely to a 
continuous mapping a* : D x L>i — )• D2 • Moreover, 

a*(u,ui) = i)*(u) (ui) 

for all 11GD, fiieDi, since a(/, yi) = /(yi) = ^(/) (2/1) for all / G (Yi — >■ Y 2 ) , 
yi G Yi , and hence (u, tti) >->■ a*(w, -ui) and (w, -ui) (-> ^*(u) (ui) are both continuous 
extensions of the same monotone mapping. However, a* should not really be regarded 
as an application operator, since in general it fails to have the extensionality property 
enjoyed by a , namely that if /, /' G (Yi — >■ Y 2 ) and a(/, y) = a(/',y) for all y G Yi 
then / = /' . 

The final topic of this section explains why the initial completion also goes under the 
name of the ideal completion. In what follows let Y be a fixed poset. A non-empty 
subset 7 of Y is called an ideal of Y if y G I whenever y C y' for some y' G I . An 
ideal / is said to be directed if / G d(Y) . In particular, the set 

I(y) = {y' G Y : y'Qy} 

is a directed ideal for each y G Y (the principal ideal generated by y). 

Lemma 4.3.8 Let yi, y 2 G Y . Then yi □ y 2 if and onJy if f(yi) C f(y 2 ) • 

Proof This is clear. □ 

Now denote by X<j(Y) the set of directed ideals of Y, regarded as a poset with the 
inclusion ordering. By Lemma 4.3.8 X<j(Y) can be considered as an extension of Y (by 
identifying the element y with the principal ideal I(y) for each y G Y ). 

Proposition 4.3.8 ^(Y) is an initial completion (called the ideal completion) of Y . 
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Proof It is clearly enough to show that X^{Y) is conjugate to the initial completion 
constructed in the proof of Proposition 4.3.2 (since an extension conjugate to an initial 
completion is also an initial completion) . For each non-empty subset A of Y let 

1(A) = { y G Y : y jZ y' for some y' G A } . 

Lemma 4.3.9 (1) 1(A) is an ideal with A C 1(A) . Moreover, if I is any ideal with 
A C I then 1(A) C I , i.e., 1(A) is the smallest ideal containing A . 

(2) If A G d(Y) then 1(A) G d(Y) ; moreover, A and 1(A) are mutually cofinal. 

(3) If A x , A 2 G d(Y) then I(A X ) C I(A 2 ) if and only if A x is cofinal in A 2 . 

Proof This is straightforward. □ 

Now let D be as in the proof of Proposition 4.3.2. Recall that mutual cofinality defines 
an equivalence relation on the set d(Y) and that D is the set of equivalence classes, 
considered as a poset with the partial order ■< defined by stipulating that [A\] ■< [A 2 ] 
if A\ is cofinal in A 2 (and where [A] denotes the equivalence class containing A for 
each A G d(Y) ). 

If A u A 2 G d(Y) then by Lemma 4.3.9 (3) I(A X ) = I(A 2 ) if and only if A x and A 2 
are equivalent, thus by Lemma 4.3.9 (2) a mapping h : D — > X^(Y) can be defined by 
letting /i([A]) = 1(A) for each A G d(Y) . Moreover, Lemma 4.3.9 (3) then implies 
that h is an embedding. In fact h is also surjective, since by Lemma 4.3.9 (1) and (2) 

A = 1(A) = h([A]) 

for each A G 2^(1^) . Hence h is an order isomorphism. But h(y) = y for each y G Y 
(because y is identified with [{y}] in D , with I(y) in T^iY) , and I({y}) = I(y)), 
and therefore D and X^(Y) are conjugate extensions of Y. □ 



4.4 Initial completions of monotone regular extensions 

For the whole of this section let (Ye^k) be a monotone regular bottomed A-algebra 
and C B be an associated ordering which is monotone; Yp will always be considered 
as a poset with the partial order Qp for each (3 G B . 

Lemma 4.4.1 For each (3 G B let Dp be an initial completion of the poset Yp and 
let k G K be of type L — > (3 . Then the mapping q K : Y L — > Yp extends uniquely to a 
continuous mapping f K : — > Dp . 

Proof By assumption the mapping q K : Y" L — > Yp is monotone and so it is still 
monotone considered as a mapping from Y" L to Dp ; moreover, by Proposition 4.3.6 
is an initial completion of Y^ . The result thus follows from Proposition 4.3.3. □ 

Lemma 4.4.1 allows the following definition to be made: A A-algebra (Db, Jk) is said 
to be an initial completion of {YbiQk) if Dp is an initial completion of the poset Yp 
for each f3 G B and f K is the unique continuous extension of q K for each k e K . (Of 
course, whether or not (Db^k) is an initial completion of {YbiQk) depends on the 
associated ordering \Z B . However, it will be assumed that this can be determined from 
the context.) It follows immediately from Proposition 4.3.2 that there exists an initial 
completion of (Yb^k) ■ 

An initial completion (DbiJk) of (Yb-^Qk) is, in particular, an extension of {Yb^Qk) • 
Moreover, by Lemma 4.3.1 the bottom element -Lp of Yp is also the the bottom element 
of the poset Dp . The partial order on Dp will always be denoted by C.p . 

If (Yb,(/k) is a bottomed extension of (Xb,Pk) then, of course, any initial completion 
of (Yb, qk) is also a bottomed extension of (Xb,Pk) ■ 

Proposition 4.4.1 Let {Db^k) and (D' B , f' K ) be initial completions of (YB,qK) ■ 
Then for each (3 e B there exists a unique order isomorphism np : Dp — >■ D'^ with 
Kp{y) = y for each y G Yp (and by Proposition 4.2.2 up and the inverse mapping 
TCp 1 are then both continuous). Moreover, the family i\b is also an isomorphism from 
(D b Jk) to (D' B J' K ). 

Proof There exists a unique continuous mapping %p : Dp — > D'^ with ivp(y) = y 
for all y G Yp because Dp is an initial completion of Yp . Moreover, exactly as in 
the proof of Lemma 4.3.2, np is an order isomorphism. The uniqueness follows from 
Proposition 4.2.2. and Lemma 4.3.3. 

It remains to show that tvb : (Db^k) — > {D' B , f' K ) is a homomorphism (and thus 
an isomorphism). Let k G K be of type L — )■ f3 ; then Proposition 4.2.4 implies that 
7rp : — > (D' o ) L is continuous, and so up f K and f' K are both continuous mappings 
from to Dp with 

Kpf K (c) = npq K (c) = q R (c) = q R tt^ (c) = f' K (c) 

for all c G Y^ . Therefore by Lemma 4.3.3 7173 f K = f' K , since is a completion 
of Y o L . □ 
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Note that in the special case when (Yb,<Ik) is the flat extension of (Xb,Pk) (and 
so there is a unique associated ordering) then (Yb,(/k) itself is the (only possible) 
initial completion of (Yb^k) '■ The poset Yp is clearly complete and therefore by 
Proposition 4.3.7 Yp is an initial completion of itself, since a directed subset of Yp 
can contain at most two elements and a finite directed set always contains a maximum 
element. Example 4.4.1 on the next page gives an initial completion of the A-algebra 
(Xg^pJ^) introduced in Example 3.2.2. 

In what follows let (Db, fx) be an initial completion of (Yb^k) ', Proposition 4.4.1 
implies that this initial completion is, in the appropriate sense, unique. 

Proposition 4.4.2 (Db^k) is a monotone regular bottomed A-algebra and C B is 
an ordering associated with (Db^r) which is monotone. Moreover, (Yb-^Qk) &nd 
(Db, fx) have the same trace, and if (Yb^k) is {Hb, <>k) -cored for some core type 
(H B , <>k) then so is (D B , f K ) ■ 

Proof Denote the core of (Yb^k) by C' K and that of (Db^Jk) by Ck • The 
following fact relating the cores C' K and Ck is needed: 

Lemma 4.4.2 Let k G K be of type L — > (5 . Then 

C K = { c G : c' C K c for some c' G C' K } . 

Moreover, C K is also the set of all elements of having the form \_\ A for some 
A G d(Y L ) with A c C' K . 

Proof Let c G and suppose c' C K c for some d G C K ; then J_p ^ /«(c') Qp /«(c) 
and hence f K (c) ^ -Lp , i.e., c G C K . Conversely, suppose c G with f K (c) ^ -Lp . 
Then, since is a completion of Y L , there exists A G d(Y L ) with c = \_\A and 
therefore U/«(^) = /k(U^) (because f K is continuous). But this implies that 

f K (c') 7^ .Lp for some c' G A , and then d G C' R with d C K c . 

If c G -Df has the form |JA for some A G d(Y L ) with A C then in particular 
d ^ K c for all d £ A; hence c G C K . Suppose conversely that c G C K , and let 
B G d(Y o L ) with US = c. Then, putting A = B H C' K , it is easily checked that also 
A G d(Y L ) and \JA = c. □ 

The proof of Proposition 4.4.2 can now be commenced, and it will be shown first that 
is an ordering associated with (Db^k)- Clearly -Lp C.p c for each c G Dp. 
Moreover, if k G Kp and c, c' G C K with c C K c' then f K (c) ^p f K (d) , because f K is 
monotone. Thus consider k, k' & K having types L — » /? and L' — >• /3 respectively, and 
let c G C K , c' G C«' with / K (c) Cg /«'(c') . By Lemma 4.4.2 there exist A G d(Y L ) 
and A' G d(Y L ') with AcC^, A'cC^,, \JA = c and [JA' = d , and then 

Ul«iA) = UUA>) = f K (UA) Qp f K ,(\JA') = Ufn'(A') = UQn'(A') 

(since f K is continuous). Therefore by Proposition 4.3.3 q K {A) is cofinal in q K /(A') , 
and from the definition of an ordering associated with (Yg, qx) this is only possible if 
k = k' . Hence in fact q K (A) is cofinal in q K (A') which, again using the definition of an 
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Example 4-4-1 Define a A-algebra (-Dj, fx) , which is an extension of the 
A-algebra (X^,p K ) introduced in Example 3.2.2, as follows (where if Z is a 
set then Z°° denotes the set of all infinite lists of elements from Z ): 

ALoi = X booi > ^nat = ^nat U {oo} , where oo i Xl^x , 

nT _ y~1~ r)T vT 
-^int ^int ' -^pair ^pair ' 

^list = ^list U ( X ±nt)°° » 

flTue = Plrue > /False = PFal 
Zz T ero ^ * ^ ATat with / z T er0 ( £ ) 
fsucc ■■ Alat ->• ATat with 



se ' 



/succ( n ) 



PSuccW if ™ e X nat. 

oo if n = oo , 



/n = Pi for each n e Z > /p T air = P?t 
/mi : 1 ->• ^list with /^(e) = £ , 
/cons : A T nt >< ^list ^list with 



air ' 



f T („ Q \ _ / PCons ( n > S ) ifsGX list ; 



Moreover, for each (3 £ B the partial order on can be extended to 
a partial order \Zp on Dj (which means that j^booi , Eint and C pa ir are 
just the corresponding partial orders on X^ ool , Xj nt and Xj &il ): 

C nat is defined to be the extension of the partial order C nat on X^^t 
such that oo C nat n if and only if n = oo and n C nat oo if and only if 
n G bot (N) U {oo} . 

Eiist is defined to be the extension of the partial order Eiist ° n -^list 
such that if s = x\ X2 ■ • ■ G (X^) 00 and 2 G -X"ii St then s Elist if 
and only if 2/ = x' x x' 2 •■■ G (X^.) 00 with x n Eint ^4 f° r all n G N, 
and z Elist s if and only if 2; = (x^ ••• x^) 1 - for some m G N and 
#n Eint Xn for each n = 0, . . . , m . 

It is left to the reader to check that (Dg, f^) (where Dj is considered as a 
poset with the partial order Cg ) is an initial completion of (Xg,p K ) . 
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ordering associated with (Y B , qx) , implies that A is cofinal in A' , and so in particular 
c = |J A C. K |J A' = c' . This shows that is an ordering associated with (Db, fx) > 
and by definition C. B is then monotone (since the mapping f K , being continuous, is in 
particular monotone). 

It will be shown next that \J K€K/3 f K (C K ) = Dp \ {-Lp} for each j3 G B . The regularity 

of (D B , fx) then follows from Proposition 4.1.1 and Lemma 3.3.1. Let u G Dp \ {-L^} 

and let A G d(Yp) with | | ^4 = u . It can clearly be assumed that J-p ^ A and hence 

for each y G A there exists a unique k G Kp and a unique element u G C' K such that 
q K (u) = y . But from the definition of an ordering associated with (Y B , qx) this is only 
possible if k does not depend on y . Thus there exists k G K having type L — > f3 for 
some L and for each y G A a unique element c y G C' K such that q K (c y ) = y . Let 
B = {c y : y £ A} ; then, again using the definition of an associated ordering, it follows 
that B G d(Y L ) . Let c = [_\B; then by Lemma 4.4.2 c G C K and 

A(c) = /«(U B) = UUB) = \J<1k(B) = l\A =u, 

since f K is continuous. Therefore u G q K (C K ) . 

The monotonicity of (Db^k) follows directly from Proposition 4.1.6, and (Yb^k) 
and (Db, fx) have the same trace because there is essentially no difference between the 
homomorphism : (F B ,Q K ) — > (Y B ,qx) and the corresponding homomorphism 

from (F B ,Q K ) to (D B ,f K ). 

It remains to show that if (Y B ,q K ) is [H K , o^)-cored for some core type (H b ,<>k) 
then so is (D B , fx) • Let k G K be of type L — > j3 and let c G -Df . Then it is easy to 
see that there exists c' G Y^ such that e v (c'(r})) = e v (c(r])) for each r\ G L and such 
that ^(/ K (c / )) = £ /3 (/«(c)). Thus 

= ep(Uc')) = ep(q K (c')) = o K (e^(c')) = * K (e?(c)) 

and hence (Db^/k) is also (Hk, o^)-cored. □ 

Suppose now that (Y B , p K ) (and thus (D B , Jk) ) is a bottomed extension of (X B , Vk) ■ 

Proposition 4.4.3 Each element of Xp is a maximal element of Dp . 

Proof This follows immediately from Proposition 4.1.3, since by Proposition 4.4.2 
(Db, fx) is a regular extension of (Xb,Pk) and is an ordering associated with 
(D b Jk). □ 

Proposition 4.4.4 Suppose in addition that (Yb^k) is a minimal extension of 
(X B ,p K ) ; let /3eB. Then: 

(1) { u G Dp : u Qp y } C Yp for each y EYp . 

(2) For each u G Dp the set { u' G Dp : u' ^p u} is finite if and only if u EYp . 
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Proof (1) Let y G Yp, u G Dp with u Qp y . Then there exists A G d(Yg) with 
•u = \_\A and here Proposition 4.3.4 implies that A C.p {y} , i.e., j/' y for all 
y' E A. But then by Proposition 4.1.4 (2) A is finite and hence u E A, i.e., «GF. 

(2) If y G F/3 then by (1) and Proposition 4.1.4 (2) {u' G Dp : u' Qp y} is finite. 
The converse follows from the fact that if u G Dp with u = \_\A for some A G d(Yg) 
then A C { w/ G ZJg : u'C^ti}. But, as in (1), if A is finite then -u G . □ 



4.5 Notes 



The special case of an associated ordering for a fully regular extension can be found in 
Goguen, Thatcher, Wagner and Wright (1977) and in Courcelle and Nivat (1976). 

Section 4.2 contains the elementary results which will be required from what is called 
domain theory. This was originated by Dana Scott in the late sixties, and is the main 
tool for dealing with denotational semantics. The reader interested in finding out more 
about domain theory should consult Scott and Gunter (1990); an account of its origins 
can be found in Scott (1976). 

The results in Sections 4.3 concerning the initial completion of a poset are well-known 
and exist in a bewildering variety of forms; see, for example, Markowsky and Rosen 
(1976), Markowsky (1977), Wright, Wagner and Thatcher (1978) and Banaschewski 
and Nelson (1982). The idea of an ideal completion goes back to Birkhoff (1976) (which 
was first published in 1940). 



Chapter 5 Functions 



Chapters 3 and 4 dealt with the data objects. These were obtained by starting with 
a signature A = (B,K, 0,$) and fixing an initial A-algebra (Xb,Pk) to describe 
the basic data objects. In a further step, a monotone regular extension (Dg,/^) of 
{XbiPk) was then chosen to specify which 'undefined', 'partially defined' and, when 
appropriate, which 'infinite' data objects are to be allowed. In order to make things 
more specific the following three cases will be concentrated on throughout the study: 



Case 1 (Db, fx) is an Y monotone regular extension of (Xb,Pk) • Here Db 
will be considered just as a family of bottomed sets, and the mappings in the 
family fx have in general no further structure. 

Case 2 (Ds,fx) is a minimal monotone regular extension of (Xb,Pk) • 
Then by Proposition 4.1.2 there exists a unique ordering C B associated with 
(Db, fx) which by Proposition 4.1.5 is monotone. Db will be considered as 
a family of bottomed posets with respect to this family of partial orders, and 
hence fx is a family of monotone mappings. 

Case 3 (Db, fx) is here the initial completion of a minimal monotone regular 
extension {YbiQk) of (Xb,Pk) • There is then the ordering |Z B associated 
with (Db, fx) which arises from this completion process (i.e., from the initial 
completion of (Ys,qx) using its unique associated ordering). Here Db will be 
considered as a family of bottomed complete posets with respect to this family 
of partial orders, and hence fx is a family of continuous mappings. (This 
means that (Db, fx) is obtained using the 'canonical' procedure described at 
the beginning of Chapter 4.) 



The next task is to define suitable functions over the data objects. In Section 5.1 a 
general framework will be presented involving what are called concrete cartesian closed 
categories. These allow a uniform treatment of the functions which will be associated 
with the basic cases. 

In Section 5.2 the set of ground types is extended to a set S called the set of functional 
types over B . Somewhat informally, the set S can be thought of as being defined by 
the following rules: 

(1) If L G J~s and (3 G B then L — > (3 is an element of S . 

(2) Each element of S can be uniquely constructed using rule (1). 

(The set B is considered as a subset of S by identifying each ground type f3 G B with 
the element — > (3 of S .) 
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The functions of type L — > (3 will be denned to be some kind of functions whose 
arguments are named by the elements of the set L , in which the values of the argument 
corresponding to rj G L range over the set of elements of type (77) , and which take 
their values in the set Dp . In particular, if o\ • • • o n G S* with n > 1 then the 
functions of type o\ • • • a n — > f3 will be functions of n arguments with the values of 
the j-th argument ranging over the set of elements of type o~j . The recursive definition 
of S (manifested in rule (1)) is necessary since we want to include higher-order types, 
i.e., types L — > /3 in which (77) ^ B for at least one ij£l, and may need higher-order 
types L — >■ /3 in which (77) is itself a higher-order type for some 77 G L , 

Having introduced the set S , the family D B is then extended to a family D$ in such 
a way that for each a G S\B it is natural to regard D a as a set of functions of type a . 
This family is obtained via a construction in an appropriate concrete cartesian closed 
category, and makes use of an initiality property enjoyed by S . 

The next step is to extend the signature A to a signature E = (S, N, A, 5) by adding 
names for various partial application operators; the A-algebra (De^k) can then be 
extended to a E-algebra (-Ds, /at) by adding these operators to the family fx ■ It is 
this E-algebra /at) which forms the basis for what follows. 

In Section 5.3 the primitive or built-in functions are specified. These are the functions 
occurring in the equations which are really part of what is given (as opposed to the 
functions which the equations are supposed to define). There are two kinds of primitive 
functions which are needed. For practical reasons it is useful to have a few integer 
operators. More importantly, a suitable family of case operators is also required. These 
will facilitate what corresponds to pattern matching or to the 'case' construction in 
Haskell. These operators (or something equivalent) are absolutely essential: They are 
the analogue of the if then else construction found in all imperative programming 
languages and without them it is impossible to define any 'non-trivial' functions. 

Finally, in Section 5.4 we take stock of the various constructions made so far and present 
the set-up which will be used throughout the rest of the study. 



5.1 Concrete cartesian closed categories 



In this section a general framework will be presented involving what are called concrete 
cartesian closed categories. These allow a uniform treatment of the functions which will 
be associated with the basic cases introduced at the beginning of the chapter. 

To motivate making use of such a concept let us begin by looking at the A-algebra 
(Db, fx) occurring in one of these three cases. There is then a natural class C of sets 
equipped with an additional structure (depending on the case being considered) such 
that Dp G C for each f3 G B and such that fx is a family of mappings which preserve 
some of this structure. To be more definite: 



Case 1: C is the class of bottomed sets and there is no restriction on the 
family f K . 

Case 2: C is the class of bottomed posets and fx is a family of monotone 
mappings. 

Case 3: C is the class of bottomed complete posets and fx is a family of 
continuous mappings. 

(Note that the mappings are not required to map the bottom element onto the 
bottom element, and in fact for a fully regular extension such a requirement 
would never be met.) 



Now there are two important properties which these three set-ups have in common. 
The first is the closure of the class C under taking finite products: Let L be a finite 
C-typed set, i.e., L is a finite set equipped with a mapping (•) : L — > C , and denote by 
Cg)L the set of all mappings c : L — > [j veL (r]) such that c{rf) G (rj) for each t] G L . (In 
particular, this means that ®0 = I .) Then there is a natural way to equip ®L with 
the appropriate structure so that it becomes an element of C . To be more definite: 



Case 1: The bottom element of ®L is the mapping c in which c(?y) is the 
bottom element of {rj) for each rj G L . (In particular, this means that e is 
the bottom element of Cg>0 = I .) 

Case 2: The bottom element is as in Case 1. The set ®L is considered as a 
poset with the product partial order □ defined by stipulating that b □ c if 
and only if b(rj) c(rj) for each r] G L , with \Z V the partial order on (77) . 

Case 3: The bottom element and the partial order are as in Case 2, and the 
proof of Proposition 4.2.3 shows that the poset ®L is complete. 



Ill 
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Of course, the existence of finite products was already implicit in the definition of the 
family fx , since these mappings have finite products as their domains. Note that 
if L is a finite C-typed set and the family Xl is defined by putting X v = (rj) for 
each rj G L , then ®L = , provided that L is regarded as an L-typed set with 
the identity typing in the definition of . This fact allows the results in Chapter 4 
(which are stated for families) to be applied here. (For example, it is in this sense that 
Proposition 4.2.3 shows that the poset ®L is complete in Case 3.) 

If Xi, X 2 E C then the element <g)[2] of C with (1) = X x and (2) = X 2 will be 
denoted as usual by X\ x X 2 ■ 

The second common property involves sets of functions: Let X and Y be elements 
of C . Then there is a set e(X, Y) , which should be thought of as the set of structure 
preserving mappings from I to F, and there is a natural way to equip e(X, Y) with 
the appropriate structure so that it becomes an element of C . More precisely: 



Case 1: s(X, Y) is the set Y x of all mappings from X to Y , and for reasons 
of legibility it is convenient to allow (X — > Y) as an alternative notation for 
Y x . The bottom element of e(X, Y) = {X — > Y) is the mapping / in which 
f(x) is the bottom element of Y for each x G X . 

Case 2: e(X, Y) is the set (X — > Y) of all monotone mappings from X to 
Y , with the bottom element as in Case 1. The set e(X,Y) = (X — > Y) is 
considered as a poset with the partial order □ defined by stipulating that 
g □ h if and only if g(x) h(x) for all x G X , with the partial order 
on Y. 

Case 3: s(X, Y) is the set [X — > Y] of all continuous mappings from X to 
Y , again with the bottom element as in Case 1. The set e(X, Y) = [X — >■ Y] 
is here considered as a poset with the partial order induced by the partial order 
on (X Y) (noting that [X ->■ 1"] C (X -> Y) ); by Proposition 4.2.6 this 
poset is then complete. 



In addition, for each X, Y e C there is a functional application (or evaluation) operator 
: e{X, Y) x X — > Y , which in all three cases is defined by 

a^(/i, x) = h(x) 

for all h G s(X, Y) , xGl. (This makes sense, because in all three cases h is a function 
from X to y .) Moreover, in Case 2 the mapping is monotone by Lemma 4.2.4, 
and Proposition 4.2.7 implies that in Case 3 the mapping a^ is continuous. 

Finally, if X, Y, Z G C and f : X xY ^ Z is a structure preserving mapping (i.e., / is 
arbitrary, monotone or continuous depending on which of the cases is being considered) 
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then there is a unique structure preserving mapping g : X — > e(Y, Z) such that 

af(#(»,2/) = f(x,y) 

(i.e., such that g(x) (y) = f(x,y)) for all x G X , y G Y . Of course, in all three 
cases there can be at most one such mapping, and in Case 1 the requirement that 
g(x) (y) = f(x,y) for all x G X , y G Y actually defines g . For the existence of g 
in Case 2 (resp. Case 3) it must be shown that the mapping y h-> f(x,y) is monotone 
(resp. continuous) for each x G X and then that the mapping i 4 (j/ 4 f(x,y)) 
is monotone (resp. continuous). However, this was already established in Chapter 4, 
and in fact g = c(f), with c the appropriate currying operator. More precisely, in 
Case 2 c is the order isomorphism (given by Lemma 4.2.5) from (X x Y — >■ Z) to 
(X — > (Y — > Z)) and in Case 3 the order isomorphism (given by Proposition 4.2.8) 
from [X xY ^ Z] to [X ^[Y ^ Z]]. 

The above discussion has really shown that there is a concrete cartesian closed category 
associated with each of the basic cases. Exactly what this means will now be explained. 
It should be noted that not much trouble has been taken up to now to distinguish 
between a set with structure (such as a bottomed poset or a complete bottomed poset) 
and the underlying set. In the definitions involving concrete categories which follow this 
point will be treated with a bit more care. 

A concrete category C consists of 

— a class of elements C called the objects of the category, 

— for each X G C a set \X\ called the underlying set of X , 

- for each X, Y G C a set Hom(X, Y) which is a subset of the set of all mappings 
from \X\ to \Y\ 

such that the following two conditions hold: 

(CI) If / G Hom(AT, Y) and g G Hom(Y, Z) then the composition g of : \X\ — > \Z\ 
(i.e., the mapping defined by (g o f)(x) = g(f(x)) for all x G \X\ ) is an element 
of Hom(X, Z) . 

(C2) The identity mapping idx : \X\ — > \X\ is an element of Hom(X, X) for each 
X G C. 

In what follows let C be a concrete category; as above the objects of C will be denoted 
by C . The elements of Hom(X, Y) are usually called morphisms. 
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The concrete categories associated with the basic cases are, of course, given as 
follows: 

Case 1: C is the class of bottomed sets, for each X G C the underlying set 
\X\ is the set obtained by forgetting the bottom element, and Hom(X, Y) is 
the set of all mappings from \X\ to |Y| for each X, Y G C . It is clear that 
(CI) and (C2) hold. 

Case 2: C is the class of bottomed posets, for each X G C the underlying 
set \X\ is the set obtained by forgetting the bottom element and the partial 
order, and Hom(X, Y) is the set of all monotone mappings from \X\ to \Y\ 
for each X, Y G C . It is clear that (C2) holds and (CI) holds by Lemma 4.2.1. 

Case 3: C is the class of bottomed complete posets, for each X G C the 
underlying set |X| is again the set obtained by forgetting the bottom element 
and the partial order, and Hom(X, Y) is the set of all continuous mappings 
from \X\ to |Y| for each X, Y G C . It is clear that (C2) holds and (CI) 
holds by Proposition 4.2.1. 



Let X, Y G C ; a morphism / G Hom(X, Y - ) is called an isomorphism if there is a 
morphism # G Hom(Y", X) such that g o f = \dx and f o g = \dy ■ In this case # is 
uniquely determined by / , since if also g' o / = idx and f o g' = \dy then 

= o idy = g' o f og = \d x °g = g ■ 

The morphism g is called the inverse of / , and it will be denoted by / _1 . Note that if 
/ G Hom(X, Y) is an isomorphism then the mapping / : \X\ — > \Y\ is a bijection. The 
converse is, in general, false: If / G Hom(X, Y) is a morphism such that the mapping 
/ : \X\ — > \Y\ is a bijection then / need not be an isomorphism. Case 2 provides 
an example of this: If / is a monotone bijection then the set-theoretic inverse of / 
need not be monotone. Objects X, Y G C are said to be isomorphic if there exists an 
isomorphism / G Hom( X, Y) . 

The notion of a 5-typed set clearly still makes sense when S is a class: It is a pair 
(L, (•)) consisting of a set L and a mapping (•) : L — >■ S . The notation being used 
for typed sets will also be employed here; in particular, the iS-typed set (L, (•)) will 
usually be denoted just by L , it being assumed that the typing (•) can be inferred 
from the context. 

Let Sets denote the class of all sets, and let \\ : J-Sets ~~ ^ Sets be the mapping defined 
by for each L G J^ets letting \\ L be the set of all mappings c : L — > [j veL (r]) such 
that c(rj) G (rj) for each rj G L . In particular, f| = I . 

If L G Tc then \L\ will be used to denote the element of -Fsets having the same 
underlying set as in L and with the typing |(-)| : L — > Sets (with of course (•) : L — > C 
the typing on L as a C-typed set). 
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The concrete category C will be said to possess canonical finite products if there is a 
mapping ® : Tc — > C given such that: 

(PI) |<g>L| = J] \L\ for each L G T c ■ 

(P2) If L G Tc and w £ L then the mapping p v : \<g>L\ — > \ (rj)\ defined by Pri(c) = c(n) 
for each c G \<8>L\ is a morphism, i.e., an element of Hom(cg)L, (//)) . 

(P3) If L G Tc , IgC and G Hom(X, (77)) for each 77 G L then the mapping 
g : \X\ — >■ |<8)L| defined by q(x) (n) = q v (x) for all a; G |X| , G I, is 
a morphism, i.e., an element of Hom(AT, ®L) . If L = then this is to be 
interpreted as requiring that the unique mapping q : \X\ — > I (i.e., with q(x) = e 
for all x G |X| ) be a morphism, i.e., an element of Hom(X, ®0) . 



The concrete categories associated with the basic cases possess canonical finite 
products: In all three cases condition (PI) holds by definition, and (P2) and 
(P3) hold trivially in Case 1. 

In Case 2 (resp. in Case 3) Lemma 4.2.2 (resp. Lemma 4.2.7) implies that (P2) 
holds, and then Lemma 4.2.3 (resp. Proposition 4.2.5) implies, making use of 
Lemma 5.1.1 below, that (P3) holds. 



In what follows assume that C possess canonical finite products. By (PI) (and as 
already noted in (P3)) \®0\ = f] \0\ = I, and in fact I will also be used to denote 
the object <g>0 . (The object and its underlying set having the same denotation should 
cause no problem in this particular case.) Note (P3) implies that Hom(X, I) consists 
of a unique morphism for each X G C ; in the language of category theory this means 
that I is a terminal object of the category C . 

Lemma 5.1.1 Let L G Tc , X G C and for each n G L let q v G Hom(X, (77)) . Then 
the morphism q G Hom(X, ®L) given by (P3) is the unique mapping q : \X\ — > \<S>L\ 
such that p v o q = q v for each 77 G L . 

Proof This holds trivially if L = , so assume that L ^ 0. If q(x) (77) = q v (x) 
for all x G \X\ then (p v o q) (x) = p v (q(x)) = q v (x) for all x G \X\ , and thus 
P-n q = q-q ■ Conversely, if p v o q = q v then for all x G |X| 

q(x)(r/) = p v (q(x)) = (p v o q) (x) = q v (x) . □ 

Lemma 5.1.2 Let L G Tc , X G C and let q : \X\ — > \®L\ be a mapping. Then q 
is a morphism, i.e., an element of Hom(X, ®L) , if and only if p v oq G Hom(AT, (77)) for 
all i] G L . 

Proof This follows immediately from Lemma 5.1.1. □ 
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Let X u X 2 G C; then the object ®[2] of C with (1) = X 1 and (2) = X 2 will be 
denoted by X\ x X 2 ■ It is easily checked that \Xi x X 2 \ = \Xi\ x \X 2 \ and that 
the morphisms p\ G Hom(Xi x X 2 ,Xi) and p 2 G Hom(Xi x X 2 ,X 2 ) occurring in 
(P2) are the mappings pi : \X\\ x \X 2 \ — > \X\\ and p 2 : \X-\_\ x |X 2 | — > \X 2 \ given by 
Pi(xi,x 2 ) = x\ and ^2(^1,^2) = x 2 for all Xi G |Xl| , £2 G \X 2 \ . Moreover, if X G C 
and G Hom(X, Xi) , (/2 G Hom(X, X2) then the morphism q G Hom(X, Xi x X 2 ) 
given by (P3) is the mapping q : \X\ — > \Xi\ x | 1 given by q(x) = (qi(x), q 2 (x)) for 
each x G |X| . 

Lemma 5.1.3 Let (L, (■)) and (L, (•)') be two finite C-typed sets (with the same 
underlying set L ) and for each 77 G L let f v G Hom((?7), (77} ') . Then the mapping 
f : |(g)(L, (•))! ->■ |<g>(L, (•)')! defined for all c G |<g)(L, (-))| , 77 G L by 

/(c) (77) = /„(c(»7)) 

is a morphism, i.e., an element of Hom((g>(L, (■)), ®(L, (•)')) . 

Proof For each 77 G L let p,, G Hom((g)(L, (•)), (77)) be the morphism occurring in (P2) 
in the definition of ®(L, (•)) and let p' v G Hom((g)(L, (•)'), (77)') be the corresponding 
morphism in the definition of ®(L, (•)') . Then for all 77 G L , c G ®(L, (■}) 

(pJo/)(c) = /(c) (77) = f v (c( V )) = (f v op v )(c), 

i.e., p^ f = f v p v and hence p' v o / g Hom((g>(L, (•)), (77)') for each 77 G L . Thus by 
Lemma 5.1.2 / G Hom(<g)(L, (•)), <g>(L, (•)')) . □ 

If Xx, X 2 , Yx, Y 2 G C and /1 G Hom(Xi,Y"i) , / 2 G Homp^,!^) then the morphism 
/ G Hom(Xi x X 2 ,Y\ x Y 2 ) given by Lemma 5.1.3 will be denoted by /1 x f 2 . It 
is easily checked that /1 x f 2 : \Xi\ x | 1 — > \Yi\ x II2I is the mapping defined by 
(/1 x / 2 )(xi,x 2 ) = (fi(xi), f 2 (x 2 )) for all Xi G \X\ \ , x 2 G |X 2 | . 

The concrete category C is said to be cartesian closed if (in addition to possessing 
canonical finite products) there is given a mapping e : C x C — > C such that the 
following conditions holds: 

(El) For each X, Y G C the underlying set of the object e(X, Y) is just Hom(X, Y) , 
i.e., \e{X,Y)\ = Hom(X, Y) . 

(E2) For each X, Y G C the mapping a^- : |£(AT, Y)\ x \X\ — > \Y\ given by 

ajr(h,x) = h(x) 

for all h G \s(X, Y)\ = Hom(X, Y) , x G \X\ , is a morphism, i.e., a^ is an 
element of Rom(e(X, Y) x X,Y) . 

(E3) If X, Y, Z G C then for each / G Hom( X x Y, Z) there is a unique morphism 
g G Hom(X, e(Y, Z)) such that 

af o (g X idy) = / , 
i.e., such that Zy(g{x),y) = f(x,y) for all x G \X\ , y G \Y\ . 
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The object e(X, F) is often called the exponential object of X and F ; the morphism 
a^ is called a functional application operator or just an application operator. 

Note that (E3) is really the assertion that for each / e Hom( X x Y, Z) the mapping 
y i — y f(x,y) is an element of Hom(F, Z) for each x e |X| , and that the mapping 
x i — y (y i — y f(x, y)) is then an element of Hom(X, s(Y, Z)) . 



In the concrete categories associated with the basic cases the object e(X, Y) 
was defined to be respectively the bottomed set (X — y Y) of all mappings 
from \X\ to \Y\ , the bottomed poset (X — y Y) of all monotone mappings 
from \X\ to \Y\ , and the bottomed complete poset [X — y Y] of all continuous 
mappings from \X\ to \Y\ . (Note that (X -> Y) , (X ->■ F) and [X ->■ F] 
are now being used to denote the objects and not the underlying sets.) 

In each of these cases |e(X,F)| is just the corresponding set of mappings 
without the additional structure which makes e(X, F) respectively a bottomed 
set, a bottomed poset and a bottomed complete poset. In particular, this 
means that \e(X, F) | = Hom(X, F) . 

In all three cases it was shown that a^ € Hom(e(X, F) x X, F) . Moreover, 
it was also shown that (E3) holds, with g = c(/) and with c the appropriate 
currying operator. This implies that the concrete categories associated with 
the basic cases are all cartesian closed. 



In what follows assume that C is cartesian closed. One of the main reasons for working 
in the present generality is that it allows a uniform treatment of partial application 
operators. These operators, which are a generalisation of the application operators, will 
play an important role in the remainder of the study. 

In order to be able to define the partial application operators some preparation is needed. 
Note that if X, F, Z e C then the objects (X x F) x Z and X x (F x Z) cannot be 
equal, since their underlying sets are not even the same. However, they are isomorphic: 

Lemma 5.1.4 The mapping & : (\X\ x |F|) x \Z\ ->■ \X\ x (|F| x \Z\) defined by 

$((x,y),z) = (x,(y,z)) 

for all x e \X\ , ye \Y\ and z e \Z\ is an element of Rom((X x F) x Z,X x (F x Z)) . 
Moreover, i? is an isomorphism with inverse the mapping t? _1 given by 

$- l {x,{y,z)) = ((x,y),z) 

for all x e \X\ , ye \Y\ and z e\Z\. 
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Proof Put U = (X x Y) x Z ; thus \U\ = \X x Y\ x |Z| = (\X\ x |y|) x |Z| . By (P2) 
the mappings q\ : \X x Y\ — > \X\ and g 2 : |X x y| — > \Y\ defined by qi(x, y) = x and 
Q2(x,y) = y are morphisms, i.e., q\ G Hom(X x y, X) and qi G Hom(X x y, Y) . In 
the same way, by (P2) the mappings r\ : \U\ — > \X x Y\ and r 2 : \U\ — >■ |Z| defined 
by ri(ty,z) = to and r2(w, z) = £ are also morphisms, i.e., r\ G Hom(£7, X x y) and 
r 2 G Hom(?7, Z) . Put q[ = q\ o n , q' 2 = q2° T\ and (?3 = r 2 , hence (/^ G Hom(£7, X) , 
(/ 2 G Hom(£/", y) and (/ 3 G Hom(£/", Z) , and let </? : U — > X x Y x Z be the mapping 
given by <p((x, y), z) = (x,y,z) for all x G \X\ , y G \Y\ , z G |Z| . Then Pj o <fi = q'j 
for each j = 1, 2, 3 , where pi G Hom(X x y x Z,X) , p 2 G Hom(X x Y x Z,Y) 
and £>3 G Hom(X x Y x Z, Z) are the morphisms occurring in (P2) in the definition 
of X x Y x Z . Therefore by Lemma 5.1.2 f is a morphism, i.e., ip is an element of 
Kom(U,X x y x Z) . 

Now let p[ : \X x Y x Z] — )■ \X x y| be the mapping given by p'^x, y, 2) = (x, ?/) ; then 
by Lemma 5.1.2 p[ G Hom(X x Y x Z, X x Y) , since o p' x = pi and g 2 o p^ = p 2 . 
Thus, again making use of Lemma 5.1.2, the mapping f':XxYxZ— > U given 
by <p'(x,y,z) = ((x,y),z) for all x G \X\ , y G \Y\ , 2; G |Z| , is a morphism, since 
r\ o <f' = p[ and r 2 o <p' = p 3 . But clearly cp' o cp = \du and ip o ip' = \dxxYxZ , and 
this shows that 99 is an isomorphism with inverse <p>' . 

Finally, let if) : \X\ x \Y x Z\ \X x Y x Z\ be given by t(j(x, (y, z)) = (x, y, z) . The 
same proof as above shows that ip G Hom(X x (Y x Z), X xY x Z) and that V is an 
isomorphism with inverse ip' G Hom(X x Y x Z, X x (Y x Z)) the mapping given by 
ip'(x, y, z) = (x, (y, z)) for all x G |X| , y e |y| , z E \Z\ . But clearly 1} = ip' o ip and 
therefore Hom((X x y) x Z, X x (Y x Z)) ; moreover, <p , as the composition of two 
isomorphisms, is itself an isomorphism with inverse t? _1 = <p' o ip , which in particular 
implies that $ -1 (x, (y, z)) = ((x,y),z) for all x G |X| , y G |y| and z G |Z| . □ 

The mapping in Lemma 5.1.4 will always be denoted by 1} ; the objects X , Y and Z 
can always be determined from the context. 

If L G Tc and J is a subset of the underlying set L then J will be considered as a 
C-typed set with the typing induced from L . 

Lemma 5.1.5 Let L G Tc and J be a, non-empty proper subset of L . Then the 
mapping p L j : |<g)L| — > |(g>J| given by 

Pl,j(c)(v) = c(rj) 

for all c G \<S>L\ , rj G J , is a morphism, i.e., an element of Hom(cg)L, ® J) . 

Proof For each 77 G L let p,, G Hom((g>L, (77)) be the morphism occurring in (P2) in 
the definition of ®L , and for each 77 G J let p^ G Hom(cg>J, (77)) be the corresponding 
morphism in the definition of <g> J . Then clearly p'^ Pl j = p v for each 77 G J , and 
hence by Lemma 5.1.2 p L j is a morphism. □ 
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Lemma 5.1.6 Let L G Tc and J be a non-empty proper subset of L . Then the 
mapping Sl,j '■ \<S>J\ x \<g>(L\J)\ — > \<g>L\ given by 

f , w v / a (v) if rieJ , 

sM(v) = [ m UtieLVi 

is a morphism, i.e., an element of Hom((g>J x ®(L\ J), ®L) . Moreover, s^j is an 
isomorphism with inverse the mapping from \<g>L\ to |<g)J| x \<g>(L\J)\ given by 

s Z,j( c ) = (Pl,j(c),Pl,l\j(c)) 

for ail c G |(g)J| . 

Proof This is very similar to the proof of Lemma 5.1.4 and is left to the reader. □ 

Lemma 5.1.7 Let L G J"c afl d fet Ji, J2, J 3 be nori-empty disjoint subsets of L 
with L = Ji U J 2 U J 3 . Then 

SL,Jj o (id®^ X Sj 2 uj 3i j 2 ) o = 5 LjJlU j 2 o (s^uJa.J! x id®j 3 ) 

with 1? G Hom( (<g>Ji x <g> J 2 ) x <g)J 3 , ®Ji x (<g)J 2 x (g)J 3 ) ) . In other words, 

SL,Ji(ci,Sj 2 uJ 3 ,J 2 (c2,C3)) = Sl, J x U J 2 ( s JiUJ 2 , Ji (ci, C 2 ), C 3 ) 

for ah Ci G |<8>Ji| , c 2 G |<§)J 2 | and c 3 G |® J 3 | . 

Proof This is straightforward; for example, if r\ G J 2 then 

S^J^C^S^uJa.J,^,^)) (77) = sj 2U j 3i j 2 (c 2 ,c 3 )) (77) = c 2 (n) 

= s^uja.jiCci^) (77) = sl,j iU j 2 (sj iU j 2 ,j 1 (ci,c 2 ),c 3 ) (n) , 

with similar calculations in the other two cases. □ 

Let L G Tc and Y EC and, to simplify the notation, it is convenient here to just write 
e(L, Y) instead of s(<g>L, Y) and a^ instead of a^ L . Now the application operator a^ 

is a mapping from \e(L, Y)\ x \<S>L\ to \Y\ , in which the element a^(/i, c) of \Y\ is the 
value obtained by applying the function h G \s(L, Y)\ = Hom(®L, Y) to its arguments 

c G |(g)L| . 

The partial application operators will generalise this, but with the function applied to 
only some of its arguments. To be more precise, let J be a non-empty proper subset of L 
(which means in particular that L must contain at least two elements). Then there will 
be a partial application operator pa^ j , which will be a mapping from \e(L, Y) \ x \<g>J\ 

to | e(L\ J, Y) | , in which the element pa^j(h,6) of \e(L\J,Y)\ is the value obtained 
by applying the function h G \s(L, Y)\ = Hom((g)L, Y) just to the arguments b G \<S>J\ ■ 
This means that the value is now an element of \e(L\J, Y)\ = Hom(®(L\ J), Y) , and is 
thus a function from |®(L\J)| to \Y\ . In fact, it should be the function which, when 
the remaining arguments are applied to it, gives the same value (i.e., the same element 
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of |Y| ) which would have been obtained if all the arguments had been applied directly 
to h . In other words, pa|^ j(h, b) (c) = h(sL t j(b, c)) , i.e., 

a I\j(P a L,j(M),c) = a£(fc,s L) j(&,c)) 

should hold for all h G |e(L, Y)| , 6 G |®J| and all c G |<g)(L\J)| . The morphism sl,j 
is needed here to combine the two partial sets of arguments b and c into a complete 
set of arguments Sl,j(6, c) G |®L| . 

The above equation describes how pa)^ j should behave as a mapping, and clearly there 
is at most one such mapping from |e(L,Y)| x |®J| to \e(L\J,Y)\ . The existence is 
not so clear: This requires that the mapping c h(sL,j(b,c)) be a morphism (i.e., 
an element of Hom(<g)(L\J), Y) ) for each h G |e(L,Y)| , 6 G |<g>J| . However, what 
is really needed is that pa}^ j itself should actually be a morphism, i.e., an element of 
Hom(e(L, Y) x <g>J, e(L\J, Y)) . It will be shown below that there is, in fact, a morphism 
(and thus a unique morphism) pa|^ j satisfying this equation. 

In order to establish the existence of the morphism pa]^ 3 it is useful to rewrite the 
above equation in a form which does not involve the arguments of the mappings. 

Lemma 5.1.8 Let L G J~c , J be a non-empty proper subset of L and Y G C . Let 
if) G Hom(e(L, Y) x <g>J, s(L\J, Y)) ; then 

a I\j(V<M),c) = a£(h,s L ,j(b,c)) 

holds for all h G \s(L, Y)| , b G |<g)J| and all c G \®(L\J)\ if and only if 

3 l\j ° (V> x id ®(i\J)) = a I ° (id £ (L,y) x s l ,j) o 1? 

with G Hom( (e(L, Y) x ® J) x ®(L\J) , e(L, Y) x ((g) J x ®(L\J)) ) . 

Proo/ Let G |e(L, Y)| , 6 G |<g>J| and c G |<g>(L\J)| ; then 
al(h,s L! j(b,c)) = (a^ o (id e(L) y) x s L)J ) ) (h, (b,c)) 

= ( a I ° ('d e (L,y) x sl.j) o i?) ((/i,6),c)) , 

and on the other hand 

a I\j(V>(M),c) = ( a I\j° (V> x i<W\j))) ((h,b),c) . 
The result follows immediately from these two facts. □ 

Proposition 5.1.1 Let L G Tc , J be a non-empty proper subset of L and Y G C . 
Then there is a unique morphism pa)^ j G Hom(e(L, Y) x ®J,s(L\J,Y)) such that 

a I\J ° (P a I,J X ic Wv)) = a I ° C id e(L,Y) X S L ,j) o , 

again with $ G Hom( (e(L, Y) x <g> J) x ®(L\J) , e(L, Y) x (<g)J x ®(L\J)) ) . 

Proof Just apply (E3) with f = a\ o (id £ (L,Y) x s_l 5 j) o # (and note that the objects 
X , Y and Z occurring in (E3) are here equal to e(L,Y) x <g> J , ®(L\J) and Y 
respectively) . □ 
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Let L G Tc , J be a non-empty proper subset of L and F G C . Then by Lemma 5.1.8 
pa]^ j G Hom(e(L, Y) x <g> J, e(L\J, Y)) is the unique morphism such that 

a I\j(P a I,j(M> c ) = al(h,s L ,j(b,c)) 

for all h G |e(L, F)| , 6 G |<E>J| and all c G |®(L\J)| . In fact, as already noted, pa^j 
is the unique mapping from e(L,Y) x ®J to e(L\J, Y)) satisfying this equation. 

Proposition 5.1.2 Let L G Tc , let J and J' be non-empty disjoint subsets of L 
with JUJ'^L and let Y eC ; then 

P a l,juj' ° ( ]d e(L,Y) x SjuJ'.j) o = pa£ UJ , o (pa^j x id® j/) 

with G Hom( (e(L, F) x <g> J) x <g> J' , s(L, Y) x (<g)J x <g> J') ) . Equivalently, 

P a L,JUJ>( h i S JUJ',j( b i b ')) = P a I\J,J'(P a L,j( h i b ),b') 

holds for all h G \e(L,Y) \ , b G |<g>J| and b' G \®J'\ . 

Proof Let h G |e(L, F)| , be |(g)J| and 6' G |(g)J'| ; then by Lemma 5.1.7 

SL,j{b,s L \j :J ,(b',a)) = s L ,juJ'(sjuJ',j(b,b'),a) 
for all a G \(JU J'))\ . Thus 

P a I\j,j'(P a I,j(M),k') («) = P a I,j(M)(sL\j,j'(b',a)) 

= h(sL,j(b,s L \ Jy j,(b\a))) = h(s Li j u j,(sj u j, : j(b, a )) 

= P a I\j,j'(P a I,j(^ b )^0 ( a ) 

for all a G |<g)(L \(JU J'))| , and therefore 

P a I,juJ'( h i s JuJ>,j(b,b')) = pa^ JJ ,(pa^ J (/i,6),6 / ) . □ 

It is useful to extend the class of partial application operators by putting pa^ L = a^ for 
each non-empty L G Tc • Note, however, that the morphism pa]^ L is defined to be an 
element of Hom(e(L, Y) x ®L, Y) (and not an element of Hom(e(L, Y) x <g>L, e(I, F) ). 
The reason for making this extension is that the partial application operators then 
include the application operators, and it is justified by the fact that Proposition 5.1.2 
still holds: 

Proposition 5.1.3 Let L G Tc , let J and J' be non-empty disjoint subsets of L 
and let Y EC ; then 

P 3 l,juj> ° O d e(L,Y) x s Juj',j) ° & = pa£ u<7 , ° (pa£j x id® j/) 

with # G Hom( (e(L, F) x <g> J) x ® J' , e(L, F) x ((g) J x ®J') ) . Equivalently 

P2L,juj>(KsjuJ<,j{bib')) = pa£ UJ ,(pa£ ;J (/i, &),&') 

holds for all h G \e(L,Y) \ , b G |<g>J| and b' G \®J'\ . 
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Proof If J U J' 7^ L then this is just Proposition 5.1.2, and if J U J' = L then it 
follows immediately from Proposition 5.1.1 and Lemma 5.1.8. □ 

The concrete cartesian closed category C will be called bottomed if for each X G C the 
underlying set \X\ contains a bottom element, to be denoted by J_x , such that the 
following two conditions hold: 

(Bl) For each L G Tc the bottom element -L®l of |<g>L| = ni-^l ^ s the mapping 
defined by -L®l(v) = -L(?j) f° r each rj & L . 

(B2) For each X,Y E C the bottom element _L e (x,y) of \e(X, Y)\ is the unique 
element h G |e(X,Y)| such that a x (/i,x) = _Ly for all x G |X| . (In other 
words, ax(-L s (x,Y)j x ) = -^-y f° r & h x £ |^| > an d if a x (/i,x) = _Ly for all 
x G |X| then h = ± e (X,Y) .) 

The concrete categories associated with the basic cases are clearly bottomed. In what 
follows assume that C is bottomed. 

Proposition 5.1.4 Let L G Tc , J be a non-empty subset of L and let Y G C ; then 

PaI,j(^e(L,Y)>&) = 

for all b G |<g>J| , where of course Z = Y if J = L and Z = e(L\J, Y) if J is a proper 
subset of L . 

Proof This follows directly from (B2) if J = L , and so it can assumed that J is a 
proper subset of L . Then by Proposition 5.1.1, Lemma 5.1.8 and (B2) 

a I\j(P a L,j( ± £ (i,n' 6 )' c ) = a I(-L e (L,y)» s i.,j( 6 » c )) = -Ly 
for all b G \<8>J\ , c G |®(L\J)| , and thus by the uniqueness in (B2) it follows that 

P a I,j( ± e(L,y)^) = -Le(L\J,Y) 

for all b G <8> J . □ 



5.2 Functional types and functional algebras 



This chapter deals with the functions to be defined over the data objects. These will be 
obtained by first introducing a set 5" called the set of functional types over B and then 
extending the family Db toa family Ds in such a way that it is natural to regard D a 
as a set of functions of type a for each a G S\B . 

For any set S denote by J 7 ^ the set of non-empty finite S'-typed sets, in other words 
= J^s \ {0} • Somewhat informally, the set S of functional types over B can be 
thought of as being defined by the following rules: 

(1) Each ground type /3 E B is an element of S . 

(2) If L e J^g and (3 G B then L ->■ f3 is an element of S . 

(3) Each element of S can be uniquely constructed using rules (1) and (2). 

The functions of type L — > (3 will be defined to be some kind of functions whose 
arguments are named by the elements of the set L , in which the values of the argument 
corresponding to 77 G L range over the set of elements of type (n) , and which take their 
values in the set Dp . In particular, if o\ ■ ■ ■ a n G S* with n > 1 then the functions 
of type o\ ■ ■ ■ a n — > (3 will be functions of n arguments with the values of the j-th 
argument ranging over the set of elements of type Oj . As mentioned at the beginning of 
the chapter, this recursive definition is necessary in order to obtain higher-order types. 

Now it is convenient to identify the ground type f3 G B with a functional type having 
no arguments, i.e., with the type — > f3 , and this reduces the informal definition to 
just the following two rules: 

(1) If L G J^s an d /3 G B then L — )> j3 is an element of S . 

(2) Each element of S can be uniquely constructed using rule (1). 

This must be made precise. Thus suppose £ is a set which is going to be a candidate 
for the set of functional types over B . Then a mapping # : Fs xB-^S must also be 
given which 'constructs' the new types, i.e., so that #(L,/3) is the new type L — > (3 
occurring in (1) for each L G J~s , P G B . Such a pair (£, jf) will be called a set of 
functional types over B . If (5", #) and are sets of functional types over B 

then a homomorphism from (5, jf) to (5", #') is any mapping tt : S — )■ 5" such that 

7T(#(L,/?)) = #'(7TL,0) 

for all L G J~s , (3 G B , where n L is the 5"-typed set having the same underlying set 
as L together with the typing (•)' : L —t S' defined by (rr)' = 7r((??)) for each n G L 
(with (•) the typing on L ). As is to be expected, a set of functional types (S, over 
B is said to be initial if for each set of functional types (5", over B there exists a 
unique homomorphism from (S 1 , jf) to (5", #') . If such an initial exists then 

it is, of course, up to isomorphism unique. 
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Proposition 5.2.1 There exists an initial set of functional types over B . Moreover, 
a set of functional types (S, #) over B is initial if and only if the following hold: 

(1 ) The mapping # : x B — > S is bijective. 

(2) IfTcS with #(Jr xB)cT then T = S. 

(Note that by (2) 'bijective' could be replaced in (1) by 'injective', since if T = Im(#) 
then clearly #(T T x B) C #(F S X B) = T .) 

Proof Consider the single-sorted signature S = (J-j x B, $) in which the mapping 
$ : T\ x B — > J-i is just the projection onto the first factor (i.e., /3) = A for all 

A G Ji, /3 E B). Thus S contains a single type £ and for each i 6 Jj and each 
(3 E B an operator name (A, /3) of type A — > £ . Let (£, hj- lX B) be a S-algebra. Note 
that h(A,p) is then a mapping from 5" A to S for each A G 7i, (3 E B , and that 
the elements of the set S A can be considered as typings on the set A . A mapping 
# : J 7 ^ x B ^ S can thus be defined by letting 

= V,/3)(0) 

for each L = (A, (■)) G 7s, /3 E B ; (S, #) will be called the set of functional types 
associated with (S,hjr lxB ). Conversely, if (S,#) is any set of functional types over B 
then for each A E T\ , /3 E B , a mapping from h(A,p) '■ S A — >■ S 1 can be defined by 

for each (■} e 5' A ; (S 1 , /ijF, x s) will be called the S-algebra associated with (S 1 , #) . 

Let (S 1 , #) be a set of functional types over £? and (S,hjr lX B) be a S-algebra (with 
the same set £); then it is clear that (S, #) is the set of functional types associated 
with (£, /ijp-jxb) if and only of (S,hj- IXB ) is the S-algebra associated with (£, #) . 
Moreover, if (5", #') is a further set of functional types over B and n : S — >■ 5" is a 
mapping then it is easily checked that 7r is a homomorphism from (S 1 , #) to (5", 
if and only if n is a S-homomorphism between the associated S-algebras. From this it 
follows that a S-algebra (£, /ijf, x b) is initial if and only if the set of functional types 
associated with (£, Hj: iX b) is initial. Thus by Proposition 2.3.3 there exists an initial 
set of functional types over B . 

The second part of Proposition 5.2.1 now follows from the above correspondence between 
S-algebras and sets of functional types over B , together with the characterisation of 
initial S-algebras given in Proposition 2.3.2. □ 

In what follows let (£, #) be an initial set of functional types over B (whose existence 
is guaranteed by Proposition 5.2.1). In the sense that initial objects are unique, (5, #) 
will be referred to as the set of functional types over B . Moreover, this pair will usually 
be denoted just by £ , and the notation L — > f3 will almost always be employed instead 
of j3) . The symbol — > thus has two different usages; it will be seen, however, that 
these two usages are, in a certain sense, compatible. 

By (1) in Proposition 5.2.1 each element of S has a unique representation of the form 
L — > /3 with L E Ts and (3 E B , which implies, in particular, that — > (3 and 
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— >■ (3' are different elements of S whenever (3 ^ (3' . This means that — > (3 can 
(and will) be identified with f3 for each (3 G B ; in this way B is considered to be a 
subset of S . 

Finally, although S is referred to as the set of functional types, the statement that 
a <E S is a functional type will mean that a G S \ B , i.e., that a has the form L — > f3 
with L e . The set £ is therefore divided up into functional types (the elements of 
S\B) and ground types (the elements of B). 

If a = L — > (3 is a functional type and J is a subset of L then o~j will be used 
to denote the type J — >■ f3 , where J is considered as an S'-typed set with the typing 
induced from L . In particular, a = j3 . 



Example 5.2.1 In the signature A in Example 2.2.1 the set of ground types 
is the set B = {bool, nat, int, pair, list} . The set S thus contains the 
functional types int — > int , list list — > list , list int list — > list , 
int — > list and (int — >■ int) int — > list which already occurred implicitly 
in Example 1.2.1. 



Lemma 5.2.1 There is a unique mapping \ • \ : S — > N with \/3\ = for each ground 
type (3 G B and such that 

\L->0\ = 1 + £ 1(77)1 
for each functional type L — >■ (3 . 

Proof Let g : J-^ be the mapping given by g(0, (3) = and 

g(L, P) = 1 + £ (n) 

t)€L 

for all L G J-J , (3 G B . Then (N, g) is a set of functional types over B and so there 
exists a unique homomorphism | • | from (S, if) to (N, g) . Thus | • | : S — >■ N is such 
that \(3\ = |0^/3| = |#(0,/3)| = g(0,P) = for all (3 G B and 

\L^(3\ = |#(L,/3)| = g(\-\L,J3) = 1 + £ |fo)| 

for all L G J-g , (3 & B . The uniqueness of the mapping | • | follows either from the 
uniqueness of the homomorphism from (£, #) to (N, g) , or directly from condition (2) 
in Proposition 5.2.1. □ 

The elements a of S with \a\ = 1 are called first order functional types; these are 
exactly the types having the form L — > (3 with L G J-g and (n) G -B for each r\ G L 
(i.e., each of the 'parameters' of a first order functional type is of ground type). The 
elements a of S with |cr| > 1 are then called higher order functional types: These are 
therefore the types having the form L — > (3 with Lg and (n) G S\B for at least 
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one rj G L (i.e., a higher order functional type has at least one 'parameter' which is of 
functional type). 

Having constructed the set S of functional types, the next step is to extend the family 
D B in the A-algebra (D B ,f K ) to a family D$ in such a way that it is natural to 
regard D a as a set of functions of type a for each a G S \ B . This will be done 
using the concepts introduced in the previous section, i.e., within the framework of a 
bottomed concrete cartesian closed category. 

Thus in what follows let C be a bottomed concrete cartesian closed category. The 
notation employed here is that introduced in Section 5.1; in particlar, the objects of C 
will be denoted by C . 

Let Xy be a family from C , i.e., a family such that X T G C for each r G T and 
let L G J~t be a finite T-typed set with typing (•) : L — > T . Then Xf' will be used 
to denote the object ®V of C , where L' G Tc is the C-typed set having the same 
underlying set as L together with the typing (•)' : L' — >■ C given by {rj)' = X^ for 

each i] G L' = L . In particular, this means that jXf'l = , with X^ as defined in 
Section 2.1, and where Xt is the family of sets given by X T = |X T | for each r G T . 
The element L' G Tc defined above will be referred to as the C-typed set associated 
with L and Xy . 



In the concrete categories associated with the basic cases the above definition 
of the object Xf' is correct in that it equips the underlying set X^ with the 
proper structure. 



Consider now the A-algebra (Dbt/k) which describes the data objects. Then Dp is at 
least a bottomed set for each f3 G B , and (as in Case 2 and Case 3) it is a often bottomed 
set endowed with additional structure. Being somewhat pedantic, will now be used 
to denote this structured set and Dp will be reserved to denote just the underlying set 
without the structure. In other words, is the object in the appropriate concrete 
category and Dp = \Dp \ . Note that it is (-Ds, fx) , and not (Dg, fx) , which is really 
a A-algebra. 

This point of view leads to the following definition: A pair (Yb,Qk) will be called a 
C-based A-algebra if Yg is a family from C (i.e., G C for each (3 G B) and qx 
is a family of morphisms such that q K G Hom(Y^, Y^) whenever k, G K is of type 
L — > /3 . Of course, if (Y B , q K ) is a C-based A-algebra and Yp = \Yp\ for each /3 G B 
then (Yg, qx) is a A-algebra as defined in Section 2.2. 

Clearly each of the pairs (Dg, fx) occurring in the basic cases is a C-based A-algebra 
(with C the associated category). 
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Proposition 5.2.2 If (YbiQk) is a C-based A-algebra then Y B extends uniquely 
to a family Yg from C such that 

Y L _^ = e{Y^Y p ) 

for each functional type L — > j3 . 

Proof Define a mapping #' : Tc x -B — >■ C by 

e((g)L, Y^) if 



it L = . 

Then (C, is a set of functional types over B , except that C is a class rather than 
a set. However, there is still a unique homomorphism tv from (S, #) to (C, #') , i.e., 
a unique mapping tv : S — > C such that 

tt(#(L,/5)) = #'(ttL,/3) 

for all L G J~s , f3 E B , where tv L is the C-typed set having the same underlying set 
as L together with the typing (•)' : L — > C defined by (rj) 1 = Tc({r])) for each n E L . 
(This can be seen by examining the construction of the homomorphism in the proof of 
Proposition 2.3.2. Alternatively, tv can be defined directly with the help the mapping 
| • | : S — > N given in Lemma 5.2.1.) Now define Y^ = tv(o~) for each a E S \B ; then 
Ys is a family of objects from C extending Yb , and Y^ = tv(o~) for all a E S , since 

tv((3) = tt(#(0,/3)) = #'(0,/3) = Y^ 

for each (3 E B . Note that if L E Fs then ®tvL = Y^ , since 7r( (77)) = Y^ for each 
i] E L . Thus if L — >■ (3 is a functional type then 

Y L ^ p = tt(#(L,/3)) = #'(7rL,/3) = e{®TvL,Yp) = e(Yf,Y^) . 

The uniqueness of the family Y s follows from the uniqueness of the homomorphism tv 
(or by induction using the mapping | • | ). □ 



Let C be the concrete category associated with one of the basic cases, let 
(Dg, fx) be a C-based A-algebra and let D5 be the family of objects given 
by Proposition 5.2.2. Thus in Case 1 D5 is a family of bottomed sets and 

D L ^ = (D^D^) 

for each functional type L — > (3 . In Case 2 D5 is a family of bottomed posets 
and for each functional type L — )■ f3 

D L _^ = (Df "Dp) . 

Finally, in Case 3 D5 is a family of bottomed complete posets and 

= [Do — > D/3] 

for each functional type L — > . 
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In what follows assume that (Dg, fx) is a C-based A-algebra and let D5 be the family 
from C given by Proposition 5.2.2. As above put D a = \D a \ for each a E S , and note 
that |D^| = for each L G Fs ■ 

The application and partial application operators introduced in Section 5.1 will now be 
specialised to the objects in the family D5 . 

Let a = L — >■ (3 be a functional type and let V G Tq be the C- typed set associated 
with L and D5 ; then the application operator a^/ 3 will be denoted by a a . Thus 
a a G Hom(D (J x D^,D^), since = ®V and D,, = e{D^Tip) = e(<g>L', T>p) . 
Moreover, a CT : D a x — >■ Dp is the mapping given by 

a a (h,c) = h{c) 

for all h G D a , c G L>f . 

Now let J be a non-empty proper subset of L and let J' be the corresponding subset 
of V (i.e., J' has the same underlying set as J but is considered as a C-typed set 

with the typing induced from L' ); then the partial application operator pa^/j, will 

be denoted by pa^ . The morphism pa^ is thus an element of Hom(D cr x D^, D CTi . 3 ) 

(recalling that <Jl\j is the type L \ J — > (3 ), since D ff = e{®V ', D^) , = ® J' and 

D^ V7 = e(DA J , D^) = e(®(L'\J'), D/0 • 

By Lemma 5.1.8 pa^ G Hom(D cr x D^, D ffiU ) is the unique morphism such that 

a ^ V7 (paa(M),c) = a CT (/i,s L)J (6,c)) 

(i.e., such that pa^(/i, 6) (c) = h(s LjJ (b, c)) ) for all /i G -Do- , b G -D/ and all c G £>f^ J . 

To increase the legibility b © c will now be written instead of SL,j(b, c) (with the sets 
L and J being determined from the context). Thus 

pai(h,b) (c) = h(b®c) 
for all heD a , b G -D/ , c G L>f^ J . 

As in Section 5.1 it is useful to put pa^ = a CT , in order to include a CT in with the 
partial application operators. Note then that pa^ G Hom(D cr x D^D^,) for each 
non-empty subset J of L , since cr = /3 . If it is deemed necessary to emphasise that 
pa^f is not really a partial application operator then it will be referred to as a total 
application operator. 

Proposition 5.2.3 Let a = L — >■ (3 be a functional type and let J and J' be 
non-empty disjoint subsets of L ; then 

papf (h,b®V) = P at' LXJ (pat(h,b),b>) 
for all h G D a , b G D J and b' G D{ . 

Proof This is a special case of Proposition 5.1.3. □ 
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The following situation has been arrived at: 

1. Assuming that (D B ,/^) is a C-based A-algebra, Proposition 5.2.2 produces a 
family Dg from C which extends the family Dg . 

2. For each functional type a = L — )■ (3 the object can be thought of as a set of 
functions endowed with an appropriate structure. In fact, D ff should be regarded 
as consisting of functions from the object Df' to the object . 

3. For each functional type a = L — >■ (3 and each non-empty subset J of L there is 
a partial application operator pa^ G Hom(D cr x , D ffiy ) . 



Example 5.2.2 Let (Dbj/k) be the flat extension of the A-algebra (Xb,Pk) 
introduced in Example 2.2.1, so (Dbi/k) is a C-based A-algebra with C the 
concrete category associated with Case 1. Let Dg be the family of objects 
given by Proposition 5.2.2. Then in particular 



with L = Z* (and where Z 1 - and L 1 - are here considered as objects in C , i.e., 
as bottomed sets). This is what is needed to apply the second interpretation 
in Section 1.1 to the equations in Example 1.2.1. 



The next step is to extend the signature A to a signature £ = (S, N, A, S) by adding 
names for the partial application operators, and then to extend (Dg, f^) to a C-based 
S-algebra (Ds, In) by adding these operators to the family f K . 

Before doing this, though, there is one small point which has to be dealt with. The 
partial application operators occurring above have two arguments, the first being a 
function and the remainder the function's arguments. However, to conform with the 
set-up being employed for the mappings occurring in algebras, they should only have a 
single argument, and to achieve this it is convenient to introduce the following simple 
device: For each functional type a = L — >■ (3 e S fix some element o CT not in L , and 
for each non-empty subset J of L put a • J = J U {o a } , considered as an 5-typed 
set with the typing induced from L and with o a of type a . Now define a mapping 




(Lr 1 xL 1 ^ L x ) , 



t J ff : D a x Di -> £>- 



by 
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Lemma 5.2.2 The mapping t 3 : D a x Df — > D°' J is a morphism, i.e., an element of 
Horr^Do- x D^,D^' J ) . Moreover t 3 is an isomorphism. 

Proof This is similar to the proof of Lemma 5.1.4 and is left the reader. □ 

In order to increase the legibility h<c will be written instead of t 3 (h, c) (with a and 
J being determined from the context). Thus, since an isomorphism is in particular a 
bijection, each element of D°' J has a unique representation of the form h < c with 
h G D a and c G Dj . 

The morphism X 3 a will allow the partial application operator pa^ , which is a mapping 
with domain D a x Df , to be converted into a mapping with domain D°' 3 . 

For each functional type a = L — >■ /3 and each non-empty subset J of L let <{cr, J} be 
some element not in K and such that <{cr, J} 7^ <{r, J'} whenever (a, J) 7^ (r, J') . 
Put A = if U A, where A is the set consisting of these new elements and define 
mappings A : N — > Fs and 5 : N — >■ S by 

w [ (T • J \i V = <{(T, J} , 

_ if is £ K : 

^ ' \ a L \j \i v = <{(T, J} with a = L ->■ /3 . 

Then £ = (£, A, A, 5) is a signature which is an extension of A , and in which <{cr, J} 
is of type a • J — > ctl\j whenever a = L^-/3ES\B and J is a non-empty subset 
of L . £ will be called the functional signature associated with A . 

Now if a = L — )> (3 is a functional type and J is a non-empty subset of L then put 

f<{a,J} = O (ti)- 1 . 

Thus / <{(T)J } G Hom(D^' J ,D (JiV/ ) and the mapping f <{c7;J} : -> D aLVJ satisfies 

f«{*,j}(h<b) = pai(h,b) 

for all h G D a , b G -Df . In other words, the mapping /^{^j} satisfies 

f<{a,J}(h<b)(c) = h(b@c) 

for all h G D a , b e D 3 , c G £>f\ J . This results in a C-based E-algebra (Ds,/jv) 
which will be called the functional C-based H-algebra derived from (Db^k) in C. 
The E-algebra (-Ds,/at) will be called the functional E- algebra derived from (Dg, /^) 
in C . 

The functional E-algebra (Ds, /at) possesses a couple of properties which will play an 
important role in what follows. These are given in the next two results. For each a £ S 
denote by _L CT the bottom element of D a (in the bottomed category C ). 

Proposition 5.2.4 Let a = L — >■ (3 be a functional type and J be a non-empty 
subset of L . Then /^^^(l^ < c) = -L CTlAJ for all c G D 3 . 
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Proof This is a special case of Proposition 5.1.4. □ 

Proposition 5.2.5 Let a = L — >■ (3 be a functional type and J and J' be non-empty 
disjoint subsets of L (and so in fact L must contain at least two elements). Then 

f<{a,JUJ'}{h<(c®c')) = f<{a L \j,J'}(f<{a,J}(h<c) < d) 

for all he D a , c G D J and all d G D{ . 

Proof This is a special case of Proposition 5.1.3. □ 

Finally, the following fact will be needed in Chapter 6. 

Lemma 5.2.3 If (Ys,qN) is a minimal T,-algebra (and in particular if (Ys,qN) is an 
initial 'E-algebra) then Y a = for each functional type a G S \ B . 

Proof Let Zg be the family with Zp = Yg for each (3 G B and Z a = for each 
a G S\B . Then it is easily checked that Zs is invariant in (Ys,?at) • (Note that 
if a = L — )> (3 is a functional type and J a non-empty subset of L then Z°' J = , 
since a • J contains the element o a of type a ) . Thus Y a = for each functional type 
aeS\B. □ 



5.3 Primitive functions 



For the whole of the section let C be a bottomed concrete cartesian closed category and 
(Db, fx) be a C-based A-algebra. As in Section 5.2 put Dp = \Dp\ for each (3 G B . 
It will be assumed that the A-algebra (Db, fx) is a monotone regular extension of the 
initial A-algebra (Xb,Pk) (with the bottom element -Lp of the bottomed set Dp the 
bottom element of the object for each (3 e B). 

Before introducing the equations in Chapter 7 there is a further point that has to be 
considered which concerns the so-called primitive or built-in functions. These are the 
functions occurring in the equations which are really part of what is given (as opposed 
to the functions which the equations are supposed to define) . For instance, the symbols 
+ and — occur in the original equations in Chapter 1 and in the discussion there it was 
implicitly assumed that + and — refer to the usual arithmetical operations of addition 
and subtraction. Somewhat more importantly, the right-hand sides of the equations for 
it , fst and pfb clearly also involve some kind of built-in 'case' operation. 

As in these original equations, in general there are two kinds of primitive functions 
which are needed. On the one hand it is useful to have a few integer operators, and 
on the other hand nothing non-trivial can be achieved without a suitable family of case 
operators. In this section we explain exactly what these operators are and introduce 
the assumptions needed for them to exists. 

Integer operators: Recall that X± nt = Z , Abooi = B and that -Dint = -^int U {-Lint} 
and -Dbooi = -^booi U {±booi} , since (Db, fx) is a regular extension of (Xb,Pk) and 
int and bool are primitive types. 

Let 9 be either int or bool and / : X± nt x X± nt — > Xg be a mapping; then the 
mapping f 1 - : D int x D int ->■ Dg given by 



will be called the strict extension of / . (Db, fx) is said to support integer operators 
if for each mapping / : X± nt x X± nt — > Xg the strict extension of / is a morphism, 
i.e., an element of Hom(D int x D± nt ,Dg) . 



In each of the three basic cases (Db,/k) supports integer operators. This 
holds trivially in Case 1, and it holds in Cases 2 and 3 since if n e -^int then 
n' Eint n if an d only if n' is either n or _l_i n t ; moreover, the analogous 
statement holds for -Dbooi • 




f(m,n) if m, n e X± 
_l_0 otherwise, 
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In what follows assume that (Dbi/k) supports integer operators. Let Add, Sub and 
Mul be the mappings from D± nt x D± nt to -Dint which are respectively the strict 
extensions of the arithmetical operators + , — and x . Thus, for instance 



Add (m,n) = 



m + n if to, n G -^int , 
int otherwise. 



Moreover, let Eq , Neq , Le and Ge be the mappings from -Dint x -Dint to -Dbooi 
which are respectively the strict extensions of the relational operators = , 7^ , < and 
> . For instance, this means that 

{T if to, n G X± nt and to = n , 

F if to, n G -Xi nt and to 7^ n , 
J-booi otherwise. 

From now on int 2 will be used to denote the list int int (this list being considered 
as a B- typed set). 

Proposition 5.3.1 (1) There exists a unique element add G -Di n t 2 ^int such that 

/<{int 2 ^int,int 2 }(add < (m,n)) = Add(m,n) 

for all to, n G -Di n t • In the same way there exist unique elements sub and mul of 
-Dint 2-* int corresponding to Sub and Mul . 

(2) There exists a unique element eq G -Di n t 2 ->booi such that 

/<{int 2 ^int,int 2 }(eq<(m,?i)) = Eq(m,n) 

for all m, n G -Di n t • In the same way there exist unique elements neq , le and ge of 
-Dint 2 ^booi corresponding to Neq , Le and Ge . 

Proof Note first that for any (3 G B 

Hom(D in t x D^t, Dp) = |e(D int x D int , D^)] 

= k(Dint 2 , D/3)| = |D in t 2 ^/3| = -D in t 2 ^/3 . 

(1) By assumption Add is an element of Hom(Di n t x Dint, 

D 

int ) 7 and thus an element 

of -Dint 2 ^int • Thus add can just taken to be Add , and it then clearly the unique 
element of -Di n t 2 ^int such that 

/<{int 2 ^int, int 2 }(add < (m,n)) = Add(m,n) 

for all m, n G -Di n t • The other two cases are the same. 

(2) This is the same as (1). □ 

As the proof of Proposition 5.3.1 shows, there is really no difference between each entity 
starting with an upper case letter and the corresponding entity starting with a lower case 
letter. However, the former will be considered as mappings and the latter as elements 
of -Dint 2 ^/3 with (3 either int or bool . For instance, Add is considered simply as 
a mapping from -Dint x _Di nt to -Dint , whereas add is considered as an element of 

-Dint 2 — s- int • 
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Case operators: Let Bf denote the set of ground types 9 G B with Kg finite. For 
each k G K let dom(/ K ) G C be such that f K G Hom(dom(/ K ), D^) , thus if k G K 
is of type L — > j3 then dom(/ K ) = and dom(/ K ) = |dom(/ K )| = is the 
domain of the mapping f K . 

Let 9 G Bf , X G C and for each k G Kg let q K G Hom(dom(/ K ),l) . If u ^ _U 
then, since (Db, fx) is a regular extension of (Xb,Pk) , there exists a unique k <E K 
having type L — )> 6> for some L G J 7 ^ and a unique 6 G -Df such that u = f K (b) . This 
means that a mapping <p : Dg — > \X\ can be defined by putting 

(q K (b) if u ^ ±g and u = f K (b) 
for some b G dom(/ K ) , k <E Kg , 
_L X if u = ±g , 

with J_x the bottom element of X . Now (Dg, is said to support case operators 
if for each 9 G Bf , each 1 6 C and for each family of morphisms qx , this mapping 
(p is actually a morphism, i.e., an element of Hom(De,X) . 

Remark For those who know what a coproduct is, there might seem to be one involved 
here. However, this is not so, since in general it will not be the case that ip o f K = q K 
holds for each k G Kg . 

In what follows assume that (Dg,/^) supports case operators. In particular, and as 
is shown on the next page, this is true for the three basic cases. 

For each 9 G Bf , (3 G B let Kg^ be the S- typed set with underlying set Kg in which 
k has type L — > j3 in Kg^ whenever k is of type L — > 9 in A . 

Let 9 G Bf , (3 E B ; then, again using the fact that (Db, fx) is a regular extension of 
(Xb,Pk) , a mapping Caseg : Dg x Df 6 ^ — > Dp can be defined by letting 

{f<i{j^p,j}(c(K)<\b) if u^-Lg and u = f K (b) with 
/c of type J 9 and 6 G D J , 
-L/3 if it = J-fl , 

noting that in fact /<{j^ ( fl,j}(c(K)<6) is just equal to c(k) (6) , i.e., the value obtained 
by applying the function c(k) to the argument b . 

Lemma 5.3.1 For all 9 G Bf , f3 G B the mapping Case^ is a morphism, i.e., an 
element of Hom(D e x Df^, D^) . 

Proof Consider k G Kg of type J — > 9 (so dom(/ K ) = ) and define a mapping 
r K : dom(/ K ) x Df «-p ->■ by letting r K (6, c) = / <{TiJ} (c(k)<&) for all 6 G dom(/ K ) , 

c G Df^f 3 , where r = J ->■ /3 . Then 

»"« = /<{t,j> ° *t ° V> ° (idz x Pk) , 

where Z = dom / K , p K : D^ e ^ — > D T is the morphism occurring in (P2) in the 
definition of Tif ' 13 and ip : dom(/ K ) x D T — > D T x dom(/ K ) is the mapping given by 
ip(b,a) = (a,b) for all b G dom(/ K ) , a G D T . Now it is easily checked that ip is a 
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In the three basic cases (D B , f K ) supports case operators: 

This is trivially true in Case 1, so only Cases 2 and 3 need to be dealt with. Let 
6 G Bf , let X £ C with bottom element J_x , let q K G Hom(dom(/ K ),X) 
for each k G Kg and let <p : Dg — > \X\ be defined by putting 

(q K (b) if ±g and u = f K (b) 
for some b G dom(/ K ) , k G Kg , 
±x if « = -Lfl • 

Therefore in Case 2 it must be shown that </? is monotone and in Case 3 that 
it is continuous. 

Consider first Case 2. Let u, u' G Dg with it Ee u' . If it = _L<9 then 

p(it) = ±x E ¥>(«') , 

with □ the partial order on |X| , and so it can be assumed that u ^ -Lg (and 
hence that u' ^ J-g ). But by the definition of an associated ordering there 
then exists a unique k of type L — >■ # for some L G .Fb and unique elements 
6, 6' G L>f with 6 6' such that u = /*(&) and 6' = /*(&') . Thus 

p(u) = q K (b) E = ¥>(«') , 

since g K : dom(/ K ) — >■ |X| is monotone, and this shows that <p is monotone. 

Consider now Case 3. As above the mapping <p is monotone, hence it must 
be shown that if A G d(Dg) with v = \_\A then 

(p(v) = UM«) : u G A} , 

and clearly it can be assumed here that v ^ -Lg . There thus exists a unique 
k G K having type L — >■ 6> for some L G J 7 ^ and a unique element b G -Df 1 
such that v = f K (b) , and by the definition of an associated ordering it then 
follows that each element in i\ {-L#} has a unique representation of the form 
f K (b') with b' G £>f . Let 

A' = {6'GDf : 

then it is easily checked that A' G d(-Df) and hence 

UUA') = UiUb') :b'eA'} = U(A\{± e }) = UA = v, 

from which it follows that b = \_\ A' . Therefore 

U M«) : ueA} = UM") ■■ ueA\{± e }} 
= UMMV)) ■■b'eA'} = U{9 K (b') :b>EA>} = g K (b) = <p{v) , 
since q K : dom(/ K ) — >■ \X\ is continuous, and this shows that <p is continuous. 
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morphism (in fact an isomorphism); thus by Lemmas 5.1.3 and 5.2.2 r K is a morphism, 
i.e., an element of Hom(dom(/ K ) x D^ ^D^). Therefore by (E3) there exists a 
unique morphism q K E Hom(dom(/ K ), eijif 6 ^, D^)) such that q K (b) (c) = r K (b,c) 
for all b E dom(/ K ) , c G Df e ^ . Carrying out this procedure for each k G Kg 
results in a family of morphisms qK g with q K G Hom(dom(/ K ), X) for each k E Kg , 
and where X = e(Df e ^ 3 , D^) . Hence, since (D B ,/x) supports case operators, the 
mapping cp : Dg — >■ |X| given by 

if it 7^ and it = /«(&) 

for some b G dom(/ K ) , k E Kg , 

±x if « = -U , 

is an element of Hom(D<9, X) . Now put <// = o (<p x idy) , where Y = Df ^ , and 
so G Hom(D e x Df^, D^) . But for all u E Dg , cE Df e >? it follows that 

ip'(u,c) = (p(u) (c) 

q K (b) (c) if u ^ ±g and it = f K (b) 

for some 6 G dom(/ K ) , k G Kg , 

J-x(c) if u = ±e , 

/<{j-h8,j}(c(k) <6) if u 7^ ±g and it = / K (6) with 

k of type J — )■ 6> and 6 G -D/ , 

-L/3 if « = J-e , 

= Case^(-u, c) 

and hence Case^ = <p' , which shows that Case^ G Hom(Dgi x D^ e ^, D^) . □ 

The device introduced in Section 5.2 will also be employed here to regard Case^ as a 
function of a single argument: Put 6 ■ Kg^ = Kg^ U {og} , where og is some element 
not in Kg ; consider 6 ■ Kg$ as an S'-typed set with the typing induced from Kg^ and 

with og of type 6 . Now define a mapping tg : Dg x Df ^ ->■ D^' Ke ^ by 



Lemma 5.3.2 The mapping X e : Dg x D^ 6 ^ — >■ D e ' Ke 'f is a morphism, i.e., an 
element of Hom(D6i x D^""-' 3 , D^"'^ 9 -' 3 ) . Moreover t# is an isomorphism. 

Proof This is the same as Lemma 5.2.2. □ 

In order to increase the legibility uoc will be written instead of tg(u, c) (with 6 and 
(3 being determined from the context). Thus, since an isomorphism is in particular a 
bijection, each element of D^' Ke ^ has a unique representation of the form uoc with 
uE Dg and c G L>f ^ . 
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Proposition 5.3.2 Let 9 G Bf , (3 G B and put L = 9 ■ Kq^ . Then there exists a 
unique element casejg G such that 

f<{L^/3,L}(c3se^<(uoc)) = CaseJ(w,c) 

for all ue D e , c G D e ; Ke ^ . 

Proof Put case^ = Case^o(tg) -1 ; thus case^ G Hom(Df Ke ' 3 , D^) and the mapping 
case^ : Df Ke ^ ->■ satisfies 

case^(-uoc) = Case^(-u,c) 

for all ueD e , c G . Note that 

Hom(Df-^^,D /3 ) = |e(Df D^l = |D L _^| = D^^p 
and hence case^ G D L ^p . Thus casejg is the unique element of D L ^p such that 

f<{L^i3,L}(c3se e p < (woe)) = Case^(w,c) 
for all it G -D# , c G £>f . □ 

The requirement that certain integer operators be 'built-in' is important if the equations 
are to be used as the basis for a practical programming language. In fact, since int 
is a primitive type with infinitely many constructor names, the only way to make use 
of this type is via the integer operators. However, it is essentially a requirement about 
one specific data type. 

On the other hand, the inclusion of the 'case' operators is of a much more fundamental 
character and will facilitate in the present set-up what corresponds to pattern matching 
or to the 'case' construction in Haskell. These 'case' operators (or something equivalent) 
are absolutely essential: They are the analogue of the if then else construction 
occurring in all imperative programming languages and without them it is impossible 
to define any 'non-trivial' functions. 

The choice of three arithmetical and four relational operators is, of course, somewhat 
arbitrary. There is no reason to prevent further operators being added, provided that 
each of these is the strict extension of a corresponding (total) operator with domain 
-^int x -^int and codomain either X± nt or Xbooi • 

Now choose a set P to consist of the distinct elements 

{ add, sub, mul, eq, neq, le, ge } U { case^ : 9 G -Bf, (3 G B } 

and which is disjoint from K . Regard P as an S'-typed set by stipulating that add, sub 
and mul be of type int 2 — > int , that eq, neq, le and ge be of type int 2 — > bool 
and that case^ be of type 9 ■ Kg : p — » (3 for each 9 G Bf , /3 G B . 

Finally, let p G be the assignment which assigns the corresponding 'operator' to 
each name of an integer operator (i.e., p(add) = add , p(sub) = sub and so on) and for 
which p(casei) = case^ for each 9 G Bf , /3 G B . 
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Example 5.3.1 below indicates how some of the primitive functions are involved in the 
equations introduced in Chapter 1. 



Example 5.3.1 Let C be as in one of the basic cases with {Db^k) a regular 
bottomed extension of the A-algebra (X B ,p K ) introduced in Example 2.2.1. 

Let shunx G -Di ist int list^iist ; then for all a, b G D list 

Case}ist ( a , { Nil — > b , Cons — > shunx(6, ■,■)}) 

-Lust if a = -Liist > 

b if a = fu±i , 

sqshx(6, m, d) if a ^ -Liist and a = icons (m, d) . 

This should be compared with the right-hand side of the equation for shunt 
in Example 2.1.1. Now if b G -Dbooi and a\, ai G -Diist then 

f ai if b = T , 

Case list ( k ; {True -> ai , False ->• a 2 } ) = < a 2 if 6 = F , 

^ -Lust if b = -Lbool • 

Thus if revs G D>( in t^int) int^iist then 

Case iist( Eq(n,0) , {True ->■ e, False ->■ fcons{p{n), revs(Sub(n, 1))) }) 

-Lust if Eq(n,0) = _L b0 oi , 

/Nil if Eq(n,0) = T, 

/cons(p(w), revs(p, Sub(n, 1)) if Eq(ra, 0) = F , 

-list if Tl = J-int , 

= { /nii if n = , 

fcons(p(n), revs(p,n - 1)) if n G Z \ {0} , 

for all n G -Dint , V £ -Dint^int • This should be compared with the right- 
hand side of the equation for revs in Example 2.1.1. 



5.4 The basic set-up 



Let us take stock of the various constructions which have been introduced so far. Putting 
these together results in the set-up described below, and it is this set-up which forms 
the starting point for the rest of the study. 

We assume that the following objects are given: 

1. A signature A = (B, K, 6, ■&) to specify the basic data types. 

2. An initial A-algebra (Xb,Pk) consisting of the basic data objects together with 
their constructors. 

3. A bottomed concrete cartesian closed category C which specifies the mathematical 
framework within which everything takes place. 

4. A C-based A-algebra (Db,/x) 

- such that (Db,/k) is a monotone regular bottomed extension of (Xb,Pk) 
(with Dp = \T)p\ for each j3 e B), where the bottom element T^ of Dp in 
{D B i Jk) is the bottom element of in the bottomed category C . 

— and which supports both integer and case operators. 
Given these objects, the following steps are then carried out: 

5. The signature A is extended to a signature E = (S, N, A, 5) by adding to B the 
functional types and to K the names for the partial application operators. 

6. Using Proposition 5.2.2 and the results in Section 5.1 concerning the existence 
of partial application operators, (Dbt/k) is extended to a C-based E-algebra 
(Ds, f N ) , called the functional C-based E-algebra derived from (Dg, fx) in C . 

7. Putting D a = |D(j| for all a e S results in a E-algebra (Ds,/n), called the 
functional E-algebra derived from (Dg,/jf) in C. 

For the three basic cases introduced at the beginning of Chapter 5 the objects presented 
above are described on the following page. Note that the choice of the signature A and 
the initial A-algebra (Xb,Pk) has nothing to do with which case is being considered. 

However, we are not going to work directly with the set-up described above, but rather 
with another set-up, to be introduced below, which is a bit more general. In this new 
approach we do not suppose explicitly that the elements in the sets D a , a G D\B , are 
functions and thus cannot suppose that the mappings /<{ CT) j} are partial application 
operators. These assumptions in the original set-up will be replaced by a number of 
assumptions concerning the mappings /<{ CT) j} which are exactly the properties which 
we will need in what follows. 
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Case 1: C is the class of bottomed sets, for each X e C the underlying set 
\X\ is the set obtained by forgetting the bottom element, and Hom(X, Y) is 
the set of all mappings from \X\ to \Y\ for each X, Y E C . 

The C-based A-algebra (D B , fx) is obtained by starting with any monotone 
regular extension (Ds,fx) of (Xb,Px) and letting Dg be the corresponding 
family of bottomed sets. 

The family Dg given by Proposition 5.2.2 is a family of bottomed sets and 

= (Df — > D/?) 

for each functional type L — > (3 . 

Case 2: C is the class of bottomed posets, for each X E C the underlying 
set \X\ is the set obtained by forgetting the bottom element and the partial 
order, and Hom(A, Y) is the set of all monotone mappings from \X\ to \Y\ 
for each X, Y e C . 

(Db, fx) is obtained by starting with a minimal monotone regular extension 
(Dbi/k) of (X b ,Pk) • By Proposition 4.1.2 there exists a unique ordering 
associated with (D B , fx) , which by Proposition 4.1.5 is monotone, and 
is then the corresponding family of bottomed posets. 

The family D5 given by Proposition 5.2.2 is a family of bottomed posets and 

D L ^ = (Df — >• D^) 

for each functional type L — >■ f3 . 

Case 3: C is the class of bottomed complete posets, for each X e C the 
underlying set \X\ is again the set obtained by forgetting the bottom element 
and the partial order, and Hom(A, Y) is the set of all continuous mappings 
from \X\ to \Y\ for each X, Y e C . 

(D_g, fx) is obtained by starting with a minimal monotone regular extension 
(Yb, Qx) of (Xb,Px) and then letting (Db, fx) be the initial completion of 
(Yb, qx) • Ds is the corresponding family of bottomed complete posets. 

The family D5 given by Proposition 5.2.2 is a family of bottomed complete 
posets and for each functional type L —t f3 

Di->/3 = [Df D^] . 

If a = L — >■ (3 E S \ B and J is a non-empty subset of L then in all three 
cases /<{o-,j} e Hom(D- J ,D CTlAJ ) is the mapping /<{ CT5 j} : -D^ ^ — > D C7L ^ J 
given for all heD a , b e D J , cE D^\ J by 

L{a,j}(h<b) (c) = h(b@c) . 
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Note that if (Y$, ?at) is any E-algebra then (Yb^k) is a A-algebra (where (Yb^k) 
is obtained from (Y5, g^r) by omitting the sets {Y a : a <E Y \ B } from the family Yg 
and the mappings { : v <E N \ K } from the family gjv )• 

In the new set-up we assume that the following objects are given: 

1. A bottomed concrete category C with finite products. More precisely, this means 
that C is a concrete category possessing canonical finite products (there is thus a 
mapping ® : Tc — > C such that (PI), (P2) and (P3) hold) which is bottomed in 
the sense that for each X G C the underlying set \X\ contains a bottom element, 
denoted by J_x > such that (Bl) holds. 

2. A C-based E-algebra (Ds,/at) such that the A-algebra (Db^/k) is a monotone 
regular bottomed extension of (Xb,Pk) (where the bottom element of Dp 
in (D B , Jk) is the bottom element of in the bottomed category C ), 

where as usual D a = |D CT | for each a G S . Note that the mappings Sl,j , and 
introduced in Sections 5.2 and 5.3 (and denoted as usual by © , < and o respectively) 
are still morphisms (and in fact isomorphisms) in this set-up. 

We then assume that the E-algebra (Ds, /at) has the following properties: 

(A) If a = L — > (3 is a functional type and J is a non-empty subset of L then 

f<{a,J}(-La<c) = ±a L \j 

for all c G D( (with _L T the bottom element of D T for each r G S). 

(B) If a = L —} f3 is a functional type and J and J' are non-empty disjoint subsets 
of L then for all he D a , c G Df and all c' G D{ 

f<{a,JUJ'}{h<(c®c')) = f < {a LXJ ,J'}{f<{a,J}(h<c) < c') 

for all h G D a , c e Dj and all c' G D{ . 

(C) For each 9 G Sf and each (3 E B there exists an element case^ of D^^p with 
L = 9 ■ Kq^ such that 

/<{L^/3,L}(caseJ < (woe)) = Case^(w,c) 

for all ueD e , c G £>f . 

(D) There exists an element add of -Di n t 2 ^int such that 

/<{int 2 ^int,int 2 } (add <(m,n)) = Add(m,n) 

for all m, n G -Dint (with int2 the list int int ). In the same way there exist 
elements sub and mul of -Di n t 2 ^int corresponding to Sub and Mul , as well 
as elements eq , neq , le and ge of -Di n t 2 ->booi corresponding to Eq , Neq , Le 
and Ge . 



5.4 THE BASIC SET-UP 



142 



Recall that CaseJ : D e x Df <>>? ->■ Dp is the mapping defined by letting 



Case^(-u, c) 



f<{j->p,j}(c(K) <b) if u ^ ±0 and u = f K (b) with 

k of type J ->■ 6> and b e D^ 1 , 

-L/3 if u = -Lfl , 



which still makes sense here because (-Ds, /k) is a regular extension of (Xb,Pk) ■ 

Recall also that Add , Sub and Mul are the mappings from -Dint x -Dint to -Dint 
which are respectively the strict extensions of the arithmetical operators + , — and 
x , and Eq , Neq , Le and Ge are the mappings from -D in t x -Dint to -D boo i which 
are respectively the strict extensions of the relational operators = , ^ , < and > . 

As in Section 5.3 let P be the S'-typed set specifying the names and types of the 
primitive functions and let p G Df be the assignment which determines the meaning 
of each such function, where now, of course, the meanings are the elements given in (C) 



This new set-up includes the original one: If C is a bottomed concrete cartesian closed 
category then C is clearly a bottomed concrete category with finite products and the 
functional E-algebra (Ds,fN) derived from (Db, /jf) in C possesses all the above 
properties: Property (A) follows from Proposition 5.2.4, (B) from Proposition 5.2.5, (C) 
from Proposition 5.3.2 and (D) from Proposition 5.3.1. 

One reason for taking this new approach is that it allows some parts of Case 3 to be 
dealt with within the framework of Case 2. More precisely, let C' be as in Case 3 and 
let (Dg, /tv) be the C'-based functional E-algebra derived from (DgJ/c) in C' . Now 
let C be as in Case 2. Then (Dg, /n) is also a C-based E-algebra and (_Dg,/jv) has 
properties (A), (B), (C) and (D) in the category C . 

We end the section by extending the notation involving © , < and o to an arbitrary 
E-algebra. If L and V are disjoint S'-typed sets then consider LUL' as an S'-typed 
set with the typing induced by the typings on L and L' . Let Ys be a family of sets; 
then for each c G Y o L , d G Y o L ' denote by c © d the element of Y o LljL ' defined by 



and (D). 




Lemma 5.4.1 Each element of Y LuL ' has a unique representation of the form c®d 
with c G Y; L and d G Y^ . The mapping (c, d) \-> c © d thus defines a bijection 
between Y/ x Y/' and Y JUJ ' . 



Proof This is clear. □ 
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Now let a = L — » j3 be a functional type and J be a non-empty subset of L , and for 
each y G Y a , c G F/ denote by y < c the element of Y CT ' J given by 



(As before a • J = JU{o a } , with o CT some element not in L , considered as an S'-typed 
set with the typing induced from L and with of type a .) 

Lemma 5.4.2 Each element of Y°' J has a unique representation of the form y < c 
with y EY a and c G Y/ . The mapping (y,c) >->■ y<\c thus defines a bijection between 



Proof This is clear. □ 

Finally, let 6 G Bf , (3 G B , and for each s G Yq , a G Y^e.p denote by s o a the 
element of Y^' Ke <P given by 



(As before 6 ■ Kg^ = Kq^ U {og} , with some element not in Kg , considered as an 
S'-typed set with the typing induced from Kg^ and with og of type 9 . Recall that 
Kg^ is the .S'-typed set with underlying set Kg in which k has type L — > f3 in Kg^ 
whenever k is of type L — > 9 in A .) 

Lemma 5.4.3 Each element of Y®' Kef} has a unique representation of the form so a 
with s G Yg and a G Y^ e >' 3 . The mapping (s, a) >->■ soa tius defines a bijection 
between Yg x Y^./s and y; 9 -^,^ _ 

Proof This is the same as Lemma 5.4.2. □ 

This usage of the symbols © , < and o is, of course, compatible with that introduced 
in Sections 5.2 and 5.3. 

The following simple facts will be needed continually in connection with the operations 
© , < and o : Let Ys and Ds be families of sets and let its : Ys — > Ds be a family 
of mappings, i.e., 7i a '■ Y a — > D a for each a G S . For each /-typed set I there is then 
the mapping 7rf : Yj — > D{ defined for each c G Y"/ , r\ G / by 




Y a x Y J and Y"' J . 




<{c) (V) 



Tr v {c(r])) . 



Proposition 5.4.1 (1) If L and L' are disjoint S -typed sets then 

7T JUJ '( C © C ') = 7T J ( C ) © nf(c') 

for all c G Y J , d G Y/' . 
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(2) If a = L — >■ 13 is a functional type 

<' J (y<c) 

for all y eY a , c G Y/ . 

(3) If 8 <E Bf and f3 <E B then 

for ail s eY 9 , a G Y o Ke -? . 
Proof Straightforward. □ 



nd J a non-empty subset of L then 
= n e (s) o ic?°-f>(a) 



5.5 Notes 



The concept of a concrete category in the form used here is taken from Mac Lane and 
Birkhoff (1967) (Chapter II, Section 10). Cartesian closed categories are often used 
in Theoretical Computer Science, see, for example, Barr and Wells (1990) and the 
references therein. Purists are probably appalled by some of the proofs in Section 5.1: 
Identities involving morphisms such as that occurring in Proposition 5.1.2 have been 
established by just showing that the left- and right-hand sides define the same mapping. 
However, in a concrete category this is the easiest way to do things. 

Each functional type has the form L — > (3 with (3 e B , i.e., the result is always a 
ground type. It is possible to consider types of the form L — > r with r G S \ B a 
functional type. However, there is then a problem of non-unique representation since, 
for example, if r = t\ • • • r n — >■ j3 then <j\ • • • a m — > r and o~\ • • • a m t\ • • • r n — > (3 
are (in any sensible interpretation) the same type. 

The construction made in Section 5.2 more-or-less corresponds to what in Mitchell 
(1990) is referred to as a type frame. The family then corresponds in Case 1 to 
the full set-theoretic function hierarchy and in Case 3 to the full continuous function 
hierarchy. 



Chapter 6 Functionally free term algebras 



For the whole of the chapter let C be a bottomed concrete category with finite products 
and let (Ds,/jv) be a C-based E-algebra such that (Dbj/k) is a monotone regular 
bottomed extension of (Xb,Pk) ■ We assume that the E-algebra (Ds,/n) has the 
properties (A), (B), (C) and (D) listed in Section 5.4. 

Moreover, let P be the S'-typed set specifying the names and types of the primitive 
functions and let p G be the assignment which determines the meaning of each 
such function. 

The aim of the present chapter is to find some kind of generalisation of the ground term 
algebra (Fb, &k) which will allow references to be made to the functions occurring in 
the sets in the family Ds\b ■ (We call the elements in the sets in this family 'functions' 
because that is what they are in the three basic cases. In general, however, this will be 
a misnomer.) 

Now Lemma 5.2.3 shows that there is no simple direct generalisation of the ground 
term algebra. In fact the only obvious way of referring to functions is the trivial one 
of simply giving some of them names: This at least provides a meaning to expressions 
involving these names, and such expressions or terms provide the basic components of 
any functional programming language. 

The set of names of the functions of interest (together with their types) specifies an 
S'-typed set I . What is then required is a E-algebra (Ys,qN) containing I (i.e., such 
that rj G Y a for each r\ G I of type a ) with the property that for each c G there 
exists a unique E-homomorphism 7r s : (Ys,Qn) — > (Ds,/n) such that 7r|(£) = c(£) for 
each £ G I . Then Tig can be regarded as giving a meaning, relative to the assignment 
c, to the elements in the sets in the family Yg : For each y G Y a the 'value' 7r£(y) 
is interpreted as the meaning of the 'expression' y , given that £ has already been 
assigned the meaning c(£) for each £ G / . 

Of course, an /-free E-algebra (Ys,Qn) satisfies the above requirement, but we have 
decided to work instead with another kind of free algebra. The reason is that there are 
advantages in only considering E-algebras having property (B), and such E-algebras 
will be called functional. Now the class of functional E-algebras has its own notion 
of being free. To be more precise, if I is an S'-typed set then a functional E-algebra 
(Ys,qN) is said to be functionally I -free if (Ys,<7jv) contains I and for each functional 
E-algebra (Zs^tn) and each c G Z\ there exists a unique E-homomorphism 7r| from 
(Ys,qN) to (Zs,tn) such that 7r^ (77) = c(rj) for each 77 G / . 

The class of functionally free E-algebras includes the term algebras which will provide 
the basic building blocks for the rudimentary programming language to be defined in 
Chapter 7. Most of the properties of these algebra which are needed in Chapters 7 and 
8 are worked out in Section 6.1. 

In Section 6.2 the basic terms algebras are introduced: This involves choosing for each 
S- typed set I disjoint from P a functionally I U P-free E-algebra (F|, Q T N ) which 
is an extension of the ground term algebra (F B , Ok) . If c G Z>f then [ • Jg will be 
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used to denote the unique E-homomorphism from Q T N ) to (D$, /n) such that 
[£J| = c (£) f° r eacn £ ^ I an d [C]^ = p(C) f° r each ( G P . As indicated above, the 
homomorphism [ • J 5 is regarded as giving a meaning, relative to the assignment c , to 
the terms in the family F| . In Lemma 6.2.1 it is shown that this E-homomorphism is 
an extension of the A-homomorphism , i.e., [s|^ = l_sjp for all s G Fp , /3 e B 

At the end of Section 6.2 a functionally J-free E-algebra is explicitly constructed for 
each S'-typed set J ; this is essentially a term algebra as defined in Section 2.4 and 
is an extension of the explicit term algebra introduced in Section 3.1. These algebras 
(with sets J of the form I U P ) then provide the basis for a rudimentary functional 
programming language. 

Let / be an S'-typed set disjoint from P . A family N B with Fp C Nl C kFI for 
each j3 G B will be called a support system for (D$, /n) if f_ s Jp -L/3 f° r an s e -^3 > 
f3 E B . In Section 6.3 we show that there is a 'natural' support system hF b which is 
determined entirely by the trace Rb of (Db, fx) ■ This family will play an important 
role in Chapters 7 and 8. 



6.1 Functional and functionally free algebras 



The present section introduces what will be called functionally free E-algebras. This 
class of algebras includes the term algebras which will provide the basic building blocks 
for the rudimentary programming language to be defined in Chapter 7. 

Let I be an S- typed set, which is considered to be fixed in what follows. As already 
indicated, I should be thought of as the names (together with their types) of the 
functions in which we are interested. What we are looking for is a suitable E-algebra 
(Ys, (/at) containing / with the property that for each c G D[ there exists a unique 
E-homomorphism tt s : (Ys,qN) — > (Ds,/n) such that 7r|(£) = c(£) for each £ G I . 
Then n c s will be regarded as giving a meaning, relative to the assignment c , to the 
elements in the sets in the family Y s . 

The most obvious candidate for (Ys, (/at) is an /-free E-algebra. However, this is not 
what we will use because we have chosen, for reasons to be given later, to consider only 
E-algebras having property (B) (as introduced in Section 5.4). Having made this choice, 
there is then a more appropriate notion of being free, namely that of being functionally 
free. 

Define a family Is by putting I a = { n G / : (77) = a } for each a G S . Thus a 
E-algebra (Ys,<7jv) contains I if and only if Is C Y5 . 

If (Ys,qN) is a E-algebra then, to increase the legibility, it is convenient to allow 
q ay ] as an alternative notation for q^^jy ■ Thus the assumption that (Ds,fN) has 
Property (B) states, in this new notation, that if a = L — > f3 is a functional type and 
J and J' are non-empty disjoint subsets of L then 

fa,JUJ'{h<(c®c')) = fa L \j,J'{fa,j(h<c) < c') 

for all he D a , c G D J and all c' G D{ . 

In general, a E-algebra (Ys, Qat) having Property (B) will be called functional. In other 
words, a E-algebra (Ys, qat) is functional if whenever a = L — >■ (3 is a functional type, 
and J and J' are non-empty disjoint subsets of L then 

q*, juj> {y < (c © c')) = qa L \j,j'(qa,j(y <c ) < c ') 

for all y G Y a , c G Y/ and all d G Y/' . 

Note that an /-free E-algebra (Y5, qat) cannot be functional (since Proposition 2.3.8 
implies that the sets lm(q v ) , v G N a , form a partition of Y a \ I a for each a e S ). 
This would later cause some difficulties, and is one of the reasons for not using /-free 
E-algebras. 

For the class of functional E-algebras the following is the appropriate notion of being 
free: A functional E-algebra (Ys, Qat) will be called functionally I-free if it contains / 
and if for each functional E-algebra (Zs,tn) and each c G Z\ there exists a unique 
E-homomorphism ir s from (Ys,qN) to (Zs,tn) such that 7r|(£) = c(£) for all £g/. 

This modified definition provides a reasonable framework to work with, at least in as 
much as functionally free E-algebras exist: 
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Proposition 6.1.1 (1) There exists a functionally I-free "E-algebra (Ys,Qn) which 
is, in the usual sense, unique: For each functionally I-free IB-algebra (Yg, q' N ) there 
exists a unique isomorphism ns : (Is, (/at) — > (Y s ,q' N ) such that 7r,j(£) = £ for all 



(2) Let (Zb,vk) be an initial A-algebra disjoint from I (i.e., such that Ip fl Zp = 
for each (3 £ B ). Then there exists a functionally I-free T,-algebra (Ys,qN) which is 
an extension of (Zb,vk) ■ Moreover, if (Yg,q' N ) is any such algebra and %s is the 
unique isomorphism from (Ys,9at) to (Yg,q' N ) such that tt^) = £ for all ££/ then 
np(z) = z for all z G Zp , f3 G B . 

Proof Later in this section. □ 

A functionally /-free E-algebra {Ys-iQn) clearly meets the requirements stated above: 
If c G Dl then, since the E-algebra (Ds, /at) is functional, there exists a unique 
E-homomorphism itg : (Ys,?iv) — > (Ds, /at) such that 7r|(£) = c(£) for each £ G / . 

At this point the reader is justified in being somewhat sceptical about the need for 
functionally free rather than just free algebras. However, it will now be shown that 
functionally free algebras also arise when taking a different approach, which gives a 
much more convincing reason for employing them. 

This alternative approach begins by noting that in all modern functional programming 
languages the functional application operators do not have to be named explicitly. The 
reason is essentially that the names of the functions involved (i.e., the elements of /) 
are themselves used as names for operators. More precisely, £ G / is also used as the 
name of the operation of applying the function which £ denotes. This turns out to be 
enough, since any expression involving general functional application operators can be 
expressed equivalently using only these more elementary operations. 

To implement this approach formally names have to be introduced for the operations 
of applying elements of / to some or all of their arguments. Thus for each £ £ / 
of type L — > P and each subset J of L let £{</} be some element not in K and 
such that £{ J} ^ £'{ J'} whenever (£, J) ^ (£', J') . The 'name' £{ J} will be used 
for the operation of applying the function which £ denotes just to the arguments in 
J . This means that if £ is of type L — > j3 then £{L} refers to a total application 
operation, whereas £{«/} refers to a partial application operation if J is a non-empty 
proper subset of L , and £{0} will be essentially a synonym for £ . 

In line with this interpretation there is then the following new signature T, 1 : Put 
N 1 = K U A 1 , where A 1 is the set consisting of the new elements introduced above, 
and define mappings A 1 : N 1 — > J^s and 5 1 : N 1 — > S by 



££/• 





o~l\j if v = £{J} with £ of type a. 
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Then E 7 = (S 1 , N 1 , A 1 , 5 1 ) is a signature which is an extension of A . If £ e J is of 
type cr = L — > f3 and J C L then £{ J} is of type J — >■ cr^\j in E 7 . In particular, 
this means that £{/} is of type L — >■ /3 and £{0} is of type — >■ a (i.e., £{0} is of 
type -> (£) ). 

If (Ys^n 1 ) is a E^-algebra then, to increase the legibility, it is convenient to allow 
g^j as an alternative notation for q{£,j} ■ 

Warning: In what follows it will often be the case that expressions of the form q^j 
and q„ y ] (as alternative notation for q{$,j} and ?<{ CT] j} respectively) occur in the same 
context. 

Proposition 6.1.2 Let (Yg,^ 1 ) be an initial E 7 -algebra and c E Df . Then there 
exists a unique family of mappings n c s with tt% : Y a — > D a for each a E S such that 

(1) ix c B is a K-homomorphism from (Yb^k) to (Db, fx) ■ 

(2) Trf (<fc,*(e)) = c(£) for each £g/. 

(3) If £ G / is of type a = L — >■ /3 and J is a non-empty subset of L then 
for all beY/ . 

(Note in (1) that (Yg, c/x) , obtained by omitting the sets { Y" CT : a E S\B} from the 
family Ys and the mappings { q v : i/£ N T \K } from the family c/jv-t , is a A-algebra.) 

Proof Define a E 7 -algebra (-D5, /^i) with = / K for each k G K as follows: If £ G / 
is of type cr = L — > f3 and J is a non-empty subset of L then : — >■ D (TL ^ J 

is the mapping given by f£{j}(b) = /o-,j( c (£) < &) f° r all 6 £ 7 an d for each £ G I 
the mapping f| {0} : I ->• is given by / ? c {0} (e) = c(£) . By construction 

is then an extension of (Db, fx) ■ Let 7Tg be the unique E 7 -homomorphism from 
(Y5, q N i) to (IJ5, /^-j) . Then it is easy to see that the family n c s satisfies (1), (2) and 
(3). The uniqueness follows since, conversely, any family satisfying (1), (2) and (3) is 
actually a E^-homomorphism from (Ysjtfjv 1 ) to (Ds^f^i). □ 

If (Ys,qNi) is an initial E 7 -algebra and c G D\ then the unique family of mappings 
77 g given in Proposition 6.1.2 can be used in the same way as the corresponding families 
defined in terms of either an /-free or a functionally /-free E-algebra: ix c s is considered 
as giving a meaning, relative to the assignment c , to the elements in the sets in the 
family Y$ , i.e., for each y E Y a the 'value' 7r£(y) is interpreted as the meaning of 
the 'expression' y , given that £ has already been assigned the meaning c(£) for each 

£e /. 

There are now at least two seemingly different approaches to constructing 'expressions' 
involving the names in / . The first involves functionally /-free E-algebras (or even just 
/-free E-algebras) and the second initial E^-algebras. However, as will be seen below, 
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initial E 7 -algebras and functionally /-free E-algebras are essentially the same objects, 
and so the choice of which to use is really just a matter of taste. This is the real reason 
for using functionally /-free rather than just /-free E-algebras. 

A procedure will be developed for switching between functional E-algebras containing / 
and E 7 -algebras, and it will be shown that under this procedure the initial E •'-algebras 
correspond exactly to the functionally /-free E-algebras. These transformations only 
change the families of mappings in the algebras and not the family of sets, i.e., there is a 
family of sets Ys which occurs unchanged in all the algebras which will be constructed. 

We start by considering a E-algebra (Ys, (/at) containing / ; then a E^-algebra can be 
defined as follows: Let £ G / be of type a = L — >■ (3 . If J is a non-empty subset of / 
then let q^{j} : Y/ — > Y aL .j be the mapping given by 

Qa J} (b) = qa,j(Z<b) 

for each b G Y/ . Moreover, let ^{0} : I — > Y L ^,p be the mapping defined by 

= c(0 . 

In this way a E^-algebra (Ys,q^i) is obtained, which will be called the E^-algebra 
associated with (Ys,<In) '■ The family q N i is derived from the family qjy by omitting 
the mappings in { q v : v G A } and replacing them with the mappings { q^ : fx G A 1 } . 

Let us say that a E 7 -algebra (Ys,qN') is adapted to I if q^ (e) = £ for each £ G / 
(which in particular implies that (Ys,qNi) must contain /). Note that if (Yg,^) is 
a E-algebra containing / then by definition the E^-algebra associated with (Ys, Qat) 
is adapted to / . 

The following result is really the key to understanding the relationship between initial 
E^-algebras and functionally /-free E-algebras. 

Proposition 6.1.3 (1) A functional "E-algebra (Ys,Qn) containing I is functionally 
I-free if and only if the E 7 -algebra (Ys, qN 1 ) associated with (Ys, Qat) is initial. 

(2) Each initial ^-algebra (Ys,qNi) adapted to I is the ^-algebra associated with 
a unique functionally I-free E-algebra (Ys,qN) ■ 

Proof Later. □ 

Proposition 6.1.3 implies that there is a natural one-to-one correspondence between 
functionally /-free E-algebras and initial E^-algebras adapted to / . Moreover, the 
following result shows that for each c G -Df the meaning, relative to the assignment 
c , of the elements in the sets in the family Ys does not depend on which approach is 
taken. 

Proposition 6.1.4 Let (Ys,qN) be a functionally I-free E-algebra, let c G D\ and 
tt s : (Ys, q^ (Ds, /at) be the unique E-homomorphism such that 7r^ (77) = c(rj) for 
each 77 G / . Then n c s is also the unique family of mappings given by Proposition 6.1.2 
in terms of the E 1 -algebra (Ys,qN*) associated with (Ys,qN) ■ 
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Proof Condition (3) in Proposition 6.1.2 holds because if £ G / is of type a = L — >■ j3 
and J is a non-empty subset of L then 

for all b G Y/ . Conditions (1) and (2) hold trivially. □ 

The above results imply that there is very little difference between a functionally /-free 
E-algebra and an initial E^-algebra adapted to / . The choice has been made to work 
formally with functionally /-free E-algebras, but continual use will be made of the fact 
that the associated E^-algebras are initial. One advantage of making definitions and 
stating results in terms of functionally /-free E-algebras rather than initial E^-algebras 
is that there is only one signature E involved (independent of / ) and that the family 
7Tg is in this case explicitly a homomorphism. 

Finally, the following fact will be needed several times: 

Proposition 6.1.5 Let (Ys,qN) be a functionally I-free and for each a G S let 
Y a C Y a . Suppose that: 

(1) The family Y B is invariant in the A-algebra {Y B ,q K ) . 

(2) I (j C Y a for each a G S . 

(3) If £ G / is of type a = L — > (3 and J is a non-empty subset of L then 
q a ,j(Z<b)eY aLXJ for all beY o J . 

Then Y S = Y S . 

Proof The three conditions just say that the family Yg is invariant in the E 7 -algebra 
(Ys,qNi) associated with (Y5, qw) ■ But by Proposition 6.1.3 (1) {Ys^n 1 ) is initial, 
thus by Proposition 2.3.2 it is minimal, and therefore Ys = Ys . □ 

The rest of the section is taken up with proving Propositions 6.1.1 and 6.1.3. 

Until further notice let (Y5, q N i) now be an initial E J -algebra adapted to / . It will be 
shown that in this case the above construction can be reversed to obtain a functional 
E-algebra (Ys,(7jv) , which in fact turns out to be functionally /-free. 

Lemma 6.1.1 Let a = L — > (3 be a functional type and y G Y a ; then there exists a 
unique £ G / having type V U / — >■ f3 for some V G Fs disjoint from L and a unique 
assignment b G Y^ such that y = q^L'(b) . 

Proof This follows since by Proposition 2.3.2 (Ys^qN 1 ) is a regular E 7 -algebra (and 
because cr £ B). □ 
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Note that if £ G I a then the unique representation of £ given in Lemma 6.1.1 is just 
q^es{e) . Conversely, if y £ Y a \ I a then the unique representation of y has the form 
V = QZ,l> (b) with L' £ T° s . 

Let a = L — > f3 be a functional type and J be a non-empty subset of L ; consider 
y £ Y a and c £ Y/ . By Lemma 6.1.1 there then exists a unique £ £ I having type 
L' U L — > (3 for some V £ Fs disjoint from L and a unique assignment b £ Y^' 
such that y = q^,L'{b) . There is thus an element q^,L'uj(b © c) of y ffiy which is it 
convenient to denote simply by y(c) . In particular, if y = £ E I a then y(c) = <?£,j(c) . 

Lemma 6.1.2 Let a = L — >■ (3 be a functional type and J and J' be non-empty 
disjoint subsets of L . Then for all y £Y a , c £ and all d £ Df 

y(c@d) = y(c) (c') . 

Proof Let y £ Y a and let q^,L'(b) be the unique representation of y given in 
Lemma 6.1.1. Then it follows that y(c) = q^,L'uj(b © c) , which means q^,L'uj(b © c) 
is the unique representation of the element y(c) , and hence that 

y(c)(d) = qt,( L >uJ)uA(b@c)@cf) 

= ^,l'u(juj')( & ©( c © c/ )) = y(c®c') 

for all c G Y J , d £ Y/' . □ 

Let a = L — > (3 be a functional type and J be a non-empty subset of L . Then a 
mapping q^fajy '■ Y°' J — > Y aL .j can be defined by letting 

Q<{a,j}(y<c) = y(c) 

for all y £ Y a , c G Y/ . (In particular, if £ £ I a then q , <,{ C r,j}(£ < c) = q^,j(c) for 
each c G Y"/ .) This defines a E-algebra (Ys,?iv) : The family (/at is obtained from 
the family q N i by omitting the mappings in { q^ : \x £ A 1 } and replacing them with 
the mappings { q v : v £ A } . Of course, (1s,?jv) contains 7 because (Ys^n 1 ) is 
adapted to 7 . 

Lemma 6.1.3 (Ys,qN) is a functional 'E-algebra. 

Proof Let u = L — > j3 be a functional type and J and J' be non-empty disjoint 
subsets of L . Then by Lemma 6.1.2 y(c © c') = y(c) (d) , which just means that 

9<r,JuJ'(y<(c©c / )) = q< rL \ J ,j'(q < T,j(y<c) < d) 
for all y £Y a , c G F/ and c' G F/' . □ 

Let us call (Yg, q^) the functional E-algebra associated with (Y$, qN 1 ) > an d note that 
the first construction introduced above is in the following sense the inverse of the second: 

Lemma 6.1.4 If (Ys,qN) is the functional E-algebra associated with (Ys^n 1 ) then 
(Ys 7 qNi) is the E 1 -algebra associated with (Ys^n) ■ 
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Proof This follows because if £ G / is of type a = L — > j3 and J is a non-empty 
subset of L then by definition q a ^j(i < c) = q^,j(c) for each c G Y/ . □ 

At this point the assumption that (Yg,^/) is an initial E J -algebra will be dropped. 

Lemma 6.1.5 Let (Ys,qN) be a functionally I -free "E-algebra and let (Ys,qN J ) be 
the E 7 -algebra associated with (Ys,qN) ■ Then (Ys,qN) is the functional IB-algebra 
associated with (Ys,qNi) . 

Proof Let a = L — > f3 be a functional type and J be a non-empty subset of L ; let 
y G Y a and c G Y/ . Then y has a unique representation of the form y = q^ ; L'(b) 

with £ G I of type r = 1/ U L — > f3 for some V disjoint from L and with b G Y o L . 
But then by definition q^L'ip) = Q't,l / (£ <1 ^) and 

^,l'uj(6©c) = ? t ,z/uj(£«0©c)) 

and therefore, since (Ys, (/at) is a functional E-algebra, it follows that 

qa,j(y<c) = qa,j(qr,L'(£<b) < c) = q T ,L>uj(£<(b®c)) = q^, L 'uj{b © c) , 

i-e., qa,.j(y<c) = q^L'u.l(b®c) . □ 

The construction made before the statement of Proposition 6.1.3 needs to be generalised. 
Let (Ys,(/7v) be any E-algebra and c G Yj be an assignment. Then a E^-algebra can 
be defined as follows: Let £ G I be of type a = L — >• /3 . If J is a non-empty subset of 
L then let <?£{,/} : Y/ — > Y aLXJ be the mapping given by 

Qa J} (b) = qa,j{c{£)<b) 

for each b G Y/ . Moreover, let q^{ } : I — >■ Y^^ be the mapping defined by 

^{0}(e) = c(£) . 

The resulting E 7 -algebra (Ys,qjyi) is called the E 7 -algebra associated with (Ys^n) 
and the assignment c. Of course, if (Yg,gjv) is a E-algebra containing / and i G Y/ 
is the assignment given by z(£) = £ for each £ G J then this construction just gives 
the E •'-algebra associated with (Yg, q N ) . 

Proposition 6.1.6 Let {Ys^n 1 ) be an initial ^-algebra adapted to I . Then the 
functional IB-algebra (Yg, (/at) associated with (Ys,qjyi) is functionally I -free. 

Proof Let (Zs,vn) be a functional E-algebra and c G Z\ , and let (Zs,r N i) be the 
E^-algebra associated with (Zs,vn) and c. Then, since (Ys,qjyi) is initial, there 
exists a unique E 7 -homomorphism its '■ (Yg,^ 7 ) ~~ ^ (^s^n 1 ) > an d it will be shown 
that 7T5 is actually the unique E-homomorphism from (Ys,qN) to (Zs,vn) with 
71^(77) = 0(77) for each 77 G / . 

Thus consider a functional type a = L — >■ /3 , let J be a non-empty subset of L , 
and let y G Y a and 6 G Y/ . Let <?£,£,'(&') be the unique representation of y given 
in Lemma 6.1.1 (so Z/ G Ts is disjoint from L , £ G J is of type r = 1/ U L — >■ /3 
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and b' G Y o L ' ). Assume first that V ^ . Then, since tts is a E^-homomorphism, it 
follows that 

7r a LXJ (qa,j{y<b)) = 7i aLXJ (q^ LIUJ (b' ®b)) 

= r €>L , UJ (7rf UJ (6'©6)) = r TtL , UJ ( c(£) < Trf ^ (V © b) ) . 
But tt LuJ (&'©&) = ^(b')®^(b) and (Z s ,<Zjv) 

is a functional E-algebra, thus 

r T) L'uj(c(0<^' UJ (^©&)) = r T , LfuJ (c(0<(^'(b')®7rJ(b))) 

= r T , L ^j((c(0^'(b'))®^(b)) 

= r a ,j(r T , L .(<t)<it'(V)) <*;(*>)) ■ 
Moreover, again using that tts is a E 7 -homomorphism, 

r T M<t) = rtM'W) = **faMV)) = *M 

and therefore 

ra,j(r T M<0<^' (b')) <^(b)) = r a ,j (^(y) < tt/(6)) = r a ,j (<" J (y < 6)) . 
Putting these steps together then gives the equality 

7r CTiW (? CT) j(y«&)) = r fT)J (<- J (y<6)) , 

and a somewhat easier calculation shows that this also holds when V = . Therefore 
tvs is a E-homomorphism from (Ys,gjv) to (Zs,tn) (since ttb is automatically a 
A-homomorphism from (Yb,(1k) to (Zb,tk))- Moreover, 

^v(v) = ^vi%A £ )) = r r,A £ ) = c (v) 
for each r\ G / , since (Y5, g^) is adapted to / . 

To show the uniqueness, consider any invariant family Y' s in (Ys,gjv) containing is . 
Then g£ j0 (e) = £ for each £ E I and q%,j(b) = q a ,j(C <b) for each 6 G Y/ whenever 
£ G / is of type a = L — >■ /3 and J is a non-empty subset of L ; it thus follows 
that the family Y s is also invariant in (Ys,q]yi) 5 an d so Y s = Ys , since (Ys,qNi) 
is a minimal E 7 -algebra. But if 7Ts and 7r s are E-homomorphisms from (Ys,gjv) to 
(Zs,vn) with (77) = c{rj) = 71^(77) for each 77 G / then the family Y s defined by 
Y^ = { y G Yo- : 7r' a (y) = 7T a (y)} for each a G S 1 contains is and is invariant in 
(Y's , gjv) • Thus from the above Yg = Y's , and therefore tt' s = its ■ □ 

Proof of Proposition 6.1.1 (1) By Proposition 2.3.2 there exists an initial E^-algebra 
and there then also exists such a E 7 -algebra (Ys,qjyi) which is adapted to I . (An 
initial E 7 -algebra (Ys^n 1 ) is unambiguous, and hence g^ )0 (e) 7^ g^ (e) whenever £ 
and £' are different elements of l a for some a G S . It is thus easy to arrange that 
Q^,0 ( e ) 7^ Q£',0( £ ) whenever £ and £' are different elements of /, and in this case 
g^,0 (s) can be identified with £ for each £ G / .) By Proposition 6.1.6 the functional 
E-algebra associated with (Ys, qN 1 ) is then functionally /-free. The uniqueness follows 
in the usual way. 
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(2) By Proposition 2.5.1 there exists an initial E 7 -algebra which is an extension of 
(ZbjTk) , and exactly as in the proof of (1) there then also exists such a E^-algebra 
(Ys,qNi) which is adapted to /. Let (Ys,qN) be the functional E-algebra associated 
with (Ys, qN 1 ) • Proposition 6.1.6 then implies that (Y5, (/at) is functionally /-free and 
by definition {YsiQn) is an extension of (Zb,vk) ■ The final statement follows by 
considering the appropriate invariant family in (Zb,vk) ■ □ 

Proof of Proposition 6.1.3 (1) As in the proof of Proposition 6.1.1 there exists an initial 
E J -algebra (Y S: q' Nl ) which is adapted to /. Let 7rs be the unique E 7 -homomorphism 

from (Yg,q' Nl ) to (Ys,qjyi); then (Ys,q]yi) is initial if and only if %s is a T, 1 - 
isomorphism, which is the case if and only if the mapping ix a is a bijection for each 
a eS. 

Consider also the functional E-algebra (Y s ,q' N ) associated with (Y s , q' N i) ■ Then by 
Proposition 6.1.3 (Y s ,q' N ) is functionally /-free and therefore there exists a unique 
E-homomorphism tt' s from (Y s ,q' N ) to (Y$,qN) such that rc'^(^) = £ for all £ G / . 
Moreover, it is easy to see that (Ys,g_/v) is functionally /-free if and only if n' s is a 
E-isomorphism, which is again the case if and only if the mapping n' a is a bijection for 
each a E S . 

This means it is enough to to show that ns = n's or 7 equivalently, that Y§ = Ys , 
where Y° = { y G Y' a : n cr (y) = ir' a (y)} for each a G S . Consider £ G / having 
functional type a = L — > (3 and a non-empty subset J of L , and let c G (Y°) 3 . Then 
it follows that 

K°L\A<kA c )) = QtMic)) = Qti,j(K) J ( c )) 

= w(e<«) J (c)) = q*Awr J (z<c)) 

and hence q^ j(c) G Y° l ^ t . The family Yg is therefore invariant in (Y s ,q' Nl ) (noting 

that the other cases which should be checked hold trivially because ttb and tt' b are 
both A-homomorphisms from (Y B ,q' K ) to (Ye, <?.«-)). Thus Yg = Y s , since (Y s ,q' Nl ) 
is a minimal E^-algebra. 

(2) This follows from (1), Proposition 6.1.6 and Lemmas 6.1.4 and 6.1.5. □ 



6.2 The basic term algebras 



In this section we introduce the basic terms algebras. More precisely, this will mean that 
for each S-typed set I disjoint from P a suitable functionally I U P-free E-algebra 
Q t n ) is chosen in order to give a meaning to 'expressions' or 'terms' involving the 
names in / . (Recall that P is the S-typed set specifying the names and types of the 
primitive functions). 

Recall that in Section 3.1 we introduced an initial A-algebra (F B , Q K ) called the ground 
term algebra, and that the unique A-isomorphism from (Fb,Qk) to (Xb,Pk) is 
denoted by [ • ] s . Note that [ • ] s is then also the unique A-homomorphism from 
{F B , Ok) to (D B , f K ) ■ 

Let us assume (without any real loss of generality) that (Fb,Qk) is disjoint from 
every S-typed set. Then by Proposition 6.1.1 (2) we can choose for each S-typed set 
I disjoint from P a functionally /UP-free E-algebra (F|, Q T N ) which is an extension 
of (F b ,Ok) • These E-algebras are referred to as the basic term algebras. Later in 
the section a specific choice of these algebras is made to serve as a basis for an explicit 
functional programming language. 

For each c G D\ denote by \_-~\g the unique E-homomorphism from (F^,©^) to the 
functional E-algebra (Ds,/n) such that [£]| = c(£) for each £ € I and [£]<; — P(0 
for each ( G P (with p G Df the assignment which determines the meaning of the 
primitive functions). As already stated several times before, [ • J s is considered as 
giving a meaning, relative to the assignment c , to the terms in the family Fg : In other 
words, for each s G the 'value' [s]£ is interpreted as being the meaning of the 
term s , given that £ has already been assigned the meaning c(£) for each £ G I . 

Lemma 6.2.1 For each c G -Df the T,-homomorphism [[• Jg is an extension of the 
A-homomorphism [ • Js , i.e., [sj^ = f_sjp for all s G Fp , f3 G B . 

Proof For each /3 G B let [-]^ be the restriction of [•]£ to Fp . Then [-]' B is 
also a A-homomorphism from (Fb,Ok) to {DbiSk) and thus [■ J' B = , since 

[ • is the unique such homomorphism, i.e., [ • is an extension of [ • Jb ■ Q 

Let / be an S'-typed set disjoint from P which is considered to be fixed in what follows. 
It is useful to make the following classification: 

- For each f3 G B denote by kF^ the set of all elements in Fp having the form 
@i(b) with k G K of type L ->■ (3 for some L G Ps and with b G (F*) L . 

- For each a = L — >■ /3 G S denote by the set of all elements in F£ having 
the form j(£ < b) with £ G / U P having functional type r = J U L — > (3 for 

some J E P s disjoint from L and with b G (-F/) J . 

If J is an S'-typed set then as usual put J a = { rj G J : (rj) = a } for each a G S . 
The unique representations appearing in the next result will play a decisive role. 
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Proposition 6.2.1 (1) For each (3 G B the sets kF^ , aF^ and Ip form a partition 
of Fp . Furthermore, for each /3 G B the following statements hold: 

- If s G kFq then there exists a unique k G K having type L — >■ /3 for some 
L G Fs and a unique element b G (F/) L such that s = Q T K (b) . 

- If s G then there exists a unique ^ G /UP having functional type a = L — >■ /3 
for some f G J 7 ^ and a unique element b G (F/) L such that s = ©£. £,(£ <&) • 

(2 J For each a G S\B the sets aF^ , I a and P a form a partition of Fj . Moreover, 
if a = L — )> /3 G S \ B and s G aFJ then there exists a unique ^ G / UP having type 
t = J U L — >■ /3 for some JG disjoint from L and a unique assignment b G (F/) J 
such that s = j(£ < &) • 

Proof This follows since Proposition 6.1.3 (1) states that the E /uP -algebra associated 
with (F<y, 0^r) is initial, and so in particular regular. (Note also that Pp = for each 

(3eB.) n 

If £ G / U F is of type cr = L — >■ j3 then it is convenient introduce the mapping 
©| : (F/) L ->■ F 7 defined by ©|(e) = £ when L = and by 

for each 6 G (F/) L when L ^ 0. One reason for introducing this last notation is 
because if /3 G B and s G F| then Proposition 6.2.1 (1) implies that there exists a 
unique element A G F U I U F having type L — >■ /3 for some L G Fs and a unique 
assignment 6 G (F/) L such that s = © 7 (&) • 

Proposition 6.2.2 (1) Let £ G J be of type a = L ->■ /3 with 1^0 and let 
6 G (F/) L . Then for each c G F>f 

[of« = ^f(c(£)«([« l ) • 

(2) Let ( = case^ with 9 G F f , ^ e B , and let s G F/ , 6 G (F^) Ke -f . Then 

[0j(so&)]^ = Case*([^,([6] c )^) 

for ah c G F>f . 

(3) Let (G? be the name of an integer operator (and so ( is of type int2 — >■ /3 with 
(3 either int or bool ) and let s±, S2 G F/ nt . Then 

[0{(«i,a 2 )]^ = P(C)(W c intl MLt) 

for ah c G -D 7 , where p(£) : D± nt x T>i nt — > Dp is the mapping corresponding to ( 
(i.e., p(add) = Add , p(sub) = Sub and so on). 
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Proof (1) By Proposition 5.4.1 (2) it follows that each c G D\ 

[©?(&) I! = [o^(e<i6)]| = /^((K^ft]^) 

= f*,Lmi<(wit) L ) = /,4^)<(m:) l )' 

(2) As in (1), and then making use of Proposition 5.4.1 (3) and (C), it follows that 

= f L ^p,L (caseg < ( [s] g o ( [6] ^)^)) = Case*( [ a ]§, ([6] C )^) 
for each c G -Df , where L = 6 ■ . 

(3) This is the same as (2), but using (D) instead of (C). □ 

In what follows the A-algebra (Fg, wm usually play a more important role than 
the E-algebra (Fg, Q r N ) itself. In this regard the following two facts will be needed: 

Lemma 6.2.2 F B is the only invariant family Fg in the A-algebra (Fg, 0^) such 
that AFl U Ip C F^ for each /3 e B . 

Proof Let F B be invariant in (Fj,,©^) and such that aF^ U Ip C F| for each 
(3 G B . For each a E S \ B put Fj = Fj ; then the family F| satisfies the three 
conditions in Proposition 6.1.5. Hence F| = Fj , and so in particular F B = F B . □ 

Lemma 6.2.3 There exists a family of mappings Ib with tp : Fg — >■ N for each 
/3 E B such that: 

(1) If neK is of type 0^/3 then £p{Q I K {e)) = . 

(2) If k £ K is of type L ->■ /? with L^0 andae (F/) L then 

^(©£(a)) > max{ 4,(0(77)) : 77 G L } . 

(3) If ielp for some /3 G F then £p(£) = . 

(4) If £ G la with a = L ->■ (3 a functional type then ^(©|(a)) > for all 
a G (F/)^ . 

(5) If ( = case^ for some (3 <E B , 9 e B f then 

£p(Q I c (s<a)) > £ e (s) 

for all s G F/ , a G (F/)^." . 

(6) If C G F is the name of an integer operator (so ( is of type int 2 — >■ /3 with /? 
either int or bool J then 

^/3(©J(si,s 2 ) ) > maxL£ int (si),£ int (s 2 )} 

for ah si, S2 G F/ nt . 
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Proof Let is be the family of mappings obtained by applying Lemma 2.3.4 to the 
E /uP -algebra (F|,0^. JUP ) associated with Q T N ) . (This E 7uP - algebra is initial 
and so minimal and regular.) Then it is easily checked that the restricted family £b 
satisfies (1), (2), (3), (4), (5) and (6). □ 

The final topic considered in this section is the explicit construction of a functionally 
J- free E-algebra (Gg, V; 7 -) for each S-typed set J. Each of these algebras involves a 
term algebra as defined in Section 2.4 and is an extension of the term algebra (Eb, 
introduced in Section 3.1. If I is an S'-typed set disjoint from P then the functionally 
IU P-free E-algebra (G I g jP , V^ P ) will be denoted just by (E 1 , izify) . These algebras 
will be used as the basis for an explicit functional programming language. 

Consider the S'-typed set J to be fixed. The functionally J-free E-algebra (Gs, V-y) 
will be obtained with the help of Proposition 6.1.6, which means the first task is to 
construct an initial E J -algebra (G^V^j) adapted to J. 

Recall that in Section 3.1 (Eb, e\k) was defined to be the standard term A-algebra 
defined by some family of enumerations %k (which means that if k is of type L — > (3 
then i K is a bijective mapping from [m] to the set L , where m = \L\ is the cardinality 
of L ). This family %k must now be extended to a family of enumerations i J NJ for the 
signature E J : For each k £ K let i J K = i K , and for each £ G J of type L — >• (3 and 
each subset V of L choose a bijective mapping i^ V } : t m ] — ^ ^ ' w bere m = \V\ . 
Without loss of generality it can be assumed that K is disjoint from J , and hence a 
term algebra specifier T J : N J — > K U J can then be defined by letting 



Let (G J s ,V J N j) be the term E J -algebra specified by Y J and the family of enumerations 
i J N j . Thus G J a C (K U J)* for each a G S and the family G J S can be regarded as 
being defined by the following rules: 

(1) If k E K is of type 0—^/3 then the list consisting of the single component k 
is an element of G^ . 

(2) If k E K is of type L — > ft with L^0 and e,- G Gp. for j = 1, . . . , m , where 

= (inU)) an d m = |L| , then k ei • • • e m is an element of . 

(3) If £ G J is of type a then the list consisting of the single component £ is an 
element of G J a . 

(4) If £ G J is of type L — > /3 , F is a non-empty subset of L and G for 
j = 1, . . . , m , where cr^ = ( i^ v ^(j) ) and m = |V| , then £ e\ • • • e m is an 
element of G J a with a = L \ V ->■ ^ . 

(5) The only elements in are those obtained using (1), (2), (3) and (4). 
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Proposition 6.2.3 (Gg, V^j) is an initial T, J -algebra adapted to J . Moreover, it 
is an extension of (Eb,^k) ■ 

Proof If o = L — > (3 and ^{V} G N% then the sets V and L are disjoint and £ is of 
type V U L — > (3 . This implies that the restriction of T J to is injective for each 
a G S and hence by Proposition 2.4.5 (Gg, V^j) is an initial E J -algebra. Moreover, 
by definition V^- -j.(e) = £ for each £ G J (recalling that each set Z is considered to 
be a subset of Z* by identifying z <E Z with the list whose single component is equal to 
z) and therefore (G J S ,V J NJ ) is adapted to J . Finally, Proposition 2.5.5 implies that 
(G J S ,V J NJ ) is an extension of (Eb, C2k) , since E* 7 is an extension of the signature A 
and the family of enumerations i J NJ is an extension of the family %k ■ □ 

Now let (Gg, V)y) be the functional E-algebra associated with (Gg, V}y) . Then by 
Proposition 6.1.6 (Gg, V}^) is functionally J-free, and clearly it is also an extension of 

(E B , Z3 K ) . 

As already stated, these algebras (at least for sets J of the form /UP) will provide 
the basis for a rudimentary functional programming language. 

Consider £ G J of type a = L — > (3 , let V be a non-empty subset of L and b G (Cf ) y . 
Then the term V^ y (£<6) is by definition equal to V/y(6) and this is a list whose first 

component is equal to £ . In the same way, if k £ K is of type L — >■ /3 and 6 G (G^) L 
then the term V^(6) is a list whose first component is equal to k . 

Some care must be taken with the operations in the E-algebra (Gg, Vjv) : Suppose, 
for example, that £ G J is of type L — > j3 , where L = {rji, 772, rjs, 774} and for 
j = 1, 2, 3, 4 let ej G G^. . Consider V = {772, 774} and suppose that ij{ L y(j) = Vj 

for each j and that i^ v y(l) = n 2 and i^ v y(2) = 774 . Then £ e2 e4 is an element of 

G J T with r = L \ V — > (3 and so there is the following element 

V t,l\vU e 2 e 4 < ->■ ei, ?73 ->• e 3 }) 

of . However, this term has the unique representation £ e\ e 2 e% (and not 
£ e2 e4 ei e3 ). Moreover, this problem cannot be avoided by a 'better' choice of the 
enumerations, since for any choice of i^ L y there will be subsets V of L for which the 

order is then not 'correct'. Of course, the problem does not arise in the usual functional 
programming languages, because they restrict partial application to subsets V which 
are compatible with the enumeration on L (more precisely, to initial segments of L ) . 

If £ G J is of type L — > (3 with L = o~\ ■ ■ ■ a m (and so [m] is the underlying set 
of the S'-typed set L ) then i^^y '■ [m] [m] will always chosen to be the identity 

mapping. Moreover, if V is a non-empty subset of L then i^sy} wm taken to be the 
induced enumeration (i.e., so that the elements in V occur in the same relative order 
as they occur in L ) . 

The S'-typed sets J which occur in what follows are usually of the form /UP, and so 
the enumerations corresponding to each name of a primitive function have to be decided 
upon. The names of the integer operators were already dealt with above (since each is 
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of type int int — > (3 with (3 either int or bool ). It thus remains to consider a name 
C = case^ with f3 G B and 9 G Bf , and here an enumeration of the elements of V for 
each non-empty subset V of 9 • Kg^ has to be chosen. However, in all the examples 
to be given the only terms which occur involving ( are of the form v (s < a) with 
V = 9 • Kg^ (i.e., total applications), and instead of fixing an enumeration of the set 
9 ■ Kq^ once and for all, it is preferable rather to write such a term more 'legibly' as 

case s of { K\ -> a(«i) , ■■• , K m -> a(« m ) } 

where k\, . . . , K m is any enumeration of the elements of the set Kg^ = Kg (which can 
be chosen arbitrarily by the author of the term). It is clear that 9 and (3 , which have 
been omitted here from the name case^ , can always be uniquely determined from the 
context. 

Finally, when working with explicit examples of terms it is sensible to allow the use of 
brackets if this increases the legibility. The bracketing that will be employed here is 
essentially that used in Haskell. 

As already stated, if I is an ,S-typed set disjoint from P then (Gg UP , V^ p ) will 
be denoted just by (Eg, njv) > so (^Si n iv) ^ s ^ ne functionally I U P-free E-algebra 
corresponding to (Fg, Q T N ) . Example 6.2.1 below gives a first indication of how these 
term algebras will be involved in the equations from Chapter 1. The meanings of the 
terms occurring in this example should be compared with the right-hand sides of the 
equations in Example 2.1.1. 



Example 6.2.1 Let (Xb,Pk) be as in Example 2.2.1 and (Dg,fx) be as in 
one of the three basic Cases. Let 

/ = {revs, sq, shunt, shunx, sqs } 

be the S-typed set with 

revs of type (int — > int) int — > list , sq of type int — > int , 
shunt of type list list — > list , 

shunx of type list int list — > list and sqs of type int — > list . 

Let L be the S'-typed set consisting of the element n of type int . Then 

shunt (revs sq n) Nil 

is an element of E[^ t which will be denoted by e sqs . This corresponds to 
the right-hand side of the equation for sqs in Example 1.2.1. 

(Example 6.2.1 is continued on the next page.) 
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Example 6.2.1 (continued) Consider n G D± nt and an assignment c G -Df uL 
with c(n) = n . Then by Proposition 6.2.2 (1) 

[e S qs]£ ist = [shunt (revs sq n) Nil]£ i8t 
= c shunt ([revs sq n]£ ist , [Nil]£ ist ) 

= C sh unt(Crevs([sq]? nt ^ int , [ n ] ° int ) , / N il) 

= c shunt ( c revs ( c sq? n ) ■> /Nil) ? 

where, to increase the legibility, c v is used as an alternative notation for c(rj) . 

If L is a S'-typed set consisting of the element n of type int then mul n n 
is an element of E[^ which will be denoted by e sq and corresponds to the 
right-hand side of the equation for sq in Example 1.2.1. 

Let n G -Dint and consider an assignment c G -Df uL with c(n) = n . Then 
by Proposition 6.2.2 (3) it follows that 

[e sq ] c int = Mul([n]? nt ,[n]? nt ) = Mul(n,n) . 

Now let L be the S'-typed set consisting of the element n of type int and 
elements a and b of type list . Then the following element e snU nx of E[^ t 

shunt b (Cons n a) 

corresponds to the right-hand side of the equation for shunx in Example 1.2.1. 

Let n G -Dint , a, 6 G -Di ist and consider an assignment c G -Df uL with 
c(n) = n , c(a) = a and c(b) = b . Then by Proposition 6.2.2 (1) 

[e S hunx]iist = c S hunt ([b]f ist , [Cons n a]£ i8t ) 

= C shunt (6, /cons ([n]? nt , [a]£ ist )) = C sh unt(&, /const™, a)) . 



Next let L be the S'-typed set consisting of the elements a and b of type 
list . Then the following element e S h U nt of E^k. 

case a of {Nil -> b, Cons -> shunx b} 

corresponds to the right-hand side of the equation for shunt in Exampls 1.2.1. 

(Example 6.2.1 is continued on the next page.) 
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Example 6.2.1 (continued) Let a, b G -Diist and consider an assignment 
c G Dl uL with c(a) = a and c(b) = 6 . Then by Proposition 6.2.2 (2) 

[e shunt 1 ii s t 

= CaseiS*([a]£ i8t , { Nil [b]£ i8t , Cons -> [shunx b]£ l8t }) 
= Casei-st(a, {Nil ^ 6, Cons ->• c shunx (b, •»•)}) 

J-Ust if a = J-nst , 

6 if a = / N ii , 

c S hunx(>, m, d) if a 7^ J-iist and a = /cons(m, d) . 



Finally, consider the S'-typed set L consisting of the element n of type int 

JL 
Lst 



and p of type int — > int . Then the following element e revs of EiV. 



case (eq n 0) of {True -> Nil, 

False -> Cons (p n) (revs (sub n 1))} 

corresponds to the right-hand side of the equation for revs in Example 1.2.1. 

Let n G -Dint , P -Dint^int and c G -Df uL be an assignment with c(n) = n 
and c(p) = p . Then by Proposition 6.2.2 (3) 

{J-booi if n = -Lint , 
T ifn = 0, 
F if nGZ\{0}. 

Thus, putting z = [eq n 0]£ ool , it follows from Proposition 6.2.2 that 

[erevsEist = Caseg£(z, {True -+ [Nil] £ i8t , 

False—)> [Cons (p n) (revs (sub n D)]ii St } 

= Caseft£(Eq(n,0), { True ^ £ , 

False ->■ fcons{p{n), c revs (Sub(n, 1))) } ) 

J-Ust if n = Lint , 

= { fan if n = , 

/cons(p(rc), c revs (n - 1)) if n G Z \ {0} . 



6.3 Support systems and the trace 

In the previous section the basic term algebras were introduced: For each S'-typed set 
/ disjoint from P we have chosen a functionally /UP-free E-algebra (F|, Q T N ) which 
is an extension of the ground term algebra (Fb, &k) ■ 

For the whole of the section let I be some fixed S-typed set disjoint from P . The 
problem which will be addressed here is to find reasonable sufficient conditions on a 
term s G kF^ (with (3 G B) which will ensure that [s]^ 7^ ±p for all c G . 

A typical situation in which such conditions will be needed is the following: Let /5 G B , 
9 G -Bf , and suppose we are interested in evaluating Case^( [sjg, 6) for some c G -Df , 
where s G xF/ and b G (D ) Ke ^ (and where 6 will be of the form ([a]^)^* 3 for 
some a G (F^) Ke 'i 3 ). Now by Proposition 6.2.1 (1) there exists a unique k G Kg having 
type J —f 6 for some J G J-g and a unique element a' G (Fj) J such that s = O^(a') . 
Therefore, if we knew that [sj^ 7^ _Lg then we could conclude that 

CaseJ(Wg,6) = Case*( ]g, 6) 

= Case^/ K (([a'] c ) J ),6) = / <{J ^, J} ( &(«) < ([aX c ) J ) . 

But we will not usually have any detailed information about c , and so the only practical 
way to be sure that this conclusion is valid is to know that s is such that [sj^ 7^ _L# 
for all ceD[. 

Let us say that a family Ng is a support system for (Ds,/n) if F^ C A| C kF^ 

for each f3 E B and [sj ^ 7^ for all s G Ag , (3 G -B . The above problem is thus 

that of finding suitable support systems for (Ds, /jv) • To be more precise, what we are 
looking for is a support system N B which is, on the one hand, not too small and for 
which, on the other hand, it is possible to effectively determine whether a given term 
s G KFp is an element of A| . 

For example, the family Fb provides a somewhat trivial example of a support system 
(since by Lemma 6.2.1 [sj^ = \_s~\p G Xp for all s G Fp , c G -Df ) . However, except 
when (Db, fx) is the flat extension of (Xb,Pk) this family is too small to be of any 
use. At the other extreme, the family N B defined for each f3 G B by 

N* = {seKFi : IsYpjzJLp for all c G D{} 

is trivially the maximal support system, but in general this will certainly not satisfy the 
second requirement. 

As we will see, there is, however, a 'natural' support system hF b for (Ds,/n) which 
satisfies both of the requirements. In fact this family also complies with the general 
principle formulated in Section 3.3, since it is determined entirely by the trace Rb of 
(D b Jk). 

Before coming to the definition of the support system hF b it is first necessary to extend 
the bottomed ground term algebra to a E-algebra and then to look at the relationship 
between this E-algebra and the E-algebra (F|, Q T N ) . 
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Recall from Chapter 3 that the bottomed ground term algebra (F B , O k ) is a A-algebra 
which is an initial bottomed extension of (Fb,@k) (but with the bottom element of 
Fp being denoted by \>p rather than -Lp). The unique bottomed A-homomorphism 
from (F%,Q b K ) to (D B ,f K ) (i.e., the unique A-homomorphism with [b^J^ = T^ for 
each /3 E B) is denoted by [ • J B . By Proposition 2.5.3 [ • J B is an extension of 
[ • Jb , i-e., l_sjp = l_sJ/3 for all s E Fp , /3 E B . Recall also that the trace Rb of 
(Db, fx) is the family with Rb C F b defined by putting 

for each (3 E B . 

The bottomed ground term algebra (F B7 Q b K ) will now be extended in a trivial way 
to obtain a bottomed E-algebra (Fg,© b N ) : For each a E S \ B let F b consist of 
a single element \) a (which is considered to be the bottom element of F b ), and if 
a = L — )> (3 is a functional type and J is a non-empty subset of L then define 
®<{o- J} : (-^o) J ~~ * Fo- L \j s i m ply to be the mapping given by 

for all cE(F b ) J . 

Lemma 6.3.1 (F b s ,Q b N ) is a functional E-algebra. 

Proof If cr = L — > (3 is a functional type, J and J' are non-empty disjoint subsets of 
L and s E F b then the terms ©t,juJ' ( s<1 ( c © c ')) and ©t M/ ,j' (®t,j( s<lc ) <> c are 
both equal to K LX{JUJ/) for each c G (F b ) J , c' G (F b ) J ' . This implies that (F%, Q b N ) 
is a functional E-algebra. □ 

The A-homomorphism [ • J B will also be extended to a family [ • ]g by letting 
[ • ] ^ : F b ->• D a be the mapping with [ \> a ~\ ^ = ± a for each a E S \ B . 

Lemma 6.3.2 is a Y.-homomorphism, and in fact it is the unique bottomed 

Y.-homomorphism from (Fg, Q b N ) to (D s , /at) • 

Proof Consider a functional type a = L — >■ f3 and a non-empty subset J of L . Then 
from Property (A) and Proposition 5.4.1 (1) it follows for all s E F b , c G (-F b ) J that 

On the other hand, \i k E K is of type L — > /3 then [O^(c)]^ = / K (([c]^) L ) 

holds for all c E (F b ) L because [[-J^ is a A-homomorphism. This implies that [[-J 5 
is a E-homomorphism, which by definition is bottomed. The uniqueness now follows 
from the fact that [[-J 5 is the unique bottomed A-homomorphism from (F B , Q b K ) to 
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By Lemma 6.3.1 (F b s ,Q b N ) is a functional E-algebra and (P|,©jv-) is functionally 
/ U P-free; there thus exists a unique E-homomorphism : (Pg,©^) — > (Fg,Q b N ) 
such that O|(0 = b ? for each £ £ / UP. 

It is important to note that has nothing to to with the E-algebra (D$, /at) • In 
fact, in the sense in which a functionally I U P-free E-algebra is unique, it can be said 
that is uniquely determined by the signature E and the S'-typed sets / and P . 
Now define a family hF b with hF b C F b by putting 

hF* = { a eF* : Clfr) e Rp} 

for each j3 G B, with P# again the trace of (Dbj/k)- Thus hP^ depends on 
(Db, fx) (but not on the whole of (Ds, /at) ), and it only depends on (Db, fx) via 
the trace Rb ■ 

Proposition 6.3.1 The family hF b is a support system for (Db,/k) ■ Moreover, 
if (Db, fx) is the Hat extension of (Xb,Pk) then hF b = Fb , and if (Db, fx) is a 
fully regular bottomed extension of (X b ,Pk) then hF b = kF b . 

Proof Later. □ 

In what follows the A-algebra (F B , Q T K ) will usually play a more important role than 
the E-algebra (Pg,©^) itself. Note that the family Q B (obtained by omitting the 
mappings { fi^ : a E S \ B} from the family fig ) is then a A-homomorphism from 
(F B , Q T K ) to (Pg, Q b K ) . In this regard the following facts will be needed: 

Lemma 6.3.3 (1) fij(s) = \?p for all s G aF^ , G B . 

(2) fi^(s) = s for all ground terms s G Fp , (3 G B . 

(3) { s G P/ : fij(s) eF p } = F p for each (3 £ B . 

Proof (1) and (2) are special cases of Lemma 6.3.4 below. 

(3) Part (2) implies that fig(s) G Fp for all s G Fp , ft G B . The proof of the converse 
is essentially the same as the proof of Proposition 3.3.3. Consider the family F B with 
F B C F B given by 

F* = Fp U {seFl\Fp : n p (s)eF b \Fp} 

for each f) G B . If k G K is of type 0^/3 then ©£(e) = K (e) e Fp C F^ . Now 

let k e K be of type L ->■ /3 with L ^ and let a G (P/) L , i.e., 0(77) G P^ for 

each 77 G L. Suppose fij(©£(a)) = 0^((fif) L (a)) G P/3 . Then by Proposition 3.2.6 

(fif) L (a) G P L (since (Pg,©^-) is an initial bottomed extension of (Pb,0k)), i.e., 
fi^(a(r/)) G P^ for each 77 G L . Then by assumption 0(77) G P^ for each 1] E L and 

thus ©£(a) = © K (a) G P/3 . This shows that o£(a) G Pi , and hence that the family 



6.3 SUPPORT SYSTEMS AND THE TRACE 



167 



F B is invariant in (F B , Q T K ) . But by definition Ip C Fp and by part (1) aF| C F^ 
for each (3 £ B . Therefore by Lemma 6.2.2 F B = F B , which of course implies that 
fij(s) £ Fp\ Fp for all s £ Fp \ Fp , (3 £ B . □ 

Lemma 6.3.4 Let ns : (F|, ©jy) — >■ (Fg, 0^) be any E-homomorphism. Then: 

(1) 7rp(s) = \?p for all se AFl , peB. 

(2) irp(s) = s for all ground terms s G Fp , (3 G B . 

Proof (1) This follows since if £ G I U P is of functional type cr = L — >■ (3 and 
6 G (F/) L then ^ ( ©£ )L (£ < &) ) has the form ($^ L (a) for some a G (F o b ) <J ' L , which 
is by definition is equal to \>p . 

(2) This is a special case of Lemma 3.2.1. □ 

Proposition 6.3.2 F B C hF^ C aFJ, . Moreover, if (D B ,f K ) is the Sat extension 
of (Xb,Pk) then hF b = Fb , and if (Db, fx) is a fully regular bottomed extension 
of (X B ,p K ) then hF b = kF b . 

Proof Since Fp C Rp C Fp\ {bp} for each /3 G B , the first statement follows from 
parts (1) and (2) of Lemma 6.3.3. The rest then follows from Lemma 6.3.3 (3), since 
if (Db, fx) is the flat extension of (X b ,Pk) then by Lemma 3.3.2 Rb = Fb , and if 
[Db, fx) is a fully regular bottomed extension then Proposition 3.3.2 (2) implies that 
Rp = Fp\ { \)p} for each p G B . □ 

The first statement in Proposition 6.3.2 implies that HFp = Fp for each primitive type 
(3 G B (since then kF| = Fp). Thus in particular HF[ nt = F± nt . 

Denote by g T s the unique E-homomorphism from (Fg,Q T N ) to (Ds,/n) such that 
= J_£ for each £ G i" U F . 

Lemma 6.3.5 l-Js^s = Qs > Le -> l n * ( S )I* = qM for a11 s e F l > ° e s • 

Proof By Proposition 2.2.1 oj t s = [[-Js^s a E-homomorphism from (F|,0jy) to 
(D s Jn) and = = IkJf = U for each £g/UF. Thus by the 

uniqueness of £>g it follows that ojg = g J s . □ 

Of course, Lemma 6.3.5 implies in particular that HFp = {s G Fp : Qp(s) ^ Lp } 
for each /3 G B . Note that the family g B is a A-homomorphism from (F B , Q K ) to 
(DbJk). 

Lemma 6.3.6 F B is the only invariant family in (F B ,Q K ) containing Ub , where 
Up = {s G Fp : Qp(s) = .1/3 } for each /3 G B ; in other words, in the terminology of 
Section 3.5, the A-homomorphism q b is fat bottomed. 
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Proof If ^ G / UP has functional type a = L — >■ /3 then by Proposition 5.4.1 (1) and 
Property (A) it follows that 

for all b G (F^) L . Moreover, by definition f?jg(£) = -Lp for each £ e lp , and hence 
U lp C Up for each (3 & B . Thus by Lemma 6.2.2 is the only invariant family 
in (F-,Q T K ) containing Ub ■ □ 

Proof of Proposition 6.3.1 By Proposition 6.3.2 it is enough to show that \_s\ °g ^ -Lp 
for all s G hF^ , c G -Df . Consider s G hF^ , so by Lemma 6.3.5 Qp(s) ^ -Lp . But 

by Lemma 6.3.6 the A-homomorphism g B is fat bottomed and by Proposition 3.5.5 
(Dbi/k) is strongly monotone. Therefore np(s) ^ -Lp for every A-homomorphism 
ttb '■ (F B , Q T K ) -> (Db, fx) , and so in particular [s| % ^ -Lp for each c G D\ . □ 



6.4 Notes 



Proposition 6.1.3, which gives the exact relationship between initial £ -algebras and 
functionally /-free E-algebras, should be well-known, at least at an intuitive level, to 
any experienced functional programmer. 



Chapter 7 Equations 



In the present chapter we explain what is meant by a system of equations and what the 
solutions of such a system are. The problem of computing values will then be considered. 

As before let C be a bottomed concrete category with finite products and (D^,/^) 
be a C-based E-algebra such that (Db, fx) is a monotone regular bottomed extension 
of (XbiPk) • It is again assumed that the E-algebra (Ds, /at) has the properties (A), 
(B), (C) and (D) listed in Section 5.4. Moreover, we assume that for each S-typed set I 
disjoint from P a functionally /UP-free E-algebra {Fg,Q J N ) has been chosen which is 
an extension of the ground term algebra (Fb, Ok) (with P the >S-typed set specifying 
the names and types of the primitive functions). 

Equations are introduced in Section 7.1. Let / be a non-empty finite S- typed set 
disjoint from P . Consider £ G / of type a = L — > j3 and assume that L is disjoint 
from / and P . Then Fp UL is regarded as the set of possible (right-hand sides of) 
equations for £ and this set will be denoted by Eq(£, I) . The set of solutions Sol(s) 
of an equation s G Eq(£, I) is the set of assignments c G -Df for which 

fa,L«0<b) = 

for all beD^ if L ^ , and for which c(£) = [s]£ if L = . 

A system of equations then consists of a family of equations, one for each name in / , 
i.e., a family of the form sj , where G Eq(£, J) for each £ e J, and the set of all 
such families is denoted by Eq(7) . If a = sj G Eq(J) is a system of equations then an 
assignment c G -Df is said to be a solution of the equations a if c G Sol(s^) for each 
£ G J ; the set of solutions will be denoted by Sol (a) . 

In Section 7.2 the problem of computing values is looked at, which means something 
like the following: Let a G Eq(7) be a system of equations for which Sol (a) ^ and 
consider the family Fg with Fg C F B defined by 

Fp = {s G Fp : there exists x G Xp such that [s|^ = x for all c G Sol (a) } 

for each (3 G B . (In particular, Fb C -F^ , since if s £ Fp then Lemma 6.2.1 implies 
that [s]£ = [s]^ for all c G Df and so in particular for c G Sol(a) .) For which 
elements s G Fp is it then possible to compute the value of s , i.e., the unique element 
x G Xp such that [sj^ = x for all c G Sol(a) ? 

To answer this question some kind of algorithm is needed which will manipulate the 
elements from the sets in the family F B : In response to the 'input' s it should either 
produce the 'output' s' (whenever possible) or produce no output at all. We will look for 
such an algorithm defined in terms of a A-homomorphism $^ : (F B , 0^) — > (F B , Q K ) 
as follows: For each f3 G B let 

Ff = {seFp 1 : $£(s) G for some n > } , 

where {& B }n>o is the sequence of iterates of $s . Now it is easy to see that &p(s) = s 
for each s G Fp and hence a mapping $2° : F? — > can be defined by putting 
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= <&jg(s) , where n > is chosen so that G Fp . Then $ B can be 

considered as defining an algorithm which produces the 'output' if s G F* and 

which produces no output if s£^ \ F* . 

Of course, if the algorithm should compute values then there must be some relationship 
between the equations a and the homomorphism $5 , and this leads to the following 
definition: The homomorphism $5 is said to be a-consistent if 

for all c G Sol (a) for each s G Fp , /3 E B . Proposition 7.2.1 will show that if $s is 
a-consistent then F% C and moreover, that 

for all c G Sol (a) for each s G F| , G B . This says that the algorithm defined by an 
a-consistent homomorphism only outputs correct values. However, this is of limited use 
if the family F* is much smaller than Fg . For example, the identity A-homomorphism 
ids : (FgjOjf) — > (Fg,Q T K ) is always a-consistent, but, as must be expected, it does 
not really provide any information at all, since F^ = F B . 

The best to be hoped for is an a-consistent A-homomorphism $ b with Fg = Fg and 
such a homomorphism $s will be called a-complete. Thus if is a-complete then 
the corresponding algorithm computes the value whenever this exists. 

In Section 7.3 an a-consistent A-homomorphism $ B is constructed for each system of 
equations a . $5 depends, of course, on the system of equations under consideration. 
However, apart from this it only depends on the trace Rb of the bottomed extension 
(Db, fx) ■ In Chapter 8 the main results of the study are presented. They imply that 
in Case 3 the equations a always have a solution and that $5 is a-complete. 

Finally, in Section 7.4 replacement rules are introduced which allow valid assertions to 
be made about the solutions of equations. These are rules which should be thought 
of as tools which a human being (rather than a machine) can apply to prove that the 
solutions have certain properties. 



7.1 Equations and their solutions 



This section explains what is meant by equations and their solutions. An S'-typed set 
/ will be called global if / is disjoint from P and if L is disjoint from /UP whenever 
£ G / is of type L — > f3 . For the whole of the section let I be a non-empty finite global 
S'-typed set. 

In general, what is meant by an equation for the names in / is a pair (si, S2) , where 
si, S2 G Fp UV for some /3 E B and where U is some S'-typed set disjoint from / and 
P . Here si should be thought of as the left-hand and S2 as the right-hand side of the 
equation. A solution of this equation is then any assignment c G P>f for which 

Mf 6 = Wf 6 

for all 6 G . Given a system (i.e., a family) of such equations, the solutions of the 
system are those assignments which are solutions of each of the equations in the family. 

However, this notion of an equation is much too general. Note that in these equations 
there is really no difference in the role played by the left-hand and the right-hand side, 
whereas in the equations in Chapter 1 this is not the case, since there the left-hand sides 
of the equations clearly have a very special form. Thus the elements which can occur 
as the left-hand side of an equation will now be restricted, and this involves what will 
be called an abstractor. 

Until further notice let £ be an element of / of type a = L — > f3 (and so L is disjoint 
from / and P). Define an element G P| uL , called the ^-abstractor, by putting 

a c = o| uL (a L ) , 

where Of, 6 (P/ uL ) L is given by 0^(77) = rj for each 77 G L (with the 77 on the 
right-hand side of this definition considered as an element of F^ uL ) . Thus 

= <l (£<ol) 

when L 7^ , and = £ if L = . Of course, if the 'genuine' term algebra 
(Pg UL , □a? jL ) is being used then is simply the list 

€m ■■■ r] m 

where m = \L\ and 771, . . . , ?7 m is the enumeration of the elements of L which comes 
with the definition of E I s uL . 

Lemma 7.1.1 If L = then [a c ]^ = c(f) for all c G -Df , and if L ^ then 
for all ceDl and all b G . 
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Proof This holds trivially if L = , and if L ^ then by Proposition 5.4.1 (1) 

IhJT = [o£i L (£«^)]^ 6 

= ;.,L((K«a L L c ® b r L ) = /,L(K]f^([Mf) L ) 

= /.,l(c(£)«(M®Y) = UAc(0<b) 

since ( [azJ^® b ) L (^) = [oil (??)]] ^® b = [??]]^® 6 = b(rj) for each r\ £ L , which implies 
that (la L J c ® b ) L = b . □ 

The set F^ uL will be denoted by Eq(£,J) . Thus to each element s £ Eq(£,J) there 
corresponds the equation (a^, s) , and with this correspondence s can also be regarded 
as being an equation for £ . 

If s £ Eq(£,J) is an equation for £ then Sol(s) will denote the set of solutions, i.e., 
Sol(s) is the set of assignments c £ -Df for which 

for all b G -Df' . Because of the special form of the left-hand side , Lemma 7.1.1 
implies that if L ^ then Sol(s) is the set of assignments c G D[ for which 

for all b G , while if L = then then Sol(s) is just the set of assignments c G D[ 
for which c(£) = \_s\ c p . 

Now a system of equations is just a family, made up of one equation for each name 
in I . More precisely, denote by Eq(J) the set of all families sj , where G Eq(£,J) 
for each £ G /. Each element of Eq(7) will be regarded as a system of equations for 
the names in / . Note that the definition of the set Eq(J) has nothing to do with the 
E-algebra (Ds,/n) • It really only depends on the the signature E and the S'-typed 
set / . 

If a = si G Eq(J) is a system of equations then an assignment c G -Df is said to be a 
solution of the equations a if c G Sol(s^) for each £ G J ; the set of such solutions will 
be denoted by Sol (a) . An assignment c G -Df being a solution thus means that 

must hold for all b G whenever £ £ / is of type cr = L — >■ j3 with L ^ and that 
c(£) = [s^]^ whenever £ is of type (3 . (Of course, if (Ds,/n) is as in one of the 
three basic cases then /o-,l(c(£) < b) is just equal to c(£) (6) , i.e., equal to the value 
obtained by applying the function c(£) to the argument b .) 

Although the definition of Eq(J) has nothing to do with (Ds, /at) , the set Sol (a) is 
a subset of D\ , and for this trivial reason it thus depends on (Ds, /at) • In fact, the 
dependence is perhaps more subtle than would at first be expected. Examples 7.1.2 and 
7.1.3 towards the end of the section indicate the typical kind of behaviour which occurs. 
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In what follows consider the explicit programming language obtained using the 'genuine' 
term algebras. An equation e G Eq(J) for £ will here be written as 

= e 

where is the ^-abstractor (and, as already noted, just has the form £771 • • • rj m ), 
and e is the 'legible' notation for the term e introduced in Section 6.2 (i.e., with the 
particular notation for the case operators and permitting the use of brackets). For a 
system of equations this notation will be used for each single equation. Moreover, such 
a system will be represented as a list, with each single equation written on a separate 
line. (This involves, of course, choosing some enumeration of the elements of I .) 

To prepare for the examples there a further point which has to be dealt with. In all 
of these examples each element £ G I has a type of the form o\ • ■ ■ a m — > f3 . Now 
the underlying set of the S'-typed set o\ ■ ■ • a m is just [m] , which means that the 
left-hand side of the equation for £ should always have the form 

£ 1 2 ••• m 

with the 'names' 1 2, . . . , m also occurring as the 'local variables' on the right-hand 
side of the equation. This is not very satisfactory, in particular since these 'names' give 
no information about their types. Moreover, the problem then arises of representing the 
'name' k G [m] in a way which distinguishes it from the constructor name k of type 
int (i.e., from the element k of Int ). 

To avoid these problems it is convenient to replace each j G [m] in the equation for £ 
by some more suggestive alias rjj . The left-hand side of the equation then becomes 

£ ryi m ■ • • Vm 

with the right-hand side changed accordingly. In any example the choice of the aliases 
used in an equation can of course be determined from the modified left-hand side. 

It should be emphasised that this aliasing device is simply a method of making explicit 
examples more readable, and there is no reason compelling its use. (The procedure also 
has a more elegant interpretation, which the interested reader is left to work out.) 

The system of equations introduced at the end of Chapter 1 is treated in Example 7.1.1. 
These equations are first presented without aliasing, just to show how unreadable they 
are. In this version it is necessary to distinguish each element of [m] from the cor- 
responding element of Int , which is done by enclosing the elements of [m] in single 
quotes (so 1 will be represented as '1' , 2 as '2' , and so on). In all the remaining 
examples in these notes aliasing is employed without comment. 
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Example 7.1.1 Let (X b ,Pk) be as Example 2.2.1. As in Example 6.2.1 let 

/ = {revs, sq, shunt, shunx, sqs } 

be the S'-typed set with 

revs of type (int — > int) int — > list , sq of type int — > int , 
shunt of type list list — > list , 

shunx of type list int list — >■ list and sqs of type int — > list . 

Consider that following terms (each being an element of E 1 ^ 1 for some list of 
types 7 6 5* and some /3 G B ): 

Crevs = case (eq '2' 0) of {True -> Nil, 

False -> Cons ('1' <2') (revs '1' (sub '2' 1))} 

U int 



e ^list j 
L fc -^int 

e S hunt = case '1' of {Nil -> '2', 



e sq = mul '1' '1' G £f n u t int , 



Cons -> shunx '2'} G list list 



.ist 



e S hunx = shunt '3' (Cons '2' '!') G list int list 



Lst ' 

e sqs = shunt (revs sq '1') Nil G £fi U s £ nt , 

Then a = ei is an element of Eq(J) which should be written as 

revs '1' ( 2> 

= case (eq '2' 0) of {True -> Nil, 

False -> Cons ('1' '2') (revs '1' (sub '2' 1))} 

sq '1' = mul '1' '1' 

shunt '1' '2' = case '1' of {Nil -> '2', 

Cons -> shunx '2' } 

shunx '1' '2' '3' = shunt '3' (Cons '2' '1') 

sqs ' 1 ' = shunt (revs sq ' 1 ' ) Nil 

(Example 7.1.1 is continued on the next page.) 
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Example 7.1.1 (continued) However, with an appropriate choice of aliases, a 
can be written more 'legibly' as 

revs p n 

= case (eq n 0) of {True -> Nil, 

False -> Cons (p n) (revs p (sub n 1)) } 

sq n = mul n n 

shunt a b = case a of {Nil -> b, Cons -> shunx b} 
shunx a n b = shunt b (Cons n a) 
sqs n = shunt (revs sq n) Nil 

Again let (D$, /at) be as in one of the three basic cases. Exactly the same 
calculations as in Example 6.2.1 show that an assignment c e -Df is in Sol (a) 
if and only if for all a, b e Di± st , n G -Dint , V £ -Dint int 



{ c snU nx(fr, m, d) if a ^ J-iist and a = /cons(w, d) , 

Cshunx(a, n, b) = C s hunt(fr, /cons(™,a)) , 
(n) — Cshunt (Crevs(c S q, n), /nil) • 




if n = Tint , 
if n = , 
1)) if nGZ\{0}, 



c S q(n) 



mul(?i, n) , 
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As already mentioned, Examples 7.1.2 and 7.1.3 below show that the dependence of the 
solutions on (D$, /at) is perhaps more subtle than would at first be expected. 



Example 7.1.2 Let (Xb,Pk) be as in Example 2.2.1 and let 

/ = {fst, fstx, inf, one} 

be the S'-typed set with 

fst of type pair — > int , fstx of type int int — > int , 
inf and one of type int . 

Consider the system of equations a G Eq(J) given by 

fst p = case p of {Pair -> fstx} 

fstx m n = m 

inf = add inf 1 

one = fst (Pair 1 inf) 

Let (Ds^/n) be as in one of the three basic cases. Note that c± n f = _l_int 
for all c G Sol (a) . From this it follows that for all c G Sol (a) 



Therefore if (Db, fx) is the flat extension of (Xb,Pk) then c one = -i-±nt for 
all c G Sol (a) . On the other hand, if (-Ds, fx) is a fully regular extension 
of (X b ,Pk) then c one = 1 for all c G Sol(a) . Note that these equations do 
have a solution (i.e., Sol (a) ^ ) and this fact does not depend on (D B , fx) ■ 




1 

J-int 



otherwise . 




pair 7 
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Example 7.1.3 Let (X b ,Pk) be as in Example 2.2.1 and let 

/ = { hd, hdx, ones, one} 



be the S'-typed set with 

hd of type list — > int , hdx of type int list — > int , 
ones of type list and one of type int . 

Consider the system of equations a G Eq(7) given by 

hd xs = case xs of {Nil -> hd xs, Cons -> hdx} 

hdx x xs = x 

ones = Cons 1 ones 

one = hd ones 

Let (-Dg, /at) be as in one of the three basic cases. Then 



Thus if (-Ds, fx) is the flat extension of (Xb,Pk) then c one = J-i nt for 
all c G Sol (a) (since here c on es = J-i ist for each c G Sol (a) ). Moreover, 
if (De^k) is a fully regular extension of (Xb,Pk) then c on e = 1 for all 
c G Sol (a) (since here c on es 7^ J-ii St for each c G Sol (a) ). 

Nevertheless, the situation here is quite different to that in Example 7.1.2. For 
simplicity suppose that (-D5, /at) is as in Case 1. Then the present system of 
equations has a solution if (De^k) is the flat extension of (Xb,Pk) , but 
whether or not there are solutions for a fully regular extension depends on the 
extension. 

In particular, if (Db, fx) is an initial extension of (Xb,Pk) then it is easy to 
see that are no solutions to the equations, since the equation for ones cannot 
be satisfied by any finite list. However, if the fully regular extension is obtained 
as an initial completion (as in Section 4.3) then there will be a solution, which 
can be considered as an infinite list in which each component is equal to 1 . 
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The equations in Example 7.1.1 are not first order in that they contain the name for 
a function revs which has a higher-order type. Example 7.1.4 provides a further and 
very typical system of equations which is not first order. 



Example 7.1.4 Let (Xb,Pk) be as in Example 2.2.1 and I = {map, mapx } 
be the S-typed set with 

map of type (int — > int) list — > list , 
mapx of type (int — > int) int list — > list . 

Let a G Eq(J) be the system of equations written 'legibly' as 

map p ns = case ns of {Nil -> Nil, Cons -> mapx f } 
mapx p m ms = Cons (p m) (map p ms) 

As usual let (Ds, f^) be as in one of the three basic cases, and let c£ £)f ; 
then a simple calculation shows that c G Sol (a) if and only if 



Cma.px(p,m,z) = /cons(p(m),C map (p, z)) , 

for all p G -Dint^int 7 m £ -Dint and z G -Diist In particular, if c G Sol (a) 
then it follows that 





for all p G £>int^int , z G D 1±st . 



7.2 Computing values 



Very roughly speaking, 'computing values' means something like the following: Given a 
system of equations a G Eq(J) and an element s G , the value [[sj£ G D a should be 
determined for some, or for all, of the solutions c G Sol (a) . Now we take the standpoint 
that the only way of directly representing an element from one of the sets in the family 
Ds is with the help of the ground algebra (Fb, Qk) • This means that the only hope 
is to compute values which lie in the family Xb ■ (The restriction here to ground types 
can hardly be avoided, since there is no way of directly representing an element in the 
set D a when a G S\B is a functional type. The restriction to the family Xb , i.e., the 
exclusion of values in the family { Dp \ Xp : (3 G B} , could be avoided by making use 
of a suitable extension of the ground algebra (Fb, Qk) , but to keep things as simple 
as possible this possibility will not be considered here.) 

A further restriction will be imposed. This is based on the plausible assumption that 
a simple explicit algorithm will be unable to distinguish between different solutions 
in Sol (a) , and hence only values f_sj c p which are independent of c G Sol (a) can 

be computed. (Even if this assumption is not acceptable in general, the argument in 
Chapter 1 shows that it will be certainly satisfied by an algorithm based on interpreting 
equations as replacement rules.) 

In what follows let i" be a non-empty finite global S'-typed set and let a G Eq(J) be 
a system of equations with Sol (a) ^ . The above restrictions suggest looking at the 
family Fg with Fg C F B defined for each (3 G B by 

Fp = { s G Fp : there exists x G Xp such that \_s\ c p = x for all c G Sol(ct) } . 

In particular, Fb C Fg , since if s G Fp then by Lemma 6.2.1 f_sj c p = f_sjp for all 

c G Dl (and so in particular for all c G Sol(a) ). Example 7.2.1 on the next page 
illustrates this definition using the equations first considered in Chapter 1. 

The problem of 'computing values' can now be formulated as the following question: 
For which elements s G Fa is it possible to compute the value of s , i.e., the unique 
element x G Xp such that \_s\ c p = x for all c G Sol(ct) ? 

It is important to note that, although Fg C Fg and (Ds, /at) is not involved in the 
definition of F B , the family Fg will in general depend on this E-algebra. Example 7.2.1 
shows in particular how F§ can depend on the A-algebra (Db, fx) ■ 

In what follows the A-algebra (F^,Q K ) will play a more important role than the 
whole of the E-algebra (_F|, & J N ) ■ This means that if c G D\ is an assignment then it 
is usually only the A-homomorphism [[-J^ from (F^,Q K ) to (Db,$k) which will 
be of interest (and not the whole E-homomorphism [[ • J5 )• 

It is convenient to state the problem of 'computing values' in a slightly different form, 
and for this the following simple fact is needed: 

Lemma 7.2.1 The family Fg is invariant in the A-algebra (F^, Q K ) . 
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Example 7.2.1 Let (X b ,Pk) be as in Example 2.2.1 and let 




/ = { f st, f stx, und } 




be the S'-typed set with 




fst of type pair — > int , f stx of type int int — > int , 




und of type int . 




Consider the system of equations a G Eq(J) given by 




fst p = case p of {Pair -> fstx} 




■fo"l" V TY1 T> Tff 

IblA ill 11 111 




und = und 




Let e G E[ nt be the term fst (Pair 1 und) . Then 




rr tic I 1 ^ /Pair(l) c und) 7^ -Lpair ? 
1 Jint \± in t otherwise , 




for all c G Sol (a) . Thus if (Db, fx) is a fully regular extension of (Xb 
then [ej? nt = 1 for all c G Sol (a) , and hence in this case e G Ef nt . 


Pk) 


On the other hand, if (^s,/at) is as in Case 1 with (D B ,fK) the flat extension 
of (X b ,Pk) then there exists a solution c G Sol (a) with c un d = J-i nt and 
then [ej? nt = J_i n t . This implies that here e ^ Ef nt . 


Of course, this example is in essence the same as Example 7.1.2. 





Proof If k G K is of type 0^/3 then ©£(e) G , since [0^(e)]| = f K {e) for 
all c G -Df and = p K ( £ ) £ -^/3 • Suppose then that k E K is of type L — > f3 

with L ^ and let 6 G (F^) L ; then for each rj G L there exists G such that 
|[6(t/)J^ = x v for all c G Sol (a) . Let b' G be the assignment given by b'{rj) = x v 
for each r\ G L ; then for all c G Sol (a) 

[©£(&) K = /«((M. C ) L ) = . 

and f K (b') = p R (V) G ; thus ©£(&) G . This means that the family Fg is 
invariant in (F B ,Q K ) . □ 

For each k G K of type L — >■ /3 let 0" denote the restriction of ©£ to (F") L . By 
Lemma 7.2.1 (Fg, 0^-) is then a A-algebra which is an extension of the ground term 
algebra (F B , Ok) ■ 

Now for each (3 G B define a mapping [ • J « : F% — > Xp by putting [sjg = x , where 
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x is the (unique) element of Xp such that f_sjp = x for all c G Sol (a) . In other 
words, l_sjp is defined so that [sj^ = [sj^ for all c G Sol (a) . 

Lemma 7.2.2 The family is a A-homomorphism from (Fg, O 1 ^) to (Xb,Pk) 

which extends the A-isomorphism [• Js : (Fb.Qk) — > (^b,Pk) ("i.e., [sj^ = [sj^ 
for all s e Fp). 

Proof This is what the proof of Lemma 7.2.1 shows. □ 

The problem of 'computing values' can now be stated in terms of the following question: 
For which elements s G Fp is it possible to compute the unique ground element s' G Fp 
such that Is'Jp = [s]|? 

To answer this question some kind of algorithm is needed which will manipulate the 
elements from the sets in the family F B : In response to the 'input' s it should either 
produce the 'output' s' (whenever possible) or produce no output at all. Such an 
algorithm is presented in Section 7.3, and is given in terms of a A-homomorphism from 
the A-algebra (F^,,©^) to itself. 

In what follows let $s : (F^, O^) — > (F^O^) be a A-homomorphism. Some of the 
elementary properties of such a homomorphism will now be looked at with a view to 
seeing how <&b could form the basis of an algorithm for 'computing values'. 

Lemma 7.2.3 &p(s) = s for each ground term s G Fp . 

Proof For each (3 G B let $^ be the restriction of $^3 to the ground terms Fp ; 
then <&' B : (Fb,Ok) — > (F^,©^) * s a A-homomorphism. But a A-homomorphism 
\d' B : (F B , Q K ) — > (Fg, Q T K ) can also be defined by letting id^(s) = s for all s G Fp . 

Hence by Proposition 2.2.3 (1) $' B = id^ , since (F B , Qk) is minimal, i.e., $>p(s) = s 
for each s G Fp . □ 

The iterates {<& B } n >o of $s will also be needed: For each (3 G B the mappings 
Qp 1 : F^ ->• F| , n > , are defined by letting $° (s) = s for each s G F| , $1 = 
and (for n > 0) = &p • By Proposition 2.2.1 $^ is a A-homomorphism for 
each n > . Now for each /3 e B let 

Fj = { s G -F| : $£(s) G F^ for some n > } . 

Lemma 7.2.4 Tie family F B is invariant in the A-algebra (Fj,,©^) . 

Proo/ If k e K is of type 0-^/3 then ©£(e) e Fp d F^ . Suppose then that k £ K 

is of type L — > /3 with L ^ and let 6 G (F*) L ; then for each r/ <E L there exists 
nr, > such that (6(77)) G F v . Put n = max{ : 77 G L } ; then $™(&(r/)) G F^ 
for each ?y G L , thus ($^) L (6) G F L and hence 

^(© 7 .W) = ©£((**)*(&)) = &4^D L (b)) e Fp; 
i.e., Q T K (b) G F? . This means that the family F B is invariant in (F B , Q T K ) . □ 
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For each k G K of type L — > f3 let 0* denote the restriction of to (F*) L . By 
Lemma 7.2.4 (Fg, Q%) is then a A-algebra which is an extension of the ground term 
algebra (F B , Ok) ■ 

By Lemma 7.2.3 <&p(s) = s for each s G Fp and hence a mapping : F* — >■ Fg can 
be defined by putting = ®p(s) , where n > is chosen so that G Fg . 

Lemma 7.2.5 : (F^,Q%) ->■ (F b ,(Dk) is a A-homomorphism. 

Proof This is similar to the proof of Lemma 7.2.4. □ 
The homomorphism $g is now said to be a-consistent if 

for all c G Sol (a) for each s G F| , (3 e B . It is important to note that in general the 
a-consistency of $s depends not only on the equations a but also on the E-algebra 
(D s Jn). 

Proposition 7.2.1 Suppose is a-consistent; then Fj C Fg . Moreover, 
is the (unique) ground term which denotes [s]Jg for all s G F* , /3 G B , i.e., 

for all seFg, (3 £ B . 

Proof Let s G F* ; then for each n > it follows that 

and thus l$f(s)l c p = l®°p(s)J c p = [s]£ for each c G Sol(a) . But ®f(s) G F^ 
and so by Lemma 6.2.1 l^f(s)J c p ' = l®f(s)Jp for all d G F»f . Hence 

WOO]* = Mj§ 

for all c G Sol (a) . This shows that s G F^ and also that [$~(s) ]/3 = [s]| . □ 

If $s is a-consistent then by Proposition 7.2.1 the iterates {$^} n >o of $>p can be 
used to compute the element denoting [s|^ for each s G F* . Of course, the iterates 
give no information when starting with an element s G Fp \ F* . 

Consider for a moment the identity A-homomorphism ids : (F B ,Q K ) — > (Fg,©^-) 
(given by id^(s) = s for all s G F|). In this case (F^,Q K ) = (F B ,Q K ) , and idg 

is just the identity A-homomorphism from (Fg,Q K ) = (Fb,@k) to itself. Moreover, 
idg is always trivially a-consistent. But, of course, applying Proposition 7.2.1 to ids 
does not really provide any information at all. 

The best to be hoped for is an a-consistent A-homomorphism <&b with Fj 1 = Fg 
and such a homomorphism $g will be called a- complete. If <&b is a-complete then 
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Proposition 7.2.1 implies that $jg?(s) is the ground element denoting [[sjjg for all 
s G Fp . (Note, however, that the iterates {$^} n >o cannot be used to effectively 
decide that a given term s G Fl is an element of F^\Ff .) 

In Section 7.3 an a-consistent A-homomorphism <&b is constructed for each system of 
equations a G Eq(J) . In Chapter 8 it is then shown that in Case 3 is a-complete. 

Finally, note that the definition of being a-consistent still makes sense when 
Sol (a) = (although in this case every A-homomorphism is trivially a-consistent). 
Thus in the next section, where an ct-consistent A-homomorphism <&b is constructed, 
it is not necessary to assume that Sol (a) ^ . 



7.3 An algorithm for computing values 

Again let I be a non-empty finite global >S-typed set and let a = sj G Eq(J) be a 
system of equations. In this section an a-consistent A-homomorphism 

$B : (F£,©k) 

will be defined which, as explained in Section 7.2, will form the basis of an algorithm 
for computing values. 

The A-homomorphism $ b will depend, of course, on the system of equations a . 
Moreover, <&b will also depend on (Ds,/n) , because its definition involves choosing 
a support system for (Ds, /at) , i.e., a family N B with Fb C iVjj c Kpg such that 
\sj c p ^ -L|8 for all s G iV| , (3 E B and for all c G Df . 

Recall that by Proposition 6.3.1 the family hF^ defined for each (3 G B by 

tfFj = { s G F| : Ufa) e Rp} 

is a support system for (Ds, /at) , where here fig : 0^) — >■ (Fg, 0^) is the unique 
S-homomorphism such that fi|(£) = for each £ G / UP, and F# is the trace 
of (.Ds, fx) • In fact, this is really the only support system of interest (since it turns 
out to be the 'correct' one). Nevertheless, in the present section the results are first 
formulated in terms of an arbitrary support system. 

Before coming to the definition of the A-homomorphism <&b we must first introduce 
some generalised substitution or replacement operators as well as evaluation operators 
for the integer operations. 

Let L be an S'-typed set disjoint from I and P and a G (F/) L be an assignment. 
Then, since (Fj uL , Ar uL ) is functionally ZULU P-free and (F|, 0^) is a functional 
E-algebra, there exists a unique E-homomorphism 5 S : (F| uL , A y jL ) — > (F|, Q T N ) such 
that 5* (£) = £ for each £ G / U P and 8^(rj) = a(rf) for each r\ G L . In particular, if 

L = then 5® is just the identity homomorphism ids : (P|, ©jy) — > (P|, Q T N ) • 
For each s G Pj uL the (perhaps) more suggestive notation 

s[a/L] 

will also be used for the element 6%(s) of Pj . Moreover, when working with examples 
it is convenient to allow the more explicit notation 

s[a(i] 1 )/r] U . . .,a(r] m )/r] m ] 

where rji, . . . , r\ m is some enumeration of the elements of L . The mapping 5® should 
be thought of as a generalised substitution or replacement operator. In the special 
case of the 'genuine' term algebras introduced in Section 6.2 it really is a replacement 
operator: 

Lemma 7.3.1 Let a G (Pf) L and let 5 S : (F 5 uL , □ A ^ JL ) -> (P|, a T N ) be the special 
case of the homomorphism defined above. Then for each s G E^. uL the term 8®(s) is 
obtained by replacing for each r\ G L each occurrence of rj in s by a(rj) . 
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Proof For each a G S let P^ be the set of terms in P^ for which statement to 
be proved actually holds. Then it is easily checked that the family Eg satisfies the 
hypotheses of Proposition 6.1.5 and hence E s = E s . □ 

The following fact will be required later: 

Lemma 7.3.2 Let a G (P/) L , c G D\ and put d = ([a]^) L , i.e., d e is the 
assignment given by d{rf) = for each r\ G L . Then 

ls[a/L]J% = lsj^ d 

for all s G P/ uL , a G S . 

Proof Put its = [• J Then by Proposition 2.2.1 ns is a E-homomorphism 
from (Pj uL ,0^ uL ) to (D s ,f N ) and tt c (0 = ]f = = c(£) for each 

£ G / , and in the same way it follows that = p(() for each (gP. Moreover, 

7^(77) = [<^(tt)]c = [a(?/)]« = d(7/) for each rj G L . But [-]|® d is the unique 
such E-homomorphism, and hence tcs = [• ]|® d , i-e., 

for all s G Pj uL , a G 5 . □ 

We next consider evaluation operators. Let £ G P be the name of an integer operator 
(and so ( is of type int 2 — > f3 with ft either int or bool , recalling that int 2 is 
being used to denote the list int int ). 

Lemma 7.3.3 There exists a unique mapping Eval^ : F± nt x P int — y Fp such that 

[Eval C (si,S 2 )]/3 = C ([si] int, Mint) 

for all si, s 2 G Pint > where : Xi nt x X± nt — > Xp is the original integer operation 
corresponding to ( (i.e., o a dd(w, n) = m + n , o SU b(^, n) = m — n and so on). 

Proof This follows from the fact that both the mappings [ • J int : Pint — > X± nt and 
[ • Jbooi : Pbooi -> -^booi are bijections. □ 

The mapping Eval^ : Pint x Pint — > P/3 in the special case of the 'genuine' term 
algebras is just the 'syntactic' version of the operator whose name is £ . This means, 
for example, that Eval a dd(lO, 4) = 14 and Eval eq (l0,4) = False. 

Lemma 7.3.4 For all s±, s 2 G Pint 

[Eval C (si,S 2 )] j9 = /int 2 ^/3,int 2 (p(C)<([si]int, Mint)) • 

Proof Let p(Q : D± nt x Pint — > Dp be the strict extension of : X± nt x Xi n t — > Xp . 
Then by definition p(add) = Add , p(sub) = Sub and so on, and therefore by (D) 

o c (n 1 ,n 2 ) = p(C)(ni,n 2 ) = /int 2 ^/3,int 2 (p(C) < (ni,n 2 ) ) 
for all ni, n 2 G Xi n t • Taking m = [sijint and n 2 = [s 2 Ji n t gives the result. □ 
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The following result is stated in terms of a concept weaker than that of a support system: 
The family N B is said to be a pre-support system if just Fg C N b C kF b . (This 
notion has nothing to do with (Ds, /at) •) 

Note that if ATjj is a support system and N B a pre-support system with N B C AT B 
then A^ is also a support system. 

Proposition 7.3.1 Let A"^ be a pre-support system. Then there exists a unique 
A-homomorphism $ B : (F B , Q T K ) — > (F B , 0^) such that the following hold: 

(1) Let £el be of type L ->■ /? ; then for ah a G (F/) L 

^(0f(a)) = s^a/L] . 

In particular, = if L = (in which case £ is of type (3 ). 

(2) Let C = case^ for some (3 G B , 9 G Bf ; then 

r©J($ e ( S )oa) ifs$N$, 

$/j(©£(soa)) = < 0^ /3 J (a(«)<a / ) if s = 0«(a') G Ng 

K with k G K of type J — >■ , 

for ah s G F/ , a G (F/)^ . (Note that, since Ng C aF/ , s does have a 
unique representation of the form ©£(a') for some «; G Kg whenever s G A^ J 

(3) Let ( E P be the name of an integer operator (so ( is of type int 2 — > /3 with 
(3 either int or bool ) and let si, S2 G F/ nt . Then 

/ // xx_ / Eval c (si,s 2 ) if si, S2 G F int , 

M °^ 1,S2jJ ~ \0{(^int(si),^int(s 2 )) otherwise. 



Proof Let £5 be a family of mappings satisfying the conditions in the statement 
of Lemma 6.2.3. ®p(s) will be defined by induction on £p(s) , making use of the 
unique representations given in Proposition 6.2.1 (1). Suppose first that s € F| with 

£p(s) = 1 . Then either s = Q T K (e) for some k G K of type — > (3 , in which case 
&p(s) is defined to be s , or s = £ for some £ G / of type /? and here &p(s) is defined 
to be . 

Now let > 1 and suppose for each 6 G B that <&e{t) has already been defined for 
all t G F/ with £#(t) < . Consider s G F^ with £g(s) = ; there are four cases: 

1. The element s has the form o£(a) , where k e K is of type L — > /3 with L^0 
and a G (F/) L . Then, since £ v (a(rj)) < k for each 77 G L , ^(s) can be defined to be 

©i(^(a)). 

2. The element s has the form ©|(a) with £ G / of type L — >■ /3 with L ^ and 
a G (F/) L . Here ©{(a) ) can be defined directly using condition (1). 
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3. The element s has the form ©|(s'oo) , where £ = casejg with (3 E B and 9 E Bf 
and where s' G Fq and a G (F/)^ 6 -' 3 . Then, since ^(s') < k, condition (2) can be 
used to actually define <3>g( ©£(s' o a) ) . 

4. The element s has the form ©£(si, s 2 ) with ( E P the name of an integer operator 
(so C is of type int 2 — >■ /3 with f3 either int or bool ) and si, s 2 G Fi nt • Then, since 
^int(sj) < k for each j = 1, 2 , condition (3) can be used to define ©£(si, s 2 ) ) . 

The uniqueness of also follows using induction on £p(s) . □ 

The A-homomorphism $ B : (F B , Q T K ) ->■ (Fg, 0^) given by Proposition 7.3.1 will be 
called the A-homomorphism defined by a and the pre- support system N B . 

Proposition 7.3.2 Suppose N B is a support system. Then the A-homomorphism 
&b defined by a and N B is a-consistent, i.e., l®p(s)J c p = fsjp for all c G Sol (a) 
for each s G Fp , (3 G B . 

Proof The family of mappings £b employed in the proof of Proposition 7.3.1 will be 
needed again, as well as the unique representations given in Proposition 6.2.1 (1). Put 

Gp = {sEF* : [<Ms)l£ = M£ for all c G Sol(a) } 

for each /3 E B ; the task is thus to show that Gb = F B . First consider s G Fp with 

£p(s) = 1 . If s = O^(e) for some k G K of type — >■ /3 then s E Gp holds trivially 
because $p(s) = s. On the other hand, if s = £ for some £ G J of type /3 then 
®p(s) = , and thus for each c G Sol (a) 

[<M«)K = MS = = ra^ = ; 

hence again seG^. 

Now let k > 1 and suppose for each 9 E B it is known that t E Gq for all t E Fq 
with < . Consider s G F| with ^g(s) = ; there are four cases: 

1. The element s has the form O^(a) , where k E K is of type L — >■ /3 with L ^ 
and a G (F/) L . Let c G Sol (a) , then (a(?y) )|^ = [a(^)J^ for each r\ E L , since 

4,(0(77)) < fc, and hence ([^(a)]^) L = ([a]^) L . Thus 

= H(M C J L ) = [©£(«) K = isjp 

for all c G Sol (a) , i.e., s G . 

2. The element s has the form ©|(a) with £ G / of type L (3 for some L ^ 
and with a G (F/) L . Let c G Sol (a) and put d = ([a]^) L ; thus by Lemma 7.3.2 
lse[a/L]J c g = • Hence by Lemma 7.1.1 
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l*p{*)l e e = I'Mmf = Mp m = U,MO<d) 

= /a,z,(c(£)«([a]^) = [of(a)]£ = , 

and this shows that s G Gp . 

3. The element s has the form ©|(s'oa) , where ( = casejg with (3 <E B and 6> G Ff 
and where s' G F/ and a G (F^) Ke ^ . 

Assume first that s' ^ Ng . Then = [ s le f° r eacn c G Sol (a) , since 

£e(s') < k , and therefore 

= /a,4KC«(M*(M^)) = iQ^'o^m = 1*1% 

for all c G Sol (a) , which again implies that s G Gp . 

Assume next that s' G N@ and so [jVJg 7^ -Lg for each c G -Df . Moreover, since 

Nq C a:F/ , s' has the form O^(a') with k e if of type J — > 9 for some J G Tb 
and with a' G (F^) J . Then 

/4(Mo eb ) J ) = l®i UU (a')Ie® b = M^^-Lfl 
and therefore by Proposition 6.2.2 (2) and Proposition 5.4.1 (2) it follows that 

14 p = [©J(s'oa)]^ = CaseJ(Mg,([o]5)^) 
= CaseJ(/ B (([alS) J ),([a]$)^) 

= /w((W^W<(MS) J ) 

= /j^,j(([a(«)«a'] T' J ) = [O^.Xk) = [<M*)K 

for all c G -Df , and thus in particular for all c G Sol (a) , i.e., s G G73 . 

4. The element s has the form ©£(si, S2) with £ G F the name of an integer operator 
(so ( is of type int 2 — >■ /3 with /? either int or bool ) and Si, S2 G F/ nt . 

Assume first that both s± and S2 are ground terms; then by Lemma 7.3.4 
[<Ms)]£ = [Eval c (si,s 2 )]^ = [Eval c ( Sl , S2 )]/3 

= /inW,int 2 (p(C)<([si]int,Mint)) = [©{(*!, * 2 )]|£ = M£ 

for all c G Fvf , and thus in particular for all c G Sol (a) , i.e., s G G73 . 

Finally, assume that not both of s\ and S2 are ground terms. Then, since £±nt(sj) < k 
for each j = 1, 2 , it follows that P>int(sj)]]int = [sjli nt fo r an c e Sol (a) , and thus 
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= [o£($int(ai),*int(s 2 ))]2 

/int 2 ^/3,int 2 ([^int(si)]? nt , [$int(s 2 )]i n t) 



/int 2 ^,int 2 (M C in t,M C in t) = [0{(«1,«2)]^ 



for all c G Sol (a) , and so once again s e Gp . 

Therefore by induction on k it follows that Gb = F B , and this shows that &b is 
a-consistent. □ 

If $s : (F B , ) — > (F B , 0^) is a A-homomorphism then, as in Section 7.2, put 

Ff = {s6Fj:^(s)e for some n > } 

for each /3 G B , and define a mapping §f : Ff ^ Fp by letting = &p(s) , 

where n > is chosen so that G Fp . If s G Ff(s) then (or perhaps 

better ) can be considered as the 'value' of s computed by $s . The next 

result says, very roughly, that the 'values' computed by the A-homomorphism defined 
by a and N B do not depend on which pre-support system N B is used. 

Proposition 7.3.3 Let N B and N B be pre-support systems and let (resp. &b ) 
be the A-homomorphism defined by a and N B (resp. defined by a and N B ). Then 
= 4>^°(s) for each s G Ff n Ff . 

Proof Let (Ds,/n) be as in Case 3 with, in addition, (Db^k) an initial completion 
of an initial bottomed extension of (Xb,Pk) ■ Then kF b and hence also both of N B 
and N B are support systems. Therefore by Proposition 7.3.2 and $s are both 
a-consistent. Moreover, Proposition 8.1.3 will show that the set Sol (a) is non-empty. 
Thus by Proposition 7.2.1 it follows that 



for each s G Ff n Ff , and hence that $f(s) = $f(s) . □ 

Of course, Proposition 7.3.3 does not say anything about the relationship between the 
families F B and F B . 



Let $s be the A-homomorphism defined by a and some support system N B . If 
Sol (a) 7^ then Proposition 7.3.2 and Proposition 7.2.1 imply that F B C and 
[s]« = [^(s)]^ for all s G F| , p e B, i.e., $^°(s) is the (unique) ground 
term which denotes [s|^ . Note however the requirement here that Sol (a) ^ . If 
Sol (a) = then no conclusions can be made about an element s G Ff . 

The A-homomorphism defined by a and the support system hF b will now be called 
simply the A-homomorphism defined by a . As already mentioned, this is really the 
only case of interest. Starting on the next page some examples are given illustrating 
how this A-homomorphism works in practice. 
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Example 7.3.1 Again let a G Eq(J) be as in Example 7.1.1 the following 
system of equations: 


revs p n = case (eq n 0) of {True -> Nil, 




False -> Cons (p n) (revs p (sub n 


D) } 


sq n = mul n n 




shunt a b = case a of {Nil -> b, Cons -> shunx b} 




shunx a n b = shunt b (Cons n a) 




sqs n = shunt (revs sq n) Nil 




Let $b be the A-homomorphism defined by a and e G E[ ist be the term 


sqs 2 




If (Dbj/k) is a fully regular extension of (Xb,Pk) (and so hE b 
then the iterates $i ist (e) , < n < 24 , are those listed below: 


= kE b ) 


sqs 2 




shunt (revs sq 2) Nil 




case (revs sq 2) of {Nil -> Nil, Cons -> shunx Nil} 




case (case (eq 2 0) of 




{True -> Nil, False -> Cons (sq 2) (revs sq (sub 2 


D) }) 


of {Nil -> Nil, Cons -> shunx Nil} 




case (case False of 




{True -> Nil, False -> Cons (sq 2) (revs sq (sub 2 


D) }) 


of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons (sq 2) (revs sq (sub 2 1))) 




of {Nil -> Nil, Cons -> shunx Nil} 




shunx Nil (sq 2) (revs sq (sub 2 1)) 




shunt (revs sq (sub 2 1)) (Cons (sq 2) Nil) 




case (revs sq (sub 2 1)) of 




{Nil -> Cons (sq 2) Nil, 




Cons -> shunx (Cons (sq 2) Nil) } 




(Example 7.3.1 is continued on the next page.) 





7.3 AN ALGORITHM FOR COMPUTING VALUES 



191 



Example 7.3.1 (continued) 




case (case (eq (sub 2 1) 0) of 




{True -> Nil, 




False -> Cons (sq (sub 2 1)) (revs sq (sub (sub 


2 1) 1)) }) 


of {Nil -> Cons (sq 2) Nil, 




Cons -> shunx (Cons (sq 2) Nil) } 




case (case (eq 1 0) of 




{True -> Nil, 




False -> Cons (sq (sub 2 1)) (revs sq (sub (sub 


2 1) D) }) 


of {Nil -> Cons (sq 2) Nil, 




Cons -> shunx (Cons (sq 2) Nil) } 




case (case False of 




{True -> Nil, 




False -> Cons (sq (sub 2 1)) (revs sq (sub (sub 


2 1) 1))}) 


of {Nil -> Cons (sq 2) Nil, 




Cons -> shunx (Cons (sq 2) Nil) } 




case (Cons (sq (sub 2 1)) (revs sq (sub (sub 2 1) 


1))) of 


{Nil -> Cons (sq 2) Nil, 




Cons -> shunx (Cons (sq 2) Nil) } 




shunx (Cons (sq 2) Nil) (sq (sub 2 1)) 




(revs sq (sub (sub 2 1) 1)) 




shunt (revs sq (sub (sub 2 1) 1)) 




(Cons (sq (sub 2 1)) (Cons (sq 2) Nil)) 


case (revs sq (sub (sub 2 1) 1)) of 




{Nil -> (Cons (sq (sub 2 1)) (Cons (sq 2) 


Nil)) 


Cons -> shunx (Cons (sq (sub 2 1)) 




(Cons (sq 2) 


Nil)) } 


case (revs sq (sub 1 1)) of 




{Nil -> (Cons (sq (sub 2 1)) (Cons (sq 2) 


Nil)) 


Cons -> shunx (Cons (sq (sub 2 1)) 




(Cons (sq 2) 


Nil)) } 


(Example 7.3.1 is continued on the next page.) 
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771 7 

hxample 


1.3.1 (continued) 


case 


(revs sq 0) of 




{Nil -> (Cons (sq (sub 2 1)) (Cons (sq 2) Nil)) 




Cons -> shunx (Cons (sq (sub 2 1)) 




(Cons (sq 2) Nil)) } 


case 


(case (ea 0) of { True -> Nil 




False -> Cons (revs sq (sub 1)) }) 




of {Nil -> (Cons (sq (sub 2 1)) 




(Cons (sq 2) Nil)) 




Cons -> shunx (Cons (sq (sub 2 1)) 




(Cons (sq 2) Nil)) } 


ca.se 


(case True of -f True — > Nil 




False -> Cons (revs sq (sub 1)) }) 




of {Nil -> (Cons (sq (sub 2 1)) 




(Cons (sq 2) Nil)) 




Cons -> shunx (Cons (sq (sub 2 1)) 




(Cons (sq 2) Nil)) } 


case 


Nil of 




{Nil -> (Cons (sq (sub 2 1)) (Cons (sq 2) Nil)) 




Cons -> shunx (Cons (sq (sub 2 1)) 




f Crmo Coo Mi 1 ^ 1- 

i.oons ^sq zj n±±j j j 


Cons 


(sq (sub 2 1)) (Cons (sq 2) Nil) 


Cons 


(mul (sub 2 1) (sub 2 1)) (Cons (mul 2 2) Nil) 


Cons 


(mul 1 1) (Cons 4 Nil) 


Cons 


1 (Cons 4 Nil) 


Thus $ 


i ist (e) = Cons 1 (Cons 4 Nil) for all n > 24 . 
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Example 7.3.2 


Consider the same situation as in Example 7.3.1, but now 


with (D B ,fK) 


the flat extension of (Xb,Pk) (and so hE b = Eb )• Then 


the iterates &i± st (e) , < n < 21 , are those given below. 




sqs 2 






shunt (revs sq 2) Nil 




case (revs 


sq 2) of {Nil -> Nil, Cons -> shunx Nil} 




case (case 


(eq 2 0) of 




{True - 


-> Nil, False -> Cons (sq 2) (revs sq (sub 2 


D) }) 




of {Nil -> Nil, Cons -> shunx Nil} 




case (case 


False of 




{True - 


-> Nil, False -> Cons (sq 2) (revs sq (sub 2 


D) }) 




of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


(sq 2) (revs sq (sub 2 1))) 






of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


(mul 2 2) (case (eq (sub 2 1) 0) of 




{ True -> 


Nil, 




False -> 


Cons (sq (sub 2 1)) (revs sq (sub (sub 2 1) 


D) }) 




of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


4 (case (eq 1 0) of 




{ True -> 


Nil, 




False -> 


Cons (sq (sub 2 1)) (revs sq (sub (sub 2 1) 


D) }) 




of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


4 (case False of 




{True -> 


Nil, 




False -> 


Cons (sq (sub 2 1)) (revs sq (sub (sub 2 1) 


D) }) 




of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


4 (Cons (sq (sub 2 1)) 




(revs sq (sub (sub 2 1) 1))) 






of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 


4 (Cons (mul (sub 2 1) (sub 2 1)) 




(case (eq (sub (sub 2 1) 1) 0) of 






{True -> Nil, 






False -> Cons (sq (sub (sub 2 1))) 






(revs sq (sub (sub (sub 2 1) 1) 1))}) 




of {Nil -> Nil, Cons -> shunx Nil} 




(Example 7.3.2 


is continued on the next page.) 
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Example 7.3.2 (continued) 




raqo (f!nn=! 4- fflnTi^; fmnl 1 1^ 




(case (eq (sub 1 1) 0) of 




{True -> Nil, 




False -> Cons (sq (sub (sub 2 1))) 




(revs sq (sub (sub (sub 2 1) 1) 


D) }) 


of {Nil -> Nil, Cons -> shunx Nil} 




/-OOf^ [ fnTIC A ( f ATIG 1 




(case (eq 0) of 




{True -> Nil, 




False -> Cons (sq (sub (sub 2 1))) 




(revs sq (sub (sub (sub 2 1) 1) 


1)) }) 


of {Nil -> Nil, Cons -> shunx Nil} 




racp fClons 4 rnonR 1 

\ \J \_* XX O _L \ W W XX O _L 




(case True of 




{True -> Nil, 




False -> Cons (sq (sub (sub 2 1))) 




(revs sq (sub (sub (sub 2 1) 1) 


D) }) 


of {Nil -> Nil, Cons -> shunx Nil} 




case (Cons 4 (Cons 1 Nil)) of 




{Nil -> Nil, Cons -> shunx Nil} 




shunx Nil 4 (Cons 1 Nil) 




shunt (Cons 1 Nil) (Cons 4 Nil) 




case (Cons 1 Nil) of {Nil -> Cons 4 Nil, 




Cons -> shunx (Cons 4 Nil) } 




shunx (Cons 4 Nil) 1 Nil 




shunt Nil (Cons 1 (Cons 4 Nil)) 




case Nil of {Nil -> (Cons 1 (Cons 4 Nil)), 




Cons -> shunx (Cons 1 (Cons 4 Nil))} 




Cons 1 (Cons 4 Nil) 




Thus $i ist (e) = Cons 1 (Cons 4 Nil) for all n > 21 . Proposition 7.3.3 
implies, of course, that the 'answer' here is the same as that for a fully regular 
extension. 
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Example 7.3.3 Let (X b ,Pk) be as in Example 2.2.1 and let 




/ = {map, mapx, plus, hd, hdx, uint } 




be the S'-typed set with 




map of type (int — > int) list — > list , 




HldpA Ul by JJt; 1 ±11 L r ±11 L 1 ±11 ± ± o r ± ± o L , 




plus of type int int — > int , 




hd of type list — > int , hdx of type int list — > int , 




uint of type int . 




T ,pf r\ c. Fni 7i hp f Vip followinc - c;vt;fpTn nf pniiatinn^' 

JJC L LX VZ 1 — VJ I ± J UC IvJllVJ W IJ-J-g, OV DlClll Ul dJ Lid I JAJllO . 




map f ns = case ns of {Nil -> Nil, Cons -> mapx 


f } 


mapx i in ms — uons mj ^map i msj 




plus m n = add m n 




hd ms = case ms of {Nil -> uint, Cons -> hdx} 




hdx n ns = n 




uint = uint 




Let $b be the A-homomorphism defined by a and e G E[ ist 


be the term 


map (plus 1) (Cons 1 (Cons 2 Nil)) 




Then for any monotone regular extension (D B , fx) of (X B ,p K ) the iterates 


<I>iist( e ) , for < n < 8 , are those listed below: 




map (plus 1) (Cons 1 (Cons 2 Nil)) 




case (Cons 1 (Cons 2 Nil)) of 




{Nil -> Nil, Cons -> mapx (plus 


1) } 


mapx (plus 1) 1 (Cons 2 Nil) 




Cons (plus 1 1) (map (plus 1) (Cons 2 Nil)) 




Cons (add 1 1) (case (Cons 2 Nil) of 




{Nil -> Nil, Cons -> mapx (plus 


1) }) 


Cons 2 (mapx (plus 1) 2 Nil) 




Cons 2 (Cons (plus 1 2) (mapa (plus 1) Nil)) 




(Example 7.3.3 is continued on the next page.) 
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Example 7.3.3 (continued) 

Cons 2 (Cons (add 1 2) (case Nil of 

{Nil -> Nil, Cons -> mapx (plus 1)})) 

Cons 2 (Cons 3 Nil) 

Therefore for all n > 9 

$i i8t (e) = Cons 2 (Cons 3 Nil) 

Now consider the term e' G E[ nt given by 

hd (map (plus 1) (Cons 1 (Cons 2 Nil))) 

If (D B , f K ) is here a fully regular extension of (X b ,Pk) (so hE b = kE b ) 
then the iterates &i± st (e') , for < n < 8 , are those listed below: 

hd (map (plus 1) (Cons 1 (Cons 2 Nil))) 

case (map (plus 1) (Cons 1 (Cons 2 Nil))) of 

{Nil -> uint, Cons -> hdx} 

case (case (Cons 1 (Cons 2 Nil)) of 

{Nil -> Nil, Cons -> mapx (plus 1)}) of 

{Nil -> uint, Cons -> hdx} 

case (mapx (plus 1) 1 (Cons 2 Nil)) of 

{ Nil -> uint , Cons -> hdx } 

case (Cons (plus 1 1) (map (plus 1) (Cons 2 Nil))) of 

{ Nil -> uint , Cons -> hdx } 

hda (plus 1 1) (map (plus 1) (Cons 2 Nil)) 

plus 1 1 

add 1 1 

2 

Thus $? nt (e') = 2 for all n > 9 . 

(Example 7.3.3 is continued on the next page.) 
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Example 7.3.3 (continued) Suppose now (-Ds,/k) is the flat extension of 
(X b ,Pk) (so hE b = E B ). In this case the iterates $i nt (e') , < n < 10 , 
are the following: 

hd (map (plus 1) (Cons 1 (Cons 2 Nil))) 

case (case (Cons 1 (Cons 2 Nil)) of 

{Nil -> Nil, Cons -> mapx (plus 1)}) of 

{Nil -> uint, Cons -> hdx} 

case (mapx (plus 1) 1 (Cons 2 Nil)) of 

{Nil -> uint, Cons -> hdx} 

case (Cons (plus 1 1) (map (plus 1) (Cons 2 Nil))) of 

{Nil -> uint, Cons -> hdx} 

case (Cons (add 1 1) (case (Cons 2 Nil) of 

{Nil -> Nil, Cons -> mapx (plus 1)})) of 

{ Nil -> uint , Cons -> hdx } 

case (Cons 2 (mapx (plus 1) 2 Nil)) of 

{Nil -> uint, Cons -> hdx} 

case (Cons 2 (Cons (plus 1 2) (mapx (plus 1) Nil))) of 

{ Nil -> uint , Cons -> hdx } 

case (Cons 2 (Cons (add 1 2) (case Nil of 

{Nil -> Nil, Cons -> mapx (plus 1)}))) of 

{Nil -> uint, Cons -> hdx} 

case (Cons 2 (Cons 3 Nil)) of {Nil -> uint, Cons -> hdx} 

hda 2 (Cons 3 Nil) 

2 

Thus again ^^^(e') — 2 for all n > 11 (although this time it takes longer 
to get to the 'answer'). 
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Example 7.3.4 The following is very similar to the situation looked at in 
Example 7.1.2. Let (Xb,Pk) be as in Example 2.2.1 and let 

/ = { f st, f stx, uint } 

be the S-typed set with 

f st of type pair — > int , f stx of type int int — > int , 
uint of type int . 

Consider the following system of equations a G Eq(J) : 

fst p = case p of {Pair -> fstx} 
fstx m n = m 
uint = uint 

Let $b be the A-homomorphism defined by a and e G E[ nt be the term 

fst (Pair 1 uint) 

If {Db^k) is the flat extension of (Xb,Pk) (and hence hE b = Eb ) then 
3>int( e ) = case (Pair 1 uint) of {Pair -> fstx} for all n > 1 . Thus 
in this case e ^ Ef nt . 

On the other hand, if (Db^/k) is a fully regular extension (in which case 
hE b = kE b ) then $- nt (e) = case (Pair 1 uint) of {Pair -> fstx} , 
$? nt (e) = fstx 1 uint and thus $i nt (e) = 1 for all n > 3 . This means 
that here e G Ef nt and $°£ t (e) = 1 . 

Next let / = {hd, hdx, ones} be the S'-typed set with 

hd of type list — > int , hdx of type int list — > int , 
ones of type list . 

Consider the following system of equations a G Eq(J) : 

hd xs = case xs of {Nil -> hd xs, Cons -> hdx} 

hdx x xs = x 

ones = Cons 1 ones 

Let $b be the A-homomorphism defined by a and e G E[ nt be the term 

hd ones 

(Example 7.3.4 i> s continued on the next page.) 
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Example 7.3.4 (continued) Now if (-D_b,/k) is a fully regular extension of 
(X b ,Pk) (and so hE b = kE b ) then the iterates $i nt (e) , < n < 4, are 
those listed below: 

hd ones 

case ones of {Nil -> hd ones, Cons -> hdx} 

case (Cons 1 ones) of {Nil -> hd ones, Cons -> hdx} 

hdx 1 ones 

1 

Therefore $i nt (e) = 1 for all n > 4 . This means that here e G Ef nt and 
<I>int(e) = 1 . (However, although e G Ef nt , it is still possible for Sol (a) to 
be empty.) 

However, if (Ds, fx) is the flat extension of (Xb,Pk) (and so hE b = Eb ) 
then the iterates ^± nt (e) , n > , are the following: 

hd ones 

case ones of {Nil -> hd ones, Cons -> hdx} 

case (Cons 1 ones) of {Nil -> hd ones, Cons -> hdx} 

case (Cons 1 (Cons 1 ones)) of {Nil -> hd ones, Cons -> hdx} 

case (Cons 1 (Cons 1 (Cons 1 ones))) of 



{Nil -> hd ones, Cons -> hdx} 



case (Cons 1 



(Cons 1 (Cons 1 (Cons 1 ones)))) of 

{Nil -> hd ones, Cons -> hdx} 



Thus in this case 



e i E. 



7.4 Replacement rules 



In this section we are going to introduce rules which allow valid assertions to be made 
about the solutions of equations. As mentioned at the beginning of the chapter, these 
are rules which should be thought of as tools which a human being (rather than a 
machine) can apply. The aim is to give the reader an idea of how equations can be used 
to make deductions about their solutions. The presentation is not very systematic and 
the material will not be required in Chapter 8. 

Consider, for instance, the system of equations a given in Example 7.1.1 and for each 
ti£N let A n be the assertion that 

Csqs(^) = 1 4 9 ■ • • n 2 for all c G Sol(a) . 

The rules to be introduced below can be used to formally verify that A n is true for 
all n G N . In fact, rules of this kind already occurred implicitly in the algorithm 
for computing values, and were used to show that if s G Fp for some (3 G B then 
[^ > /9( s )l/3 = QaD/3 f° r an c e Sol (a) . However, the power of those rules is limited: They 
are able to verify that A n is true for any specific value of n (for instance, that A 42 is 
true) but they cannot verify the assertion that A n is true for all tieN. 

For the whole of the section let i" be a non-empty finite global 5-typed set and let 
a = si G Eq(J) be a system of equations for which Sol (a) 7^ . The following 
situation will be considered: Let U be a fixed S'-typed set disjoint from I and P . 
Then, given a term s G -F/ uC/ and an assignment b G , we want to find rules which 
allow us to replace s with an new (and hopefully simpler) term s' G Fl uU such that 

for all c G Sol (a) . The elements of the set U should be thought of as the names of 
variables which are universally quantified by letting b vary over the elements in . 

If s, s' G Fl uu and b G then we write s = b s' to mean that \sj^® b = [s']^ efe 
for all c G Sol (a) . However, we almost always just write = instead of =& . It will be 
clear from the context whether the b in =5 (and thus implicitly in = ) is bound or 
free. For example, three of the rules have the conditional form 

if C then s = s' 

where C is some assertion involving b . Here b is bound and the rule is: 

if b G is such that C holds then s =& s' 

The second rule has the unconditional form s = s' , by which is meant that s =& s' 
for all b G (and so b is here free). 

Let s G Fp UU with f3 G B ; the assertion s is grounded is defined to be equivalent to 
the assertion there exists sq G Fp such that s = so and in this case sq will be referred 
to as the value of s . The assertion s is not undefined is defined to be equivalent to 
the assertion that [s]^® b 7^ -Lp for all c G Sol (a) . 

Note that if r\ G L is of type (3 G B then the assertion 77 is grounded just means 
that b{rf) G Xp , and if s is the value of r\ then 6(77) = \_s$\p . 
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Four replacement rules will be introduced. Each of these rules appeared implicitly in 
Section 7.3 in the special case with U = . Only the second rule actually involves the 
equations a being considered, and only the third and the fourth rule depend on any 
property of the E-algebra (Ds, /at) being employed. 

Replacement rule 1: Let v E N be of type L — > a ; the first rule is: 

(Rl) Let a, a' E (F/ uC7 ) L . If a (77) = a' (77) for all r, E L then 

Ql uu (a) = Ql uu (a>) . 



Lemma 7.4.1 The replacement rule (Rl) is valid. 

Proof Let c E Sol (a) ; then by assumption [a(?7)|^® 6 = la'(n)J^® b for each 77 E L , 
thus ([a] c ® b ) L = ([a'] c ® 6 ) L and therefore 

i&l uu (am® b = U((laJ^ b ) L ) = /„(([a'] c ®6)L) = [^(^jceb . 
Hence 0^ uC/ (a) = 0^ uC/ (a') . □ 

The replacement rule (Rl), at least when it is applied recursively, is a form of what is 
called referential transparency. 

Replacement rule 2: The second replacement rule involves substitution. Roughly 
speaking it says that a term which matches the left-hand side of an equation can be 
replaced with the corresponding right-hand side. It is a generalisation of the situation 
considered at the beginning of Section 7.3. 

Let L be an S'-typed set disjoint from / and P and a E (Fj uU ) L be an assignment. 
Then, since (F^ uC/ , O^-" 7 ) is a functional E-algebra and (F| uL , 0^ L ) is functionally 
IUlU P-free, there exists a unique E-homomorphism 5$ from (F| uL , Ojv^) to 
(F^ UU ,Q^ U ) such that 6%(£) = £ for each f E IUP and 6°(ij) = a(ry) for each 
rj E L . 

Let s E F^. uL ; as in Section 7.3 the (perhaps) more suggestive notation 

s[a/L] 

will also be used for the element S^(s) E F^ 11 . Moreover, when working with examples 
it is convenient to allow the more explicit notation 

s[a(?7i)/77i, . . .,a(rj m )/r] m ] 

where 771 , . . . , r\ m is some enumeration of the elements of L . The mapping 5% should 
again be thought of as a generalised substitution or replacement operator: 

Lemma 7.4.2 Let a E (£f uC/ ) L and let 5% : (£| uL , n^ uL ) ->■ (E T s uU , u$ u ) be 
the homomorphism defined above using the 'genuine' term algebras. Then for each 
s E E^. uL the term 5®(s) is obtained by replacing for each n E L each occurrence of 
rj in s by a{rj) . 
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Proof This is the same as the proof of Lemma 7.3.1. □ 

The second rule is: 

(R2) Let £ G J be of type L ->• p and a G (i ? / uC/ ) L ; then 

Q^ u (a) ee at[a/L] , 

where is the right-hand side of the equation for £ . In particular, if L = , 
in which case £ is of type /3 and a = £ , then £ = s^e/0] = . 

The following fact (which corresponds to Lemma 7.3.2) is required in order to show that 
rule (R2) is valid: 

Lemma 7.4.3 Let a G (Ff uU ) L , c G D{ , and b G D? , and put d = ([a] c ® b ) L , 
i.e., d G is the assignment given by d{rj) = f_a(r))J^® b for each r\ G L . Then 

ls[a/L\Y® b = ls]Z ed 

for all s G F^ uL , a G S . 

Proof Put n s = i-Js® b $s- Then b y Proposition 2.2.1 ns is a E-homomorphism 
from (Fg JL ,oft L ) to and tt^) = [<*£(£) ]|® 6 = [£]|® 6 = c(£) for each 

£ G I , and in the same way it follows that = p(() for each (gP. Moreover, 

7r„(7/) = [^(t/)]^® 6 = [a(??)]^® 6 = dfa) for each rj G L . But [-]| 8d is the unique 
such E-homomorphism, and hence ns = [-]s® d , i-e., 

ls[a/L]Y® b = I5«(s)]^ b = isY® d 

for all s G F^ L , a e S . □ 

Lemma 7.4.4 The replacement rule (R2) is valid. 

Proof Let a G (F* uU ) L , c G Sol(a) and b G £>f and put d = ([a] c ® 6 ) L ; thus by 
Lemma 7.4.3 [s € [a/L] ]^® 6 = M|® d . If L ^ then by Lemma 7.1.1 

Ma/W = Mf* = /a,L(c(0<"d) 

= ^L(c(0<([a] o c ® 6 ) L ) = i&l UU (a)J c ^ b . 

On the other hand, if L = then, again by Lemma 7.1.1, 

Me/0]]^® 6 = = c (0 = UJf- D 
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Example 7.4-1 For all the examples in this section let a = ej be as in 
Example 7.1.1 the equations written (without aliasing) as 

revs '1' '2' 

= case (eq '2' 0) of {True -> Nil, 

False -> Cons ('1' c 2') (revs c l> (sub '2' 1))} 

sq '1' = mul '1' '1 J 

shunt '1' '2' = case '1' of {Nil -> '2', 

Cons -> shunx '2' } 

shunx '1' '2' '3' = shunt '3' (Cons c 2 ; ) '1') 

sqs ' 1' = shunt (revs sq ' 1 ' ) Nil 

and let U = {n, a, b, p} with n of type int , a and b of type list and p 
of type int — > int . Then 

e revs [sq/ '1> , n/ '2>] 

= case (eq sq 0) of {True -> Nil, 

False -> Cons (sq n) (revs sq (sub n 1))} 

C S q[ n / ' 1 ' ] = mu l n n 

e S hunt[Nil/ '1' , b/ '2' ] 

= case Nil of {Nil -> Nil, Cons -> shunx b} 

e S hunt[Cons n a/ 1 V , b/ '2' ] 

= case (Cons n a) of {Nil -> Nil, Cons -> shunx b} 

e S hunx[t>/ '1' , n/ '2' , a/ f 3 ; ] = shunt a (Cons n b) 

e S qs[ n / f l ; ] = shunt (revs sq n) Nil 

(Example 7.4-1 is continued on the next page.) 





2U4 


Example 7.4-1 (continued) Moreover, by rule (R2) 




revs sq n = case (eq sq 0) of {True -> Nil, 

False -> Cons (sq n) (revs sq (sub n 1))} 


sq n = mul n n 




shunt Nil b = case Nil of {Nil -> Nil, Cons 


-> shunx b } 


shunt (Cons n a) b 

= case (Cons n a) of {Nil -> Nil, 


Cons -> shunx b } 


shunx b n a = shunt a (Cons n b) 




sqs n = shunt (revs sq n) Nil 





Replacement rule 3: The third replacement rule involves the integer operators. 

Let £ G P be the name of an integer operator (and so £ is of type int2 — > (3 with (3 
either int or bool , and where int 2 is being used to denote the list int int ). 

Recall by Lemma 7.3.3 there is a unique mapping Eval^ : F± n t x F± nt — > Fp such that 

[Eval C (si,S 2 )]/3 = C ([si] int, Mint) 

for all si, s 2 G F± nt , with : Xj. n t x X± nt — > Xp the integer operation corresponding 
to Q (i.e., o a dd(^7^) = m + n and so on). The third replacement rule is: 

(R3) If si, s 2 G F[^t are both grounded then 

Ql uU ( Sl ,s 2 ) = Eval c ( S ;,4) , 
where s'- is the value of Sj for each j = 1, 2 . 

Lemma 7.4.5 The replacement rule (R3) is valid. 

Proof If c G Sol(a) then by Proposition 6.2.2 (3) and Lemma 6.2.1 

iQ i c uu (s llS2 )j^ b = ^(w-r-wffl 

= P(0(Hff. Mint 6 ) = P(C)( Mint, Mint) 

= o c ( Mint, Mint) = [Evalc^,^)^ = [Eval c ( S ' 1 , S2 )] /3 c ® b 
(with p(() the strict extension of ) and hence ol uU (si, s 2 ) = Eval ( ^(s / 1 , s' 2 ) ■ □ 
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Replacement rule 4: The final replacement rule involves the case operators. 

Let C = case^ for some G B , 6 G B f . Let a G (Ff uU ) K °.e and s G F/ uC/ 

with s = Q I f } jU (a') , where k G K is of type J —¥ 6 for some J G Tb and where 
a' G (F^ IJU ) J . Then the fourth rule is: 

(R4) If s is not undefined then oJ ut/ (soa) = 0x5 iJ (o(/t)<o') . 

Note that if J = (i.e., if k is of type — > 9 ) then s = 0^ uC/ (£) and in this case s 
is automatically not undefined, since here [s] e c ® 6 = f K {e) for all c G D% , 6 G . 



Lemma 7.4.6 The replacement rule (R4) is valid. 
Proof Let c G Sol (a) ; then by assumption 

/*(([a'L ce6 ) J ) = [o^Km 06 = M*® 6 ^ U 

and therefore by Proposition 6.2.2 (2) and Proposition 5.4.1 (2) it follows that 
l&l uU (soa)J c ® b = Case e p (lsJ^ h ,(laJ^ b ) K ^) 
= CaseJ(/ K (([al c © b )^),([a] c © b )^^) 

= /j^,j(([a]^ b )^(«) < (ia% c(Bb ) J ) 

= W([«W]5<(M*) ; ) 

= fj^A(la(K)<a']c® b y J ) = [©S U 4i>(«)<« / )ir- 
Hence oJ ut/ (soa) = 0^,j(a(«) < a') • □ 

If (Dbj/k) is a fully regular bottomed extension of (Xb,Pk) then the condition in 
rule (R4) that s is not undefined is always satisfied, since here 

Mi = l®i UU (a')I d e = /«(([a']?) L ) * U 

for all d G -Df uC/ . Therefore if (Dg, is fully regular and s has the form Q I f } jU (a') 
for some k E Kq then this rule can always be applied to the element Q^ uU (s < a) . 

Of course, in order to be able apply rule (R3) it is necessary to have suitable criteria 
for a term to be grounded, and in the same way for rule (R4) criteria are needed for a 
term to be not undefined. 

Let us start with some rules for establishing that a term is grounded. First, however, a 
general remark. Let r\ G L be of type /3 G B and s G Fp ; then the statement 

let r\ be grounded with value s 

is defined to be equivalent to the statement: let b G be such that b{rj) = l_sjp . 
Clearly this requirement can be satisfied, i.e., there exists an assignment b G such 
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that b(rj) = [sJ/3 • In fact, if 771 , . . . , r\ n are n different elements of L, with rjj of 
type (3j G B , and s j G . for each j = 1 , . . . , n then there exists an assignment 
b G D^ such that b(rjj) = [[sjj^ for each j . This means that the requirement 

let r]j be grounded with value Sj for each j = 1, . . . , n 

can be satisfied. 

The following rules can be useful for establishing that a term is grounded: 

(Gl) Let (3 G B ; then each s G Fp C Fp UU is grounded with value s . 

(G2) Let k G K be of type L /? and let a G (F/ uC7 ) L be such that a(??) is 
grounded for each rj G L . Then the term 0^ ut7 (o) is grounded with value 
& K (a') , where a' G -F L is the assignment with a' (rj) G F v the value of a(?y) for 
each j] G L . In particular, if k E K is of type — >■ (3 then the term 0^. u[/ (£) 
is grounded with value Q K (e) . 

(G3) Let ( G P be the name of an integer operator and let si, S2 G -^int 7 be 
grounded. Then the term 0^ u[/ (si,S2) is grounded with value Eval^(s / 1 , s 2 ) , 
with the value of Sj for each j = 1, 2 . 

Lemma 7.4.7 The rules (Gl), (G2) and (G3) are valid. 

Proof It is only necessary to consider (G2), since (Gl) follows immediately from 
Lemma 6.2.1 and (G3) is just a disguised form of (R3). Let c G Sol(a) ; then by 
assumption and by Lemma 6.2.1 l_a(i])J^® b = l_a'(i])J^® b = l_a'(r])J v for each v G L , 

thus ([a] c ® b ) L = [a'], and therefore, again making use of Lemma 6.2.1, 

lQi UU (a)J c p Qb = A((Mo® & ) L ) = /4M!) 

= [0«(a')]/j = [0„K)C- 
Hence the term 0^ u[/ (a) is grounded with value Q K (a') . □ 

There is only one simple general rule for establishing that a term is not undefined, and 
that is given by the following trivial fact: 

(Nl) Every grounded term is not undefined. 

In particular, (Nl) and (G2) imply that if k G K is of type L ->■ f3 and a G (F/ uC/ ) L 
is such that a(rj) is grounded for each t] G L then the term 0^. uC/ (a) is not undefined. 
As a special case of this, if k G K is of type — > /3 then the term o£ u[/ (e) is not 
undefined. 

Less trivial rules for a term to be not undefined will involve the trace Rb of (Db, fx) , 
and to be more explicit let us assume in what follows that (Db, fx) is (H b, <>k) -cored 
for some monotone core type (Hb,<>k) ■ (In fact, the trace only enters implicitly below, 
via the characterisation given in Proposition 3.4.3.) 
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The following rule can be used to establish that a term is not undefined: 

(N2) Let k G K be of type L -> /3 and a G (Fj uU ) L ; let d G be given by 

if a{rj) is not undefined, 



d(v) = * " 

If o K (d) = \p then the term 0^ uC/ (a) is not undefined. 



\? v otherwise. 



Lemma 7.4.8 The rule (N2) is valid. 

Proof For each (3 G B let ep : Dp — > Hp be the mapping given by 

ep(u) = * U *\f» 
PK ' \\>p if u = ±p . 

Then by the definition of (D^, being (-£/#, o^)-cored Eb is a homomorphism from 
(D b Jk) to (H b ,<>k) ■ Let c G Sol(a) and put a = ([a] c ® & ) L ; if d(rj) = \ n then 

and hence e v (d(r})) = \\ v . But o R (d) = \p and (Hb,Ok) is monotone, and from this 
it follows that o K (e^(a)) = \p . Therefore 

ep(U(iaj:® b ) L )) = ep(Ua)) = o K (e^(d) = ^ , 

which implies that [0^ ut/ (a) J C p® b = /«(( [«]« c ® b ) L ) 7^ -LjS • This shows that the term 
0^ uf/ (a) is not undefined. □ 

If Ox = (which just means that (Db^k) is fully regular) then the condition in 
(N2) is automatically satisfied. Thus in this case a term of the form 0^. uC/ (a) is always 
not undefined, a fact that was already noted after the statement of rule (R4). 

As well as the rules introduced in this section there is are two further ingredients which 
are needed to make non-trivial assertions about the solutions of equations. The first is 
a form of what is called structural induction, which for our purposes can be stated as 
follows: For each /3 G B let Pp : Fp — > B be a mapping and suppose the family Pb 
satisfies the two conditions: 

(1) If k G K is of type 0^/3 then Pp((D K (e)) = T . 

(2) If k G K is of type L — > (3 with L ^ and a G F L is an assignment with 
P v (a(r])) = T for each r, G L then Pp(Q K (a)) = T . 

Then Pp(s) = T for all s G Fp , (3 G B . This property holds, of course, because the 
ground term algebra (Fb,Qk) is minimal (and it is, in fact, equivalent to (Fb,Qk) 
being minimal). 

The second ingredient is needed when making assertions about terms of type int , and 
this is just the usual principle of mathematical induction (i.e., the particular property 
of the subset N of Z = X int ). 
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Example 7.4-2 Note that the set E± nt is essentially equal to Int , since each 
element of -Ei n t is a list whose single component is an element of Int . As 
preparation for the further analysis of the equations in Example 7.4.1 it is 
useful to represent the elements in the set Ei± st by 'real' lists from the set 
Int . More precisely, let <p : Int * — > Ei± st be the mapping defined by putting 
(f{e) = Nil and 

</?(ai ••• a n ) = Cons a\ (Cons a 2 (Cons ••• (Cons a n Nil)---)) 

whenever n > 1 . Then <p is a bijection, and it is convenient to identify the 
element e G E±± st with the list v 7_1 ( e ) • Moreover, the list a\ ■■■ a n will 
here be written as [ai,a2, ... ,a„] (with e written as [] ). 

By rule (R4) 

case Nil of {Nil -> b, Cons -> shunx b} = b 

which, together with one of the deductions in Example 7.4.1, implies that 

shunt Nil b = b 

Suppose now that n and a are both grounded. Then by (G2) Cons n a is 
also grounded, and so in particular by (Nl) it is not undefined. Thus by (R4) 

case (Cons n a) of {Nil -> b, Cons -> shunx b} 

= shunx b n a 

Combining this with the deductions in Example 7.4.1, it follows that 

shunt (Cons n a) b = shunt a (Cons n b) 

Now let [ai,a2, ... ,a n ] and [61,62, ... ,6 m ] be elements of Ei± st (with 
m, n > ) and ao G E± nt . Let a , b and n be grounded to have respectively 
these three values. Then by (G2) it follows that Cons n a is grounded with 
the value [ao ,ai ,ai , ... ,a n ] and Cons n b is grounded with the value 
[ao, 61 ,62, ... ,6 m ] . Thus with several applications of (Rl) 

shunt la ,a 1 ,a 2 , ... ,aj [61, 6 2 , ... ,6 m ] 

= shunt [ai,a 2 , ... ,a n ] [a ,6i,6 2 , ... ,6 m ] 
and also with two applications of (Rl) it follows that 

shunt [] [61,62, ... ,6 m ] = [61,62, ... ,6 m ] 

(Example 7.4-2 is continued on the next page.) 
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Example 7.4-2 (continued) Define a mapping Pi± s t : -Eiist — > B by letting 
-Piist ( [ai , a 2 , ... , a n ] ) = T if and only if 

shunt [ai,a 2 , ... ,a n ] [61,62. ••• >6 m ] 

= [a n ,a n _i, ... ,01,61,62, ... , 6 m ] 

for all [61,62, ••• ,6 m ] G -Eiist • Moreover, for each (3 G B \ {list} let 
: Ep — y B be the constant mapping with the value T . 

By the last assertion on the previous page Past ( D ) = T . Now let a be 
an element of E± nt and s = [ai,a2, ... ,a n ] G -Eiist with Pn s t( s ) = T . 
Then by the penultimate assertion on the previous page 

shunt la,ai,a 2 , ... ,a n ] [61, 6 2 , ... ,6 m ] 

= shunt [ai,a 2 , ... ,a n ] [a,6i,6 2 , ... ,6 m ] 

= [ttn,ttn-l, ••• ,01,0,61,62, ... , 6 m ] 

for all [61,62, ... ,6 m ] G -Eiist • This implies that Piist(i=iCons a s) = T . 
Thus by structural induction Pp(s) = T for all s G Ep , (3 & B , and in 
particular Pn s t( s ) = ^ f° r au s G -Eiist > i-e., 

shunt la 1} a 2 , ... ,a n 1 [61, 6 2 , ... ,6 m ] 

= [ttn,«n-l, ••• ,01,61,62, ... , 6 m ] 

for all ai, . . . , a n , 61, . . . , b m G E int , m, n > . 

The equation for revs will now be looked at. Let m G Z and let n be 
grounded with value m G Jnt = i?int • If m ^ then by (Gl) and (R3) 

eq n = Eval eq (m, 0) = False 

and so by (Rl) 

case (eq n 0) of {True -> Nil, 

False -> Cons (sq n) (revs sq (sub n 1))} 

= case False of {True -> Nil, 

False -> Cons (sq n) (revs sq (sub n 1))} 

Moreover, by (R4) 

case False of {True -> Nil, 

False -> Cons (sq n) (revs sq (sub n 1))} 

= Cons (sq n) (revs sq (sub n 1))} 

(Example 7.4-2 is continued on the next page.) 
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T7I 7 >-y / /fi / # • J | T" ) jjI* j_ j_1 'i 1 f* j_1 11 j_* 

bxampie 7.4.2 (continued) But this, together with one or the deductions 
Example 7.4.1, implies that 


in 


revs sq n = Cons (sq n) (revs sq (sub n 1)) 




Now by (R3) and a deduction from Example 7.4.1 it follows that 




sq n = mul n n = Eval mu i (m,m) = m x m 




and by (R3) sub n 1 = Eval SU b(m, 1) = to — 1 . Therefore applying (Rl) 
three times gives us that if to 7^ then 


voire on 7 1 1 — i^/~iti hi V *> > ) ( voire c*/"! t>) T l 

ICVb bC] //t = L»OIlb III A //t UCVb bC] / / 6 1^ 




Moreover, if m = then a much easier argument implies that 




revs sq m = Nil 




From these two assertions it can be shown by induction on m that 




revs sqm= [m x m , ■ ■ ■ 2x2,1x1] 




for all m > . 




Finally, the equation for revs will be looked at. Let m > and let 
be grounded with value m e Int = E± nt . Thus by the last deduction 
Examples 7.4.1 and two applications of (Rl) it follows that 


n 
in 


sqs m = shunt (revs sq m ) [] 




Therefore by (Rl) and the deduction made on the previous page 




sqs m = shunt [mxm, ■•• 2x2,1x1] [] 




Hence by the deductions made about shunt it follows that 




sqs m = [1x1,2x2, •••mxm] 




for all m > , which imples that 




c sqs (m) = [sqs mJiist 




= [[1x1,2x2, • •• m x m] = 14 ■■■ m 2 




for all m > for each c G Sol (a) . 





7.5 Notes 



As already mentioned in the Preface, the approach to equations presented here is an 
instance of the 'initial algebra semantics' philosophy propagated by the ADJ group, 
for example in the papers Goguen, Thatcher, Wagner and Wright (1977) and Goguen, 
Thatcher and Wagner (1978). Note that in this framework the bottomed extension only 
really influences the solutions of equations via the 'case' operators. 

The algorithm presented in Section 7.3 can be seen as giving an operational semantics 
to the rudimentary programming language: The meaning of a term is the meaning of 
the ground term computed by the algorithm. In many accounts, for example Chapter 9 
of Winskel (1993), the operational semantics consists of a list of rules for evaluating 
terms. The algorithm in Section 7.3 is based on these rules; in addition it also specifies 
which rule to apply when more than one could be applied to a given term. 

The algorithm could of course be used to actually implement the language. The reader 
interested in how functional programming languages are implemented in practice is 
recommended to consult Peyton Jones (1987) and Peyton Jones and Lester (1991). 
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Chapter 8 Completeness of the algorithm 



For the whole of the chapter let a = sj £ Eq(J) be a system of equations (so I is a 
non-empty finite global >S-typed set) and let $g be the A-homomorphism defined by 
a (i.e., defined by a and the support system hF b ). Recall from Section 7.2 that the 
family F§ C F B is defined by 

Ff = {s £ F* p : $™(s) G F/3 for some n > } 

for each (3 £ B , and if Sol (a) is non-empty then the family C Fg is defined by 
Fff = {s £ Fp : there exists x £ Xp such that \_s\°p = x for all c G Sol (a) } 

for each (3 £ B . Two of the results of this chapter (Propositions 8.1.3 and 8.2.3) imply 
that in Case 3 the system of equations a has a solution, and that $b is ct-complete, 
i.e., F* = Fg. 

The main result of the chapter is Proposition 8.2.1. This applies to both Case 3 and 
Case 2, and in Case 3 it immediately implies the a-completeness of $b . The proof 
of this result rely heavily on a technique which goes under the name of the method of 
logical relations. 



8.1 Solutions as fixed-points 



For the moment we continue with the set-up employed in Chapters 6 and 7. Thus C is a 
bottomed concrete category with finite products and (Dg, fx) is a C-based E-algebra 
such that (Dbj/k) is a monotone regular bottomed extension of (Xb,Pk) ■ Moreover, 
it is assumed that the E-algebra (Ds,/n) has the properties (A), (B), (C) and (D) 
listed in Section 5.4. 

We need to make an additional assumption about the category C , namely that constant 
mappings are morphisms. More precisely, if X, Y £ C and y £ \Y\ then we will 
assume that the mapping x h-> y from \X\ to \Y\ is an element of Hom(X, Y) . This 
requirement is clearly met in each of the three basic cases. 

The starting point for both the proof of Proposition 8.2.3 and the analysis of Case 2 is 
to represent the set of solutions Sol (a) as the set of fixed-points of a certain mapping 
U a : D\ — >■ D\ . In order to define U a the following fact is needed: 

Lemma 8.1.1 Let J be a non-empty finite S -typed set disjoint from P . Then for 
each a £ S and each s £ F/ the mapping c >->■ from to D a is a 

morphism, i.e., an element of Hom(D^, D CT ) . 
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Proof For each s G define a mapping h s : Dj — > D a by letting h s (c) = [s]^ 

for each c G -D/ , and for each a G S let .F/ be the set of elements s G F/ for which 
/i s is a morphism, i.e., an element of Hom(D^ , D^) . It will be shown that the family 

Fg satisfies the hypotheses of Proposition 6.1.5, and thus that Fg = Fg . 

First consider £gJUP. If £ G F then h^(c) = [£|| = for each c G ; 

this is a constant mapping, which by assumption is a morphism. On the other hand, 
if £ G J then /ig(c) = [£|| = c(£) for each c G £)/ ; hence /i£ is the mapping 

occurring in (P2) in the definition of , and so in particular h s is a morphism. Thus 
in both cases fi£ G F^ . This shows that £ G F^ 7 for each £ G J U P , and hence that 
F<y satisfies condition (1) in Proposition 6.1.5. 

Next consider k G K having type L — > , let a G (F/) L (which means that h a ^) is 
a morphism for each £ G L ) and put s = 0^(a) . Then for each c G -D/ 

h.(c) = 1& J MY P = / K (([«Lf) = /.(7(c)), 

where 7 : Df — >■ is the mapping given for each c G -Df , £ G L by 

7(c) (0 = [a(£)]| = h a(0 (c) . 

But this means that 2^07 = ft a (£) for each £ G L , where is the morphism occurring 
in (P2) in the definition of , and thus by Lemma 5.1.2 7 is a morphism. Hence 
h s = Jk 7 7 as the composition of two morphisms, is itself a morphism, i.e., h s G Fg . 
(The reader should check that the argument above still makes sense when L = .) 
This shows that the family Fg is invariant in the A-algebra (Fg, Q J K ) , i.e., condition 
(2) in Proposition 6.1.5 is satisfied. 

Now let £ G J U P be of type a = L — > (3 , let L' be a non-empty subset of L and let 
a G (F/) L ' . Put s = ©£ L ,(£ < a) . Then for all c G 

Mc) = [0^(£«a)]^ xi/ = U,L'(im«(ia]t) L ') = f a Mhdc)<l(c)), 

where here 7 : — > is the mapping given for each c G , 77 G 1/ by 

7(c) (?/) = [a(r/) ]* = h a(v) (c) . 

Thus /i s = f (j,L' °ta x 7) °$ > where 5 : — >■ x Fv/ is the mapping given by 
5(c) = (c, c) for all c G -D/ . But by Lemma 5.1.2 5 is a morphism, it was shown above 
that ti£ is a morphism, and the same proof as above implies that 7 is a morphism. 

Hence by Lemmas 5.1.3 and 5.2.2 h s is a morphism, i.e., h s G F& L ^ L , ■ Condition (3) 
in Proposition 6.1.5 is therefore satisfied. 

This shows that the family Fg satisfies the hypotheses of Proposition 6.1.5 and hence 
that Fg = Fg . □ 
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For the remainder of the section we specialise to the set-up considered at the beginning 
of Section 5.4. We thus assume now that C is a bottomed concrete cartesian closed 
category and that (D^/at) is the C-based functional E-algebra derived from (Dbt/k) 
in C . 

Let us continue to assume that constant mappings are morphisms, which means that 
Lemma 8.1.1 is still valid. 

Consider £ G I of type a = L — >■ (3 with L^0; then by Lemmas 8.1.1 and 5.1.6 the 
mapping (c, b) >->■ horn D{ x to Dp is a morphism. Thus by (E3), and 

since e(D^, Dp) = T) a , there exists a unique morphism G Hom(Df , Dcr) such that 

for all c G -Df , 6 G -Df 7 . Moreover, if £ G / is of type (3 & B then by Lemma 8.1.1 
the mapping : — > defined by letting L^(c) = [[s^Ja for each c G -Df is a 

morphism, i.e., an element of Hom(D^,D / g) . Combining these mappings then results 
in the mapping U a : — > defined by 

U a (c)(t) = U € (c) 

for all ceDl, £ G I . 

Proposition 8.1.1 The mapping U a is a morphism, i.e., an element of Hom(D^, D^) . 

Proof This follows immediately from Lemma 5.1.2, since p^oU a = for each £ G I , 
with p£ the morphism occurring in (P2) in the definition of . □ 

Proposition 8.1.2 The set of solutions Sol(a) of the system of equations a is exactly 
the set of fixed-points of the mapping U a : D\ — > D\ . In other words, 

Sol (a) = {ceDl : U a (c) = c} . 

Proof By definition U a (c) = c if and only if ^(c) = c(£) for each £ G / , and clearly 
t/"^(c) = c(£) if and only if c G Sol(s^) . Thus U a (c) = c if and only if c G Sol (a) . □ 

Proposition 8.1.3 In Case 3 the set Sol(a) is non-empty. 

Proof In this case D\ is a bottomed complete poset and by Proposition 8.1.1 the 
mapping U a : — > D\ is continuous. Thus by Propositions 4.2.9 and 8.1.2 the set of 
solutions Sol (a) is non-empty. □ 



8.2 The Kleene sequence 



In the present section we will work with a set-up based on that employed in Chapters 
6 and 7, but with C the bottomed concrete category with finite products occurring in 
Case 2. 

Thus in what follows C is the category having as objects the class C of bottomed posets 
and in which the underlying set \X\ of the object X is the set obtained by forgetting the 
bottom element and the partial order, Hom(X, Y) is the set of all monotone mappings 
from \X\ to \Y\ and (g) : Tc — > C is defined as in Section 5.1. Of course, in this 
category constant mappings are morphisms. 

We assume that (Dg, /jv) is a C-based E-algebra such that (Db, fx) is a monotone 
regular bottomed extension of (Xb,Pk) , and that the E-algebra (Ds,fN) has the 
properties (A), (B), (C) and (D). 

In addition we assume that the family C. B is an ordering associated with (Db^k) , 
(where C CT denotes the partial order order on D a for each a e S). 

Of course, Case 2 fits into this set-up, but it can also be used to make statements about 
Case 3: Let C' be the bottomed concrete cartesian closed category in Case 3 and let 
(D' s ,f' N ) be the corresponding C'-based functional E-algebra. Then (D' s ,f' N ) is also 
a C-based E-algebra and the E-algebra (D' s ,f' N ) satisfies all the requirements made 
above. This situation will be referred to as Case 3'. 

The final assumption we make in this section is that a mapping U a is given which is 
essentially the mapping occurring in Section 8.1. More precisely, it is assumed that a 
monotone mapping U a : D[ — > is given such that: 

(1) If f e I is of type a = L ->■ /3 with L ^ then 

wmc)({)<») = Mr 6 

for all ceDl, b G . 

(2) If C G / is of type (3 e B then U a (c) (0 = [s € ]^ for each c e D\ . 

In particular, in Cases 2 and 3' these two conditions actually define the mapping U a , 
which is then the mapping occurring in Section 8.1. Note that each fixed-point of U a 
will be a solution of the equations; moreover, in Cases 2 and 3' the converse also holds. 

Now define a sequence {k n } n > of elements of by starting with ko = 1/ and 
letting k n+ i = U a (k n ) for each n > 0. This sequence {k n } n > is called the Kleene 
sequence of a . 

Lemma 8.2.1 The sequence {k n } n > is monotone, i.e., k n k n+ \ for all n > . 

Proof Clearly ko = Al k\ , and if k n fc n +i f° r some n > then, since U a is 
monotone, fc n +i = U a (k n ) C^a(^n+i) = &n+2 • Therefore by induction k n /c n +i 
for all n > . □ 
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In the special case when D$ is a family of complete bottomed posets and the mapping 
U a is continuous then the proof of Proposition 4.2.9 shows that the least upper bound 
koo of the directed set { k n : n > } is the least fixed-point of the mapping U a . 
In particular, is a then a solution of the equations (and in Case 3' it is the least 
solution). 

As in Section 6.3 let Qg denote the unique E-homomorphism from (P|, Q t n ) to 
(Ds,/n) such that gl(£) = J-£ for each £ G /UP. The next result is really a 
generalisation of Lemma 6.3.6: 

Lemma 8.2.2 Qp(s) Qp 7r /?( s ) f° r all s E F^ , f3 E B for any A-homomorphism 
7r B :(Fi,0^)->(D B ,/K). 

Proof For each (3 E B put P| = {s 6 P| : g^(s) Qp np(s) } . Now if k E K is of 
type L ->■ /? and a G (P/) L then 

4( ©«(«)) = A((rf) L (<0) E/3 /.(^(a)) = ^(0i(a)) 

(since the mapping / K is monotone), and thus ©£(a) G P| . This implies that the 
family Pj, is invariant in (Pg,©^) • But in the proof of Lemma 6.3.6 it was shown 
that Qp(s) = .Lp for each s G aF^ U 7/3 , and hence aP| U Ip C P| for each (3 E B . 
Therefore by Lemma 6.2.2 P B = P B . □ 

Lemma 8.2.3 gj(s) ^(^(s)) for all s G Pg , (3 E B . 

Proof This follows immediately from Lemma 8.2.2 and Proposition 2.2.1. □ 

Lemma 8.2.4 The sequences {[s]^™ } n >o and {gj 3 (^p n (s))} rn > are both monotone 
for each s G P^ , (3 e B . 

Proof The first sequence is monotone by Lemmas 8.1.1 and 8.2.1 and the second by 
Lemma 8.2.3. □ 

The following is the main result of this chapter (and, in fact, of the whole study). Note 
that it does not require there to be any solutions to the equations. 

Proposition 8.2.1 (1 ) For each s G F^ , f3 G B , and each n > there exists m > 
such that [a]*" Qp Q^{s)) . 

(2) Q^(s)) Qp Isjf for all s E F^, (3 E B , n>0. 

Proof (1) This is given in Section 8.4. 

(2) This is given at the end of the section. □ 
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Let s G Fp with f3 G B ; then Lemma 8.2.4 implies that { [s]^™ : n > 0} and 
{ Qpi&'pis)) : n > } are directed subsets of Dp , and Proposition 8.2.1 implies that 
they are mutually cofinal. 

One reason why the sequence {^($^(«))}m>o is important is the following: 

Lemma 8.2.5 For each (3 G B 

F| = { s G Fp 7 : ej(^(s)) G A> for some m > } . 

Proof This follows since Proposition 3.3.3, Lemma 6.3.3 (3) and Lemma 6.3.5 imply 
that {t E F^ : g T p(t) E Xp} = Fp for each (3 e B . □ 

Proposition 8.2.2 For each (3 G B 

Ff = { s G Fp 1 : lsj k p m G Jfy for some m > } . 

Proof By Proposition 4.1.3 (1) each element of Xp is a maximal element of the poset 
Dp , and so the result follows from Proposition 8.2.1 and Lemma 8.2.5. □ 

Until further notice let us make the additional assumptions that D$ is a family of 
complete bottomed posets, that the mapping U a is continuous and that the mapping 
c i — y f_sj c p is continuous for each s G Fp , (3 G B . Of course, by Lemma 8.1.1 and 
Proposition 8.1.1 (applied to Case 3 with its 'correct' category) this includes Case 3'. 

Lemma 8.2.6 The least upper bound of the directed set {k n : n > } is a 
solution of the equations a . 

Proof By Proposition 4.2.9 koo is the least fixed-point of the mapping U a , and hence 
koo is also a solution of the equations. □ 

Proposition 8.2.3 The A-homomorphism J 's a-complete, i.e., F% — F§ . 

Proof By Propositions 7.2.1 and 7.3.2 C F% , and hence it only remains to show 
that Fg C F% . Let s G Fp , thus in particular by Lemma 8.2.6 = x G Xp . But 

by Proposition 4.1.3 (2) the set {tt£ Dp : u x } is finite, and hence = x for 

some n > (since the mapping c >->■ [sj^ is continuous). Proposition 8.2.2 therefore 
implies that s G Fp . □ 

Proposition 8.2.4 For all s G Fp , j3 G B 

n{Qp($f(s)) : m>0} = [a]*- . 
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Proof By Proposition 8.2.1 and Lemma 8.2.4 it immediately follows that 
LK^W*)) : m>0} = LKM*" : n>0}, 

and [J { [sj^™ : n > 0} = , since by assumption the mapping c >->■ [sj^ is 

continuous. □ 

For each m > the element ^($^(s)) of £>a can be considered as the partial 
information obtained about the 'value' of s after m applications of the mapping <&p . 
Proposition 8.2.1 thus says that this partial information converges to the value of s with 
respect to the solution koo of the equations (which in Case 3' is the least solution). 

It remains to prove Proposition 8.2.1 (2), and hence the additional assumptions that 
Ds is a family of complete bottomed posets and the mapping U a is continuous will 
now be dropped. The main part of the proof is contained in the following lemma: 

Lemma 8.2.7 Let c G D\ , put d = U a (c) and suppose that c d . Then 
for all seFjj, (3 E B . 

Proof This is more-or-less the same as the proof of Proposition 7.3.2. Let £b be the 
family of mappings employed in the proof of Proposition 7.3.1 and put 

Gp = {seFi : [<Ms)l^ 

for each /3 G B ; the task is thus to show that Gb = Fb ■ First consider s G F| with 
£p(s) = 1 . If s = ©£(e) for some k G K of type — > (3 then s G Gp holds trivially 
because 3>/j(s) = s. On the other hand, if s = £ for some £ G J of type /3 then 
^ > /3( s ) = s c ? an d thus again s G , since 

iMm = i s dp = ceo = ra£ = w£ • 

Now let /c > 1 and suppose for each 9 G B it is known that t <E Gq for all t <E F@ 
with < . Consider s G Fp with ^g(s) = k ; there are four cases: 

1. The element s has the form ©£(a) , where k <E K is of type L — >• /3 with L^0 
and a G (-F/) L . Then [^(a(7/))]^ C,, ^' for each 77 G L , since £ v (a(rj)) < k , 
and hence ([$f(a)]^) L (M^') L . Thus s G , since 

A((Mo c ') L ) = [0i(a)]^ = M]£ • 

2. The element s has the form ©{(a) with £ G i" of type u = L — > (3 for some L^0 
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and with a E (F/) L .Put d = ([a]^) L ; then by Lemma 7.3.2 

On the other hand, putting b = ([aj^ ) L , it follows from the definition of U a that 

But c@d cf uL c©6, since by Lemma 8.1.1 d(rj) = [a(r/)]^ Q n [a(r/)]^' = 6(77) for 
each t] E L . Thus, again making use of Lemma 8.1.1, [s^]| ed Qp \s{\p® b , and hence 
[<Ms)l£ E,3 W^',i.e, seG^. 

3. The element s has the form ©^(s'oa) , where ( = casejg with /3 E B and 6 E Bf 
and where s' G F/ and a G (F^) Ke ^ . Put L = 9 ■ K e ,p and a = L j3 . 

Assume first that s' ^ hFq . Then [^e(s')le — fs'le > because £$(s') < k , and thus 
by Lemma 8.1.1 and Proposition 5.4.1 (and since is monotone) 

= [©{(*»(«') <x»)]lj§ 

u,L(p(o<(y%'o(Mt') Ke ^)) = i®l(s'oa)li = Mi 

which implies that s E Gp . 

Assume next that s' E hFq and so [s'J c e 7^ ±q . Moreover, since hFq C kFq , 
s' has the form Q r K (a') with k E K of type J — >• 6* for some J G and with 
a' E (F/) J . Therefore by (C), Proposition 5.4.1 and Lemma 8.1.1 (and again since 
f aj L is monotone) it follows that s E Gp , since 

[<Ms)]£ = = /^4[ a («)Fj^<(Mo c ) J ) 

= /j^,j(([a] c )^.M«) < (M) J ) 

= Case?(/ K (([al c )^),([a] c )^^) = Case*([ S % K)^) 

= /*,l(p(C) < (MS^M?)*^)) 
E/3 /,l(KC)<(M^(W^)) = [Oj^oa)]^' = 



4. The element s has the form 0^(si, s 2 ) with £ G P the name of an integer operator 
(so C is of type int 2 — > /3 with /3 either int or bool ) and si, s 2 G P/ nt . 

Assume first that both si and s 2 are ground terms; then s E Gp , since 
[<Ms)]£ = [Eval c (si, a2 )]^ = [Eval c (si,s 2 )]^ 

= /lnt 2 ^,int 2 (p(C)< (Mint, Mint)) = [©J(si, S 2 ) = 



Finally, assume that not both of si and s 2 are ground terms. Then, since l±nt(sj) < k 
for each j = 1, 2 , it follows that [^int(sj)lint — /3 QX/Jint > an d thus 
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= [©J(<I>int(si),<I>int(s2))]£ 
= /int 2 ^,int 3 ([^int(si)]int. [ $ int(s 2 )]i n t) 

since /int 2 ^/3,int 2 is monotone, and so once again s G G/3 . 
Therefore by induction on k it follows that Gb = . □ 

Proof of Proposition 8.2.1 (2) This holds when n = by Lemma 8.2.2. Thus let n > 
and suppose that 4(^s( s )) E|8 B>]{j" for all s G -F| , f3 <E B . Then by Lemma 8.2.7 

for all s G F| , /3 <E B . The result therefore follows by induction. □ 



8.3 Logical relations and functionally free algebras 

The preparations for the proof of the first part of Proposition 8.2.1 involve looking 
at how a concept called the method of logical relations fits in with the notion of a 
functionally free algebra. The results in this direction considered here (in particular 
Proposition 8.3.3) will then be applied in the next section to prove Proposition 8.2.1 (1). 

For the whole of the section let (Ds,/n) and (Ys 7 qN) just be fixed, but arbitrary, 
functional E-algebras. 

If D and Y are sets then a relation on D x Y is just a subset of D x Y . However, 
infix notation will always be employed, and so u d y will be used to mean that the 
pair (u, y) belongs to the relation d . 

Let dB be a family of relations, with dp a relation on the set Dp x Yp for each 
(3 G B . This family is considered to be fixed for the whole of the section. For each 
£?-typed set L there is then a relation d^ on the set x Y o L given as usual by 
c d^ a if and only if c{rj) d-q a{rf) for each r\ G L . The single assumption that will be 
made about the family ds is the following: 

(*) If k G K is of type L ->■ /3 and c G -Df , a G Y o L are such that c d« a then 

f K (c) dip qM . 

In particular, this means that dp Qk(s) whenever k is of type — >■ /3 . 

The method of logical relations involves extending the family ds in an appropriate 
way to a family ds , with da a relation on the set D a x Y a for each a G S . Note 
that if ds is any such family then for each S'-typed set L there is the corresponding 
relation df defined on the set D^ x Y L (in the same way as above). 

Proposition 8.3.1 The family of relations ds can be extended uniquely to a family 
of relations ds , with da a relation on D a x Y a for each a G S , in such a way that 
if a = L — )> (3 is a functional type and u G D G , s EY a , then u da s if and only if 

fa,L(u<c) dp qa,L(s<a) 
for all c G D% and all a G Y L such that c d« a . 

Proof Let | • ] : S — > N be the mapping given in Lemma 5.1.1 with \/3\ =0 for each 
(3 G B and such that \L — >■ f3\ = 1 + J2 v eL 1(^)1 ^ or eacn functional type L — >■ /3 . 
The family ds w iU be defined by induction on |cr| : If |cr| = then a G B and so da 
is a member of the original family ds ■ Thus suppose that k > and that d T has 
already been defined for all r G S with \t\ < k . Consider a G S with |<r| = k . Then 
a = L — > (3 is a functional type and \(rj)\ < k for each rj G L . This means that do- 
can be defined by stipulating that u da s if and only if 

fa,L{u<c) dp qa,L(s<a) 

for all c G D^ and all a G Y^ such that c{r\) d v o>(v) f° r each rj G L . The family ds 
obtained in this way then has the required property by construction. The uniqueness 
also follows by induction on |a| . □ 
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Now for each S'-typed set / fix a functionally /-free E-algebra (Zg,r J N ) . If c G D\ 
then Tig will denote the unique E-homomorphism from (Zg,r J N ) to (-Dss/jv) such 
that 7r|(£) = c(£) for each £ G / . Moreover, if a G Yj then 5g will denote the unique 
E-homomorphism from (Zg,r^) to (Ys,qN) such that 5|(£) = a(£) for each £ G /. 

If J is an S-typed set then c G -Df will be called compatible with a G Y"/ if 
for all s£^, a e S . 

Proposition 8.3.2 Let I be an S-typed set and let c G -Df , a G Y"/ . Then c is 
compatible with a if and only if c a . 

Proof Since c(£) = 7r|(£) and a(£) = for each £ G I , it follows that c ^[ a 

whenever c is compatible with a . Conversely, suppose that c ^ a. Then, since the 
assignments c and a are fixed throughout the proof, it is convenient to just write 7rg 
instead of tt s and 5s instead of dg . Define a family Gs C by putting 

for each a £ S . It will be shown that the family Gs satisfies the hypotheses of 
Proposition 6.1.5. In particular, condition (2) in Proposition 6.1.5 is satisfied, since by 
assumption £ G G^ for each £ G i" . 

Note that if L is an S'-typed set and b G G% then b(n) G for each n G L and 
hence ir v (b(r])) v ^ v 5 v (b(r))) , and this means that 7v^(b) 5^(b) . 

It will next be shown that the family Gb is invariant in the A-algebra (Zb,tk) , and 
thus that condition (1) in Proposition 6.1.5 is satisfied. Consider k G K of type L — > (3 
and let 6 G Gf . Then 7^(6) z<f 5^(6) and therefore by assumption (*) 

T*(r£(&)) = AO^C*)) ^ = ^(ri(6)) , 

which shows that r^(6) G Gp . In particular, if k is of type — > f3 then r£(e) G G^ . 

Now consider £ G / of type a = L — > (3 , let J be a non-empty subset of L and 
b G G/ . To show that condition (3) in Proposition 6.1.5 is satisfied it must be verified 
that j(£<fr) G G CTlA 7 , and the case with J a proper subset of L will be dealt with 
first. Put r = o~l\j = L\J — >■ /3 ; by the definition of ^ T it must be shown that 

fT,L\A*T(rl t j(t<b))<c>) <p q T ,L\j{SArl,M<b))<a>) 

whenever c' G D^ J and a' G Y^ J are such that c' ^f^' 7 a' . But (as noted above) 
7rf (6) ^ 5/(6) , and hence also 7r/(6) © c' ^ 5/(6) ©a' . Thus, since 71^ (f) ^ <%(£) 
and since (Ds,/n) and (Ys,qN) are both functional E-algebras, it follows that 
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fr,L\A^(r I a ,j^<b))<C f ) = f TM j(fa,jMt)<*!(b))«t) 

= qr,L\j(^A S <r(0<^Q>)) < a') = qr,L\j( S r( rI a,J^ <b )) < tt ' ) 

and this shows that j(£ < 6) G G r . Finally there is the case J = L: Here it must 
be shown that ^(r^ L (£ < &)) ^ 5p(r^ L (£ < b)) and this follows since 

^ q*,L(6At) <%(*>)) = 6 fiKLit <*>))■ 
Thus by Proposition 6.1.5 Gs = Z* s , i.e., c is compatible with a . □ 

Now fix an S-typed set I and an assignment % G Yj . (This is denoted by i because 
in the application in the next section (Ys, gjv) wm contain / and i will be given by 
z(£) = £ for each £ G J .) The proof of Proposition 8.1.1 (1) given there involves showing 
that certain assignments k G D[ are compatible with this particular assignment i . Of 
course, Proposition 8.3.2 says that k is compatible with i if and only if k i . 
However, the main technique needed for establishing compatibility turns out to be 
Proposition 8.3.3 below. 

Let U be an S'-typed set disjoint from / . An assignment k G -Df is then said to be 
U -compatible with i if whenever a G , c G are such that c <^ a then 

for all s G Z^ uU , a G S . In particular, this means that k is compatible if and only 
if it is 0-compatible with i . (Some care must be taken here: If the set is empty 
then any assignment k G D[ is trivially £/"-compatible with i . Moreover, Y"/ 7 will 
be empty if and only if Y v = for some r\ G U , and this is quite possible when, for 
example, (Ys, (/at) is some kind of term algebra.) 

Proposition 8.3.3 An assignment k G is compatible with i if and only if it is 
U -compatible with i for all S-typed sets U disjoint from I . 

Proof If k is £/"-compatible with i for all S-typed sets U such that U D I = then 
in particular it is 0-compatible and thus compatible with i . 

Suppose conversely that k is compatible with i , and let U be an S-typed set disjoint 
from I . Consider a G Y^ , c G £>f with c a . Then 

(fcecOfa) = c(t/) d„ afa) = (i©a)(r/) 
for each t] E U and, since k is compatible with z , 

(fc©c)(0 = ^ i(0 = (i©a)(0 

for each £ G J , i.e., (k © c) (0 (i © a) (0 for all £ G I U [/ . Proposition 8.3.2 
(applied to the S-typed set i"UL/ and the assignments /c©c and i ©a ) thus implies that 
7i-£© c ( s ) <^® a (s) for all s G ^ uC/ , o G S , and therefore that k is ^-compatible 
with i . □ 



8.4 An application of the method of logical relations 

The set-up of Section 8.2 will be used here. Thus C is the bottomed concrete category 
with finite products occurring in Case 2, (D5, f^) is a C-based E-algebra such that 
(-D/3, fx) is a monotone regular bottomed extension of (Xb,Pk) > and such that the 
S-algebra (D$, fn) has the properties (A), (B), (C) and (D). In addition it is assumed 
that the family C B is an ordering associated with (D B , fx) > (where ^ a denotes the 
partial order order on D a for each a G S). Moreover, we are given a monotone 
mapping U a : D[ — > Z)f satisfying the two conditions: 

(1) If f G I is of type a = L /3 with L ^ then 

for all ceDl, b e . 

(2) If £ G J is of type G 5 then £/ a (c) (0 = [s € ]| for each c e D[ . 

This section is taken up with the proof of Proposition 8.2.1 (1), which states that for 
each s G Fp , /3 G B , and each n G N there exists m G N such that 

The proof relies heavily on Proposition 8.3.3 and thus uses the method of logical relations 
introduced in Section 8.3. 

The family of relations dB which provide the key to the proof of Proposition 8.2.1 (1) 
is specified in the next result, which lists the important properties of this family: 

Proposition 8.4.1 For each (3 G B let dp be the relation on Dp x Fp defined by 
stipulating that u dp s if and only if u Qp g I p(^ 1 p(s)) for some m > . Then the 
family dB has the following properties: 

(PI) Lp dp s for all s G F| , /3 G B . 

(P2) Let k G K be of type L ->■ j3 , let c G with f K (c) ^ ±p and a G (F/) L . 
Then f K (c) dp ©£(a) if and only if c d^ a , i.e., if and only if c(rj) drj a{rf) 
for each 77 G L . In particular, if k is of type 0^/3 then f K (e) dp ©£(e) . 

(P3) Let ( G P be the name of an integer operator (so £ is of type int2 — > f3 
with (3 either int or bool ) and for j = 1, 2 let rij G X± n t , tj G F± n t with 
rij^inttj. Then /i n t 2 ->-/3,int 2 (p(C) < (ni,n 2 ) ) dp Eval f (ti,t 2 ) • 

(P4) If u G Dp and s G Fp then u dp ®p(s) if and only if u dp s . 

(P5) If u G Dp and s G Fp with _Lp 7^ u dp s then there exists m > such that 
n(s) G HFl . 
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Proof (PI): This holds trivially. 

(P2): For each m > put ipg = Q B $^ ; thus V's is a A-homomorphism from 
(F B , ©*.) to (D B , f K ) . Let k G K be of type L ->• /3 , let c G D L with / K (c) ^ L^ 
and aG . Then ej(^(0^(a))) = = M^ m) ) L (a)) and thus 

/«(c) ^ Qi(a) if and only if f K (c) Qp / K ((^ m) ) L (a)) for some m>0. But by 
the definition of an associated ordering this holds if and only if c (^( m ^) L (a) for 
some m > 0, i.e., if and only if there exists m > such that 0(77) ^ q^Q™ (a(rf))) 

for all 7] E L . In particular, this shows that c ^ a whenever / K (c) 0[(a) . 
Conversely, suppose that c ^ a ; then for each 77 G L there exists m v > such that 
c(t/) ^($r7 1 ' 7 • Put = max { m,, : 77 G L } . Then by Lemma 8.2.3 it follows 

that 0(77) d v Q I r) {^{a{ri))) for all 77 G L , and hence / K (c) dp ©«( a ) ■ 

(P3): If * G F int then $& t (*) = t for all m > and g[ nt (t) = p] int . Thus if 
G Ai n t and t G Fi nt then n dint t just means that [£]int = n- Therefore (P3) 
holds more-or-less by the definition of Eval^ . 

(P4): This follows immediately from Lemma 8.2.3. 

(P5): If u G Dp and s G F| are such that ±p ^ u dp s then Qp($>™(s)) ^ ±p for 
some m > 0. Hence $f(s) G tfFj for some m > , since Lemma 6.3.5 implies that 
HFl = {sEF* : gfa) ^ ±p } for each (3 G B . □ 

It should be clear from the formulation of Proposition 8.4.1 that the results of Section 8.3 
will be applied taking the functional E-algebra (Yg,(7jv) there to be (Fg,Q z N ) . Note 
then that condition (P2) is just the assumption (*) made in Section 8.3. 

Proposition 8.2.1 (1) is now an immediate corollary of the following result: 

Proposition 8.4.2 For each (3 G B let dp be a relation on the set Dp x Fp , and 
suppose the family dB has the properties (PI), (P2), (P3), (P4) and (P5). Then 
lsjp n dip s for all n > and all s G , (3 e B . 

Proof First note a couple of facts which follow from the properties enjoyed by the 
family dB ■ 

Lemma 8.4.2 Let k G K be of type L — > (3 . 

(1) If c G and a G (-F/) L are such that c d« a then f K (c) dip ©[(a) • 

(2) Let c G Df with f K (c) ^ ±p , let s G Fp with f K (c) dp s and let m > be 
such that $™(s) G hF^ (the existence of such an m being guaranteed by (P5)). Then 
there exists a unique a G (Fj) L such that 3>!p(s) = O^(a) , and then c d^ a ■ 
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Proof (1) If f K (c) = -L/3 then this follows immediately from (PI), and if f K (c) ^ L^ 
then it is just a part of (P2). 

(2) By Proposition 6.2.1 there exists a unique a G (F/) L such that $2*(s) = © J (a) , 
since $^(s) G hF^ C kF$ . Then f R (c) < p $^(s) = ©£(a) (by (P4)), and hence 
(P2) implies that c a. □ 

Now by Proposition 8.3.1 the family of relations can be extended uniquely to a 
family of relations > with ^ CT a relation on D a x Fj for each a G 5 , in such a way 
that if a = L^-/3eS\B and it G P^ , s G F/ , then it s if and only if 

/(t,l(«<c) d/3 0i, L ( s<la ) 

for all c G Pf and all a G (F/) L such that c^o. 

Lemma 8.4.3 _L CT ^ CT s for all s e Fj , a e S . 

Proof If cr G P then this is just (PI), so let a = L — >■ /3 be a functional type and 
consider c G Pf , a G (F/) L with c^ L a. Then by (PI) and (A) 

/ CT , L (± CT «c) = d/3 © 7 , L (s«a) 

from which i.^ s follows by the definition of -< a . □ 

Proposition 8.3.3 will be applied with the £-typed set I occurring there being replaced 
by /UP. If J is an S- typed set disjoint from P then (Fg , Q; 7 -) will play the role 
of the functionally free algebra (Zg UP , rjy p ) occurring in Section 8.3. Moreover, if 
b G (F^) JuP then n s will again be used to denote the unique E-homomorphism from 
( F 5>Qjv) to (D s ,f N ) such that 7r|(f) = 6(0 for each £ G J U P . (Thus if c G P J 
then in fact [ • = 7t^.® p .) In the same way, if a G (F/) JuP then 5g denotes the 
unique E-homomorphism from (Fg , Q; 7 -) to 0^) such that = a(£) for each 

Consider the assignment i G (F/) 7uP given by z(£) = £ for each £ G / UP. Then 
clearly 5^ : (P|,©jv) ~~ ^ (-^5)©jv) * s J us ^ the identity homomorphism, i.e., S l a (s) = s 
for all s G F 7 , cr G 5 . The following lemma indicates how the notions introduced in 
Section 8.3 could (and will) be used to prove Proposition 8.4.2: 

Lemma 8.4.4 Let k G P 7 and suppose k (Bp is compatible with the assignment i . 
Then [s]j^s for all s G P/ , (3 G B . 

Proof By definition, k © p being compatible with i means that ix*® p (s) < a 8i(s) , 
and thus f_sj^ dia s , for all s G F 7 , cr G 5" . In particular, ^ s for all s G F| , 

/3gP. □ 

Lemma 8.4.5 p(£) C for each ( G P. 
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Proof Suppose first that £ G P is the name of an integer operator (so £ is of type 
int 2 — > f3 with j3 either int or bool). Then for any nj G -Dint , Sj G F[ nt with 
n j dint for j = 1,2 it must be shown that 

/int 3 -^8,int 3 (p(C)<(wi,Tl2)) <0 ©{(si, S 2 ) • 

By (PI) this holds immediately if ni = i-i nt or n 2 = J-i nt , since then (D) implies 
Ant 2 ^-/3, int 2 (p(C) ^ ( 77 -i 5 ?7 -2)) = -L^ . It can thus be assumed in what follows that 
ni, n 2 G -Dint \ {-Lint} = -^int • Now _L int ^ nj dint Sj , thus by (P5) there exists 
rrij > with $5S.(sj) e HF Lt = F int • Let 

m = min{ k > : $f nt (s,) G F int for j = 1, 2 } ; 

then $J +1 (oJ(si,s 2 )) = Eval c (ti,t 2 ) with t 3 = $™t( s j) for J = 1, 2 . But by (P4) 
dint £j for j = 1, 2 and therefore by (P3) it follows that 

/int 2 ^/3,int 2 (p(C)<(m,n 2 )) d/3 Eval C (*i,* 2 ) = $™ +1 (Oj(*l, S 2 )) . 

Hence, again using (P4), /int 2 ->/3,int (p(C) < ™ 2 ) ) d/3 ©£(si, s 2 ) • 

Suppose next that ( = casejg for some (3 G B , 6 G Bf . Consider assignments 
c G Df 6 >? , a G (Fj) Ke 'f> and elements it G D e , s6f/ with ttoc ^ K e,P s oa , i.e., 
with u ^0 s and c df e '' 3 a . Put L = 9 ■ Kg^ . Then, since p(£) = case^ , it must be 
shown that /^^^(case^ < (it o c)) d/3 ©[(soa) . If u = _Lg then by (PI) and (C) 

fb^(i,L (casej < (woe)) = L^ d/3 ©J(soa) 

so in what follows it can be assumed that u 7^ ±0 . Then -u has a unique representation 
of the form f K (b) with k G K of type J — >■ 6 for some J G Tb and with 6 G . 
Now _Lg 7^ u d<9 s , thus by (P5) there exists m > with $™(s) G hF 9 z , and by taking 
the least such m it can be assumed that <&g(s) ^ hF 9 whenever < % < m . Moreover, 
by Lemma 8.4.2 (2) is of the form Q T K (t) with t G (F/) J and b df t , and it 

therefore follows that 

$™ +1 (oJ( S oa)) = ^(©jWOOoa)) 

= */3(©c(©'Wo«)) = ©Lftj(«(«)<*) • 

But 6 df t and by assumption c(k) dj^/3 ci(k) , and hence by (C) 

/l->-/3,l ( casejg < (woe)) = Case^(-uoc) 

= /j^,j(c(«)<i6) d/3 ©S^X^H*) = ^i&Ksoa)) . 

Thus by (P4) f L ^p jL (case e p<(uoc)) d/3 ©J(soa) . □ 

Lemma 8.4.6 Let k G Z)f and suppose k@p is compatible with the assignment i . 
Then U a (k) (f) d^ £ for each £ G J . 
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Proof First note that if L is an S'-typed set and a G (F^) L then , with the notation 
from Section 7.3, s[a/L] = <%® a (s) for each s G F^ L , a G S . 

Put k' = U a (k) . Let £ G J be of type cr = L — >■ /3 and assume first that L ^ 0. 
Consider c G -Df , a G (i ? /) L with c ^ a . Now Proposition 8.3.3 implies that k (Bp 
is L-compatible with the assignment % , and therefore 

= = *? ep0c te) If* 4 e °te) = S ^/L] 

= ^(©|(a)) = • 

Thus by (P4) / CT ,z,(fc'(£) < c) <p ©£,l(£ <a ) a l so holds, which by the definition of 
implies that fc'(£) £ . The case with L = is somewhat easier, since here (without 
making use of Proposition 8.3.3) it follows that 

k\o = ut(k) = = ^ = *e = <M£) , 

and so again by (P4) fc'(f) :< c £ . □ 

Lemma 8.4.7 Let fe G -Df and suppose k © p is compatible with the assignment i . 
Then U a (k) (Bp is also compatible with i . 

Proof Again put fc' = U a (k) . By Lemma 8.4.5 p(() ^£ ( = for each ( G P 

and by Lemma 8.4.5 fc'(£) £ = i(£) for each £ G I. But this just means that 
k' (Bp d>l uP « , and therefore by Proposition 8.3.2 k' (B p is compatible with z . □ 

Lemma 8.4.8 Let i/ G -Df be tie bottom assignment given by = for each 

£ G I . Then _L 7 © p is compatible with i . 

Proof By Lemma 8.4.3 i/(£) = J_£ ^£ £ for each £ G I , and thus by Lemma 8.4.5 
and Proposition 8.3.2 it follows, exactly as in the proof of Lemma 8.4.6, that A/ (Bp is 
compatible with i . □ 

Now by definition k = _L 7 and k n+ \ = U a (k n ) for each n G N. Therefore by 
Lemmas 8.4.8 and 8.4.7 and induction it follows that k n © p is compatible with the 
assignment i for each n G N . This, together with Lemma 8.4.4, completes the proof 
of Proposition 8.4.2. □ 



8.5 Notes 

The proof of Proposition 8.2.1 is adapted from the proofs of Lemmas 11.14 and 11.23 
in Winskel (1993). For more information regarding the method of logical relations, on 
which these proofs are based, see Mitchell's survey article Mitchell (1990). 
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